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LOGIC AND FOUNDATIONS 


3062: 
Félix, Lucienne. L’aspect moderne des mathémati- 
Avec préface et commentaires de G. Bouligand. 
Librairie Scientifique Albert Blanchard, Paris, 1957. i+-169 

. 800 francs. 

“Dies ist nicht ein Buch von Mathematik, sondern ein 
Buch iiber Mathematik” (p. 7). Es wendet sich weniger an 
Liebhaber von exakten und vollstandigen Theorien als an 
Freunde von fiihrenden Ideen und deren logischen und 
sogar psychologischen Wert. 

Nach einer Schilderung der neuen mathematischen 

Krisis, die im Anfang unseres Jahrhunderts ausgebrochen 
ist, fiihrt das Buch iiber eine Einfiihrung in die mathe- 
matische Logik und Methodologie zu dem Bourbakischen 
Ideenkreis betreffend die allgemeine Algebra, die all- 
‘gemeine Topologie und die zusammengesetzten alge- 
braisch-topologischen Strukturen. Fs werden auch kurz 
einige grosse Theorien, wie die moderne harmonische 
Analysis und die Theorie der Distributionen, erdrtert. 
Zam Schluss wird auf den elementaren und héheren ma- 
thematischen Unterricht eingegangen. 

Das Buch liest sich mit grossem Interesse und diirfte 
von Nutzen fiir Lehrer und Studierende der Philosophie 
und Mathematik, sowie fiir alle diejenigen sein, die an der 
modernen Wissenschaft interessiert sind. 


B. Germansky (Berlin) 
3063 : 

Asser, Giinter. Theorie der logischen Auswahlfunk- 
tionen. Z. Math. Logik Grundlagen Math. 3 (1957), 30- 
68. 

A choice function for a domain J is a many-one mapping 
of the set of non-empty subsets of J into J, such that every 
subset is mapped onto a member of itself. The manner in 
which the empty subset is treated leads to two different 
kinds of choice functions: for one of the first kind the empty 
set is mapped onto a fixed element of J and for one of the 
second kind the empty set is excluded from the argument 
domain. 

The first order predicate calculus can be extended to an 
e-calculus by allowing as terms, in addition to individual 
variables, any expression of the form ea,H(a;) (an e-term), 
where H(a;) is any well-formed formula of the extended 
calculus in which the variable a occurs free. Like the 
existential and universal quantifiers the e-operator binds 
the variables to which it is attached. 

An interpretation of the predicate calculus is provided 
by a domain J of individuals, a many-one mapping /; of 
the individual variables into J, and a many-one mapping 
fe of the n-place predicate letters, for n=1, 2, ---, into the 
set of m-place relations on J, for »=1, 2, - - -, respectively. 
That f; and /2 satisfy a formula H in the domain J 
(fife Erfy H) can be defined in the usual manner. To 





provide an interpretation of an e-calculus there is given, in 
addition to the mappings /; and /2, a choice function ® for 
the domain J to assign members of J to the e-terms. For 
given /; and fe, the individual assigned to ea,H(a;) by ® 
is the individual onto which is mapped by ® the set of 
individuals x for which /;’f¢® Erfy H(a,), where /,’ is such 
that f1'(a;)=z and /;'(a;)=/1(a;) for +47 (briefly, but im- 
precisely, the set of individuals zy for which H(y) is satis- 
fied by the interpretation). Should the set of individuals 
be empty, then a choice function ® of the second kind 
assigns no individual to the term and any atomic formula 
in which the term appears is not satisfied by /1, fe and ®. 

Corresponding to the two kinds of choice functions are 
two kinds of universal validity: H is universally valid of 
the first kind [second kind] if and only if /:/¢® Erfy H for 
all f1, fe, J and ® of the first kind [second kind]. This 
paper provides axiomatizations for each of the two kinds 
of universally valid formulae. In addition, the paper 
defines a choice function of a third kind and proves that 
the e-calculus developed by Hilbert and Bernays [Grund- 
lagen der Mathematik, vol. 2, Springer, Berlin, 1939; for 
review of American edition, see MR 6, 29] is an axioma- 
tization of the third kind of universally valid formulae. 
On the basis of these results the author argues {this re- 
viewer believes correctly} that the e-calculus of Hilbert 
and Bernays is not an axiomatization of their intended 
concept of choice function. The paper also provides a 
brief proof of the e-theorem of Hilbert and Bernays. 


P. C. Gilmore (Yorktown Heights, N.Y.) 


3064: 
iz, H. Inferential equivalence and natural deduction. 
J. Symb. Logic 22 (1957), 237-240. 

This paper presents a system of natural deduction for 
the classical propositional logic. The novelty of the sys- 
tem is that its well-formed formulae pH{q;, qo}, where 
“p’”, “qi” and “gg” are names of sentences of the logic, 
can be interpreted as expressing that both g; and ge are 
derivable in the logic from , and # is derivable in the 
logic from the conjunction of g; and gg. Thus inferential 
equivalence rather than one-way derivability is the primi- 
tive concept of the system. 


P. C. Gilmore (Yorktown Heights, N.Y.) 


3065 : 

Behmann, Heinrich. Ein logischer Abakus. Arch. 
Math. Logik Grundlagenforsch. 4 (1958), 42-52. 

A 4x4 lattice is used to provide a transparent repre- 
sentation of statement forms in four or fewer variables. 
This leads to an easy method of finding the simplest 
equivalent forms of a given statement form (in four or 
fewer variables). A simpler graphical procedure for three 
or fewer variables is described, as well as an application to 
the calculus of classes. E. Mendelson (New York, N.Y.) 
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3066-3074 


3066: 

Symonds, Bernard K.; and Chisholm, Roderick M. 
Inference by complementary elimination. J. Symb. 
Logic 22 (1957), 233-236. 

The rules of modus ponens, modus tollens, and several 
others may be derived from the rule of ‘complementary 
elimination’, which is defined by the authors in the 
following way. Given m premises, call the disjunction 
formed from these premises a “premise disjunction’’. 
Eliminate from the premise disjunction »—1 (or fewer) 
pairs of formulas, where one of the members of each pair 
is the negation of the other and each member is a disjunct 
(or a disjunct of a disjunct, etc.) of the premise disjunction. 
The formula obtained after elimination of redundant 
parentheses and connectives is a consequence of the 
original premises. E. Mendelson (New York, N.Y.) 


3067 : 

Skolem, Thoralf. Bemerkungen zum Komprehensi- 
onsaxiom. Z. Math. Logik Grundlagen Math. 3 (1957), 1- 
17. 

This paper explores in a preliminary way the idea of 
constructing a set theory with unrestricted compre- 
hensions-axiom 


(Ey) (x)(x € yo U(x)) 


based on a logic with infinitely many truth values, in 
particular, that taking as truth values all rational 
numbers 7, O<r<1. {This suggestion was made by Moh 
Shaw-Kwei [J. Symb. Logic 19 (1954), 37-40; MR 15, 
669], who also showed that contradictions would arise in a 
logic with any finite number of truth-values. Skolem does 
not cite this work, and may have arrived at his conclusions 
independently.} The author constructs a model to show 
that no contradiction will arise if U(x) does not contain 
any quantifiers; and he gives indications that a weakened 
extensionality principle is then acceptable. He goes on to 
indicate how ordinary mathematics can (possibly) be 
developed on such a basis. This seems to require the 
introduction of restricted quantification, which is defined 
by means of a connective a such that 2(p)=0 for <1, 
a(1)=1; this makes the theory inconsistent, but the 
author expresses the hope that suitable restrictions will 
avoid that. He gives illustrations of the determination of 
truth values. Finally he discusses the definition of natural 
numbers a la Zermelo, and the derivation of some of their 
fundamental properties. {The paper does not go far 
enough to convince one that this mode of developing set 
theory is advantageous; but the possibility that some- 
thing can be made of it remains. There is an error in the 
early part of the paper, in that the example intended to 
lead to contradiction in an m-valued logic, but not in an 
(m-+-1)-valued one, really fits the case m=4, rather than, 
as asserted, the case m=3.} 

H. B. Curry (University Park, Pa.) 
3068 : 

Lemmon, E. J. Alternative postulate sets for Lewis’s 
SS. J. Symb. Logic 21 (1956), 347-349 (1957). 

Verf. beweist, daB ein bemerkenswert einfaches System 
der Modalitatenlogik, das von A. N. Prior stammt, dem 
System S5 von C. I. Lewis aquivalent ist. 

K. Schiitte (Zbl 78, 5) 


3069: 
Kanger, Stig. A note on quantification and modalities. 
Theoria, Lund 23 (1957), 133-134. 
Following the ideas in a previous paper [Theoria, Lund 


23 (1957), 1-11; MR 19, 831) the author states that there 
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are two different interpretations of universal quantifi- 
cation in a modal predicate calculus. He points out some 
differences between them and makes some further 
remarks; but leaves the question of choice between them 
open. H. B. Curry (University Park, Pa.) 


3070: 

Moh, Shaw-Kwei. On the explicit form of general 
recursive functions. Acta Math. Sinica 6 (1956), 548- 
564. (Chinese. English summary) 

The main result of the present paper is to improve the 
well-known Kleene’s theorem as follows: 

Every general recursive function may be expressed in 
the form A(ty[B(x1, x2, ---, %-, y)=0]), where A and B 
are restricted elementary functions. 

From the author's summary 
3071: 

Friedberg, Richard M. 4-quantifier completeness: A 
Banach-Mazur functional not uniformly partial recursive. 
Bull. Acad. Polon. Sci. Sér. Sci. Math. Astr. Phys. 6 
(1958), 1-5. 

The author shows that there is a Banach-Mazur 
functional which is not equivalent on all recursive func- 
tions to any uniformly partial recursive functional. 

Let M be the set of all finite sequences (of natural 
numbers). Let 6, be a partial recursive function, with 
Gédel number «, defined on M. If f is a recursive function, 
define 6,*(/)=limy_... 9u([/(0), ---, f(m)]) provided the 
limit exists. In terms of the functional 6,,* so defined, the 
author proves the theorem: Given a recursive predicate 
R on five variables, one can find effectively a recursive 
function 7 such that, for each #, 6,;y)* is defined on all 
recursive functions, and (Ex)(y)(Ez)(w)~R(u, x, y, z, w)= 
[6-<u)* is identical on recursive functions to a uniformly 
partial recursive functional]. 

R. M. Baer (Berkeley, Calif.) 
3072: 

Duren, W. L., Jr. Mathematical induction in sets. 
Amer. Math. Monthly 64 (1957), no. 8, part II, 19-22. 

This note is concerned with the close analogy of proofs 
using Hausdorff’s maximal principle to proofs by 
ordinary mathematical induction. Proofs of the Heine- 
Borel theorem and of the uniform continuity of continu- 
ous functions are used as examples. 

L. M. Graves (Chicago, II.) 


3073: 

Goodstein, R. L. The definition of number. Math. 
Gaz. 41 (1957), 180-186. 

An expository lecture delivered at the annual meeting 
of the Mathematical Association in 1955. 


SET THEORY 


3074: 

Isaak, Samuel. On the relation of “similarity” between 
transfinite numbers. Riveon Lematematika 11 (1957), 
47-49. (Hebrew. English summary) 

Definition: Two ordinals « and f are said to be similar 
if there exists a pair of ordinals (¢, 7) such that oa=7f 
(a, 740). The similarity will be called simple if one can 
choose ¢ and r to be of the form: c=w#-p, r=” -g (p and 
q natural numbers). 

Theorem proved: Let two ordinal numbers be given by 
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Let a>, kR>/ and »,=0. If there exists a simple simi- 
larity relation between the terms of # and / out of the k 
terms of a, then 7 exists such that a=7f. 

Author's summary 
3075: 

Mendelson, Elliott. On a class of universal ordered 
sets. Proc. Amer. Math. Soc. 9 (1958), 712-713. 

Let H, denote the lexicographically ordered set of all 
sequences (%g)¢<w, of 0’s and 1’s for which there exists 
7r<@, such that x,=1, while x;=O whenever §>r. The 
author presents a new, simple proof that H, is x,-uni- 
versal, i.e., contains a copy of every (totally) ordered set 
A of cardinal &,: enumerate A as (X")e<w,» and map 7 to 
(x¢")e<w,» Where xg"=1 if x$<x" in A and Sr, and x7=0 
otherwise. (The case «=O has been known for a long time. 
A proof for «=£+-1 was given by Sierpiriski [Fund. Math. 
36 (1949), 56-67; MR 11, 165], who obtained the stronger 
result that Ag+ is an mg+:-set, and a proof for limit 
ordinals was given by the reviewer [ibid. 43 (1956), 
77-82; MR 18, 24).) The author remarks that for «>0, the 
existence of an &,-universal ordered set of cardinal x, 
is still an open question. L. Gillman (Princeton, N.J.) 


3076: 

Swierczkowski, S. On some equation in transfinite 
ordinals. Fund. Math. 45 (1958), 213-216. 

Consider the equation (*) *=7"-+-¢, wheregy and y are 
isolated ordinal numbers greater than unity and g is a 
finite ordinal number. (I) If g=0, then the isolated 
ordinals , 9 satisfying (*) are given by =7™, 
where m and » are finite, mp=ny, and r is isolated. (II) If 
q>0, then no transfinite ordinals &, » satisfy (*). This 
generalizes a result of Sierpitiski [Fund. Math. 43 (1956), 
1-2; MR 17, 1190). F. Bagemihl (Notre Dame, Ind.) 


n=™, 


COMBINATORIAL ANALYSIS 
See also 3549, 3550, 3551, 3552, 3620. 


3077: 

*¥Riordan, John. An introduction to combinatorial 
analysis. Wiley Publications in Mathematical Statistics. 
John Wiley & Sons, Inc., New York; Chapman & Hall, 
Ltd., London, 1958. xi+244 pp. 

This is the only modern book on combinatorial analysis. 
It will be extremely useful to anyone who wishes to make 
a systematic study of the subject, as well as to the many 
mathematicians and mathematical practitioners who are 
sometimes faced with particular problems involving a 
count of the number of ways in which some well defined 
operation can be carried out. Techniques developed in this 
book are of increasing importance in the study of modern 
statistics, computing devices, communications engineering 
and in the recent applications of graph theory to chemistry 
and problems in the social sciences. 

The book contains an excellent review of classical 
material, but most of it is devoted to a unified exposition, 
insofar as possible, of recent developments. A number of 
these are due to the author. The usefulness of the book is 
greatly enhanced by the extensive references to the 
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3075-3078 


modern literature and by the many results given in prob- 
lem form at the end of each chapter. Powerful methods 
are developed in a subject which has seemed to many to 
be merely a collection of special tricks. These methods are 
given vitality by their application to many difficult 
problems of enumeration. An outline of the contents 
follows. 

Chapter | covers the elementary theory of permutations 
and combinations and introduces the unifying concept of 
generating function. In chapter 2 the relation between 
ordinary and exponential generating functions is devel- 
oped. The Blissard notation is introduced and linear 
recurrences are treated. Moment generating functions and 
Stirling numbers are introduced. Derivatives of composite 
functions and the related Bell polynomials are considered. 
Chapter 3 develops the method of inclusion and ex- 
clusion. Chapter 4 deals mainly with the work of Touchard 
on enumeration of permutations with given cycle charac- 
ter. Chapter 5 treats distribution and occupancy problems 
involving both like and unlike objects in both like and 
unlike cells. The first part of chapter 6 treats the ele- 
mentary theory of partitions, including Franklin’s proof 
of Euler’s recurrence for the partition function. Ordered 
partitions are also treated. The second and more novel 
part of this chapter develops the powerful enumeration 
theory of Pélya and applies it to a variety of graph 
enumeration results. The problems in this and in the 
remaining chapters are particularly rich in content. 
Chapters 7 and 8 deal with permutations with restricted 
positions. The main problems here are formulated in 
terms of configurations of non-attacking rooks on ‘‘chess- 
boards” of various shapes. The interesting methods are 
due mainly to Riordan and Kaplansky. 

In the two-volume treatise by MacMahon [Combinatory 
analysis, University Press, Cambridge, 1915-16] many 
enumeration problems were claimed to be solved when, in 
fact, they were merely reformulated. In this book such an 
approach is avoided. Explicit formulae are the order of 
the day and in many cases the formulae are accompanied 
by short tables. Nevertheless, the author is usually 
satisfied with an explicit formula, even though it may be 
comparatively unmanageable for large values of the 
arguments. Very little is said about asymptotic develop- 
ments for such cases. There are many problems usually 
considered combinatorial in nature in which the question 
is not primarily “in how many ways can this be done’’ but 
rather “can this be done in at least one way?” These 
include important problems of finite geometries, differ- 
ence sets and related combinatorial designs. Such prob- 
lems are not treated here. 

These omissions are indications of the size of the sub- 
ject rather than of the shortcomings of the book. In fact, 
the author has admirably succeeded in marshalling many 
interesting facts that were not nearly so accessible before. 
He has infused pattern and order into his subject and 
will thereby, we hope, attract more mathematicians to 
this fascinating field. L. Moser (Edmonton, Alta.) 


3078: 

Toscano, Letterio. Su una classe di funzioni simmetri- 
che. Bul. Inst. Politehn. Iasi 4 (1949), 155-166. 

For m variables, the author forms F,,,(, the sum of 
the complete symmetric functions of degree n of k of the 
m variables, summation taking place over all possible k- 
tuples. He shows that Fy,‘ satisfies a recurrence 
relation with respect to m, and that this relation changes 
very little with &. He also establishes certain expansions 





3079-3086 


and differentiation formulas for these symmetric func- 
tions. A. Erdélyi (Pasadena, Calif.) 


ORDER, LATTICES 
See also 3075, 3090, 3755. 


3079: 

Wolk, E.S. Order-compatible topologies on a partially 
ordered set. Proc. Amer. Math. Soc. 9 (1958), 524-529. 

On a partially ordered set with O and J, the author 
defines a topology to be order-compatible if it is finer 
than the interval topology and coarser than the order 
topology. The paper is devoted to a direct proof that if, 
for some finite k, there are no k+-1 pairwise incomparable 
elements, then the interval and order topologies coincide. 
{The author does not mention Dilworth’s theorem that 
under this hypothesis the set is a union of & chains [Ann. 
of Math. (2) 51 (1950), 161-166; MR 11, 309], from which 
the present result follows directly.} 

J. Isbell (Seattle, Wash.) 
3080 : 

Jakubik, Jan. L’isomorphisme des graphes des mul- 
tistructures. Acta Fac. Nat. Univ. Comenian. Math. 1 
(1956), 255-264. (Slovak. Russian and French sum- 
maries) 


3081 : 

Kolibiar, Milan. Uber Kongruenzen in distributiven 
Verbanden. Acta Fac. Nat. Univ. Comenian. Math. 1 
(1956), 247-253. (Slovak. Russian and German sum- 
maries) 


3082: 

Kerstan, Johannes. Verallgemeinerung eines Satzes 
von Tarski. Math. Nachr. 17 (1958), 16~-18. 

The author obtains new necessary and sufficient 
conditions for a complete lattice to be atomic. These 
conditions refer to suitable generalizations of the sepa- 
ration axioms of Hausdorff and Vietoris. 

G. Birkhoff (Cambridge, Mass.) 
3083 : 

Hukuhara, Masuo. @-Endomorphisme et /-endo- 
morphisme d’un treillis en dualité et la théorie de Riesz sur 
Vendomorphisme complétement continu. I. Funkcial. 
Ekvac. 1 (1958), 85-102. 

This is the first of a series of papers largely concerned 
with a reexamination of the effects of iterations of an 
endomorphism (of a linear space) upon the lattice of 
subspaces; the new look is based upon the theory of the 
modular lattice. The present paper is largely concerned 
with decompositions with respect to chains in such 
lattices; in part, the development closely parallels that 
given by G. Birkhoff [Lattice Theory, rev. ed., New York, 
1948; Ch. V; MR 10, 673). R. M. Baer (Berkeley, Calif.) 


3084: 

von Neumann, John. The non-isomorphism of certain 
continuous rings. Ann. of Math. (2) 67 (1958), 485-496. 

This manuscript, one of several written by von Neu- 
mann in 1935-37, is published now, after his death. The 
paper begins with the following introductory remarks by 
Irving Kaplansky. 

“By a continuous geometry L we mean here an irre- 
ducible one, in the infinite case. There exists a unique 
regular ring R coordinatizing L, and & is called a continu- 
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ous ring. It is a simple ring with unit, and its center is a 
field 8. Starting with an arbitrary field 8, von Neumann 
had given a purely algebraic construction of a continuous 
geometry L,,(8) whose coordinatizing continuous ring §., 
has center 8. Now in case § is the field of complex num- 
bers, there is another way to get a continuous ring with 
center §, namely from a factor M of type II. The corre- 
sponding continuous ring U is obtained by adjoining toM 
suitable unbounded operators. In this paper von Neu- 
mann shows that the algebraic 3. is never isomorphic to 
a ring U derived from a factor of type II.” 

Let ® be any continuous ring with centre § consisting 
of all complex numbers, e.g., 8.. or U. A family of ring 
elements sq’, J=0, 1, 2, «++, 4, 7=1, «++, my (with mo=1, 
nm, =m-191 for />0 and each g; an integer more than }), is 
called a continuous set of matrix units if (i) for each fixed 
L the si! are a set of matrix units, in particular s3;9=1, and 
(ii) sy’ =D S!4—1yqi+t, G—Dartt: Let y denote the set of all 
Suite linear combinations, with coefficients in 8, of the 
Siz’. 

Von Neumann calls a ring element # continuous with 
respect to the sj! if for each / there are distinct rational 
numbers p;', i=1, ---, m', such that 

Sei'(%+- ps!) Sigh =Sq!Z = Zs 44. 
He proves that such an # has rank metric distance from 
every element in y equal to | so that such an # cannot be 
in the closed set (rank metric topology) determined by y. 

Now the definition of 8,, shows that for a suitable 
continuous set of matrix units, 8, coincides with the 
closed set determined by y. Thus there is no such # in 8, 
with respect to this particular continuous set of matrix 
units. 

On the other hand, for arbitrary continuous set of 
matrix units in a ring U derived from a factor of type I], 
von Neumann constructs an % which is continuous with 
respect to these matrix units. It follows that 8, is not 
ring isomorphic to any such U. 

Typographical errors are as follows. (1) Page 486, end 
of line 18: replace (%) by (%),. (2) page 486, line 3 from 
bottom should read: “‘We prove next ((%1+-ps's¢")i*; #=1, 
+++, m) 1, where A indicates that the ideal is taken in 
R(sir").”” (3) Page 486, line 2from bottom (twice) and page 
487, lines 12 (twice), 13, 15 (twice): replace “);” by“‘)j?”. 
(4) Page 487, line 16: replace‘‘);” by “‘)j”’.(S ) Page 488, line 
and page 489 lines 4, 5: replace “R(si1")” by “R”. 

I. Halperin (Kingston, Ont.) 
3085: 

Fryer, K. D.; and Halperin, Israel. Coordinates in 
geometry. Trans. Roy. Soc. Canada. Sect. III. (3) 
48 (1954), 11-26. 

A modernization is given for the proof of the well- 
known result of von Neumann [Continuous geometry, 
Inst. for Advanced Study, Princeton, N.J., 1936] relating 
a certain regular ring to a given Dedekind complemented 
lattice. {Reviewer’s remark: The references to von Neu- 
mann’s work are not always correct. By AL (pp. 12-13) is 
to be understood > Mita (a+c) and not the 
identity given in the text. 

L. A. Skornyakov (RZMat 1956 #1150) 
3086 : 

Andreoli, Giulio. Le algebre dei livelli quali estensioni 

delle algebre di Boole; loro riduzione a queste. Giorn. 


Mat. Battaglini (5) 4(84) (1956), 150-188. 

Eine (endliche) Boolesche Algebra ist bekanntlich das 
direkte Produkt von Booleschen Algebren, die nur aus 
zwei Elementen 0, | bestehen. Verf. betrachtet folgende 
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Verallgemeinerungen: (a) An Stelle von {0, 1} nehme man 
eine linear geordnete Menge p<o<---<7r<w und de- 
finiere die Operationen m™, Y durch vn=max (é, y), 
Ean=min(é, y), ferner an Stelle des Komplements das 
“konjugierte’- Element durch p*=@, o*=r, ---, r*=a, 
w*=p. (b) An Stelle von {0, 1} nehme man die Menge aller 
reellen oder aller rationalen Zahlen OS%S1 mit den 
Operationen x*=1—xz, xny=xy, xvy=(x*y*)*=2+y— 
xy. (Hier gilt nicht x~x=x.) Algebren dieser Typen sind 
aus einer gewdhnlichen Booleschen Algebra abzuleiten, 
indem man von dieser zu einer Bewertung [s. Birkhoff, 


Lattice theory, Amer. Math. Soc., New York, 1948; MR . 


10, 673; S. 74] iibergeht, wobei jedem Element E die An- 
zahl der in ihm enthaltenen Atome, d.i. die Lange einer 
maximalen Kette von 0 nach E zugeordnet wird. Verf. 
bezeichnet diesen ProzeB als ‘‘contrazione”’. In der Menge 
der Werte wird dann noch eine gewisse Zusammenfassung 
zu Klassen vorgenommen (“‘attenuazione”). Die Algebra 
einer dreiwertigen Logik nach Reichenbach ist ein Bei- 
spiel einer solchen Algebra. Die Arbeit enthalt leider 
keinerlei Literaturangaben. H. Gericke (Zbl 72, 261) 


3087 : 

Pierce, R. S. Distributivity and the normal completion 
of Boolean algebras. Pacific J. Math. 8 (1958), 133-140. 

Let « be any cardinal number. The author shows that 
every a-distributive Boolean algebra can be “regularly” 
(i.e., with preservation of existing joins and meets) 
embedded in an a-complete, a-distributive Boolean 
algebra. [Cf. R. Sikorski, Fund. Math. 37 (1950), 25-54; 
MR 12, 583; E. C. Smith and A. Tarski, Trans. Amer. 
Math. Soc. 84 (1957), 230-257; MR 18, 865; R.S. Pierce, 
Pacific J. Math. 7 (1957), 983-992; MR 19, 629.) He also 
exhibits an «-field of sets whose normal completion is not 
a-distributive. G. Birkhoff (Cambridge, Mass.) 


3088 : 

Traczyk, T. On homomorphisms not induced by 
mappings. Bull. Acad. Polon. Sci. Sér. Sci. Math. Astr. 
Phys. 6 (1958), 103-106. 

Let X be a o-field of subsets of a set A and J a a-ideal, 
The following condition are shown to be equivalent: 
(1) There is an isomorphism of X/J into X whose compo- 
sition with projection X -+X/I is the identity ; (2) A can be 
topologized as the Stone space of X/J so that J is the o- 
ideal generated by nowhere dense sets and X the o-field 
generated by J and the open-closed sets; (3) every o- 
homomorphism X;/J; into X/IJ, where X; and J; are as 
in (2), is induced by a point function A-—A}. Since ex- 
amples are known for which (1) is false, this answers 
Sikorski’s question whether (3) is false for some X and J. 

J. R. Isbell (Seattle, Wash.) 


GENERAL ALGEBRAIC SYSTEMS 
See also 3086, 3198, 3199, 3200. 


3089 : 

Ehrenfeucht, A. On theories categorical in power. 
Fund. Math. 44 (1957), 241-248. 

This paper applies theorems of an earlier paper by the 
author and Mostowski [same Fund. 43 (1956), 50-68; MR 
18, 863] to the study of theories T such that any two 
models of T of power m are isomorphic. The main result 
is that, if m=2*, nN, then no such theory can define an 
nary relation R which is antisymmetric (in the sense that, 
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given x, **-, %, R fails for some permutation of x, ---, 
%) and connected (in the sense that R holds for at least 
one such permutation). Further theorems concern the 
existence of mutually indiscernible elements and of “‘uni- 
versal models’’ for such theories. 

H. B. Curry (University Park, Pa.) 
3090: 

Johnston, John B. Universal infinite ly ordered 
sets. Proc. Amer. Math. Soc. 7 (1956), 507-514. 

For a given cardinal number c, an ordered set S is 
called c-universal (c-subuniversal) provided every ordered 
set of cardinality <c (and dimension <c) is isomorphic 
with a subset of S. For every transfinite cardinal ¢ there 
exists a c-universal order of cardinality 2° [of the cardi- 
nality c provided c is the supremum of a w-sequence of 
cardinals <c]. Let 2(m,) denote the set of all the functions 
I(w,) >1(2) ; T(2(m,)) denotes the first difference ordering 
of 2(m,); T,, denotes the set of all the / € 2(w,) such that 
there exists an ordinal »/(f) Te f(n(f))=1, &)=0 
(n(f)<<&<@,). A function /, I(w,)+T, is said to be of 
constant degree if there is a 6<m, such that n(f(yz))=d 
(u<m,). Let P(®,) denote the set of all the functions of 
I(w,)->T,, of constant degree and ordered so that /</’ in 
P(®,) means /(&)</’(&) (§<@,). Then P(&,) is %,-universal 
of cardinality 2%, and dimension &, (Th. 3). (8) means the 
set of all ordinals <f. D. Kurepa (Zbl 71, 50) 


3091: 

Jénsson, Bjarni. Universal relational systems. Math. 
Scand. 4 (1956), 193-208. 

A relational system AM=—<A, Ro, +++, Ry, +++, Re-pDisa 
non-empty set A together with wmary relations R; on A. 
The author considers families K of relational systems 
which satisfy six specific properties (too lengthy to be 
described here). Assuming the generalized continuum 
hypothesis, it is shown that the family K contains an 
(%,, K) universal system, that is, there exists in K a 
relational system W& such that (i) the power of A is &,, 
and (ii) if 8=<B, ---> is inK with the power of Bsx,, 
then % is isomorphic to a subsystem of &. Among the 
results obtained as corollaries are the existence of (1) an 
%, universal group (a>0), (2) an &, universal partially 
ordered system [generalizing the result of Johnston, 
#3090 above] and (3) an &, universal lattice («>0). 

S. Ginsburg (Hawthorne, Calif.) 


THEORY OF NUMBERS 
See also 3222, 3509, 3594, 3643, 3648. 


3092: 

Roberts, J. B. A new proof of a theorem of Lehmer. 
Canad. J. Math. 10 (1958), 191-194. 

New proof of a theorem of Lehmer, similar to that of 
Lehmer except that it makes use of difference operators. 
The theorem is: Let ao, ---, «g be an arbitrary set of k+-1 
complex numbers and let } be an integer 22. Let C be the 
collection of all numbers jouo+----+-jxax where OS7S 
b—1, OSisk. Let C;, OSjSb—1, be the collection of the 
elements of C for which jo+---+j=7 (mod 0). If now 
P(x) is a complex polynomial of degree Sk, then 
Lace, P(x+n)=Xnec, P(x+n), OSisb—1, OSjSd—1. 
Two special cases: ag=0! and a=! with P(x)=(j-+mzx) 
-++(j-+-+-mx—q+-1):q!, are treated. 

N. G. W. H. Beeger (Amsterdam) 
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3093: 

Erdés, P. Some remarks on a paper of McCarthy. 
Canad. Math. Bull. 1 (1958), 71-75. 

Let k be a positive integer. The set By consists of all 
positive integers » which have the property that the 
totatives of m are uniformly distributed with respect to k, 
i.e., that each one of the intervals (ml/k, n(/+-1)/k) 
(i=0, ---, kR—1) contains the same number of integers 
relatively prime to ». Furthermore, A, denotes the set of 
all n which either are divisible by k? or have a prime factor 
of the form kx+-1. Finally, Cy denotes the set of all » for 
which k divides y(n). 

It was shown by D. H. Lehmer [Canad. J. Math. 
7 (1955), 347-357; MR 16, 998] that ApyCB,CC,. P. J. 
McCarthy [Amer. Math. Monthly 64 (1957), 585-586; MR 
19, 531) proved that Ay=B, if & is a prime, and Ay AB, 
if k is a product of different primes. The present author 
settles the remaining question, by showing that Ap +B, 
also if k is not squarefree. Furthermore, he remarks that 
By=C;, if k=2p (p an odd prime); if & itself is prime then 
we have Ay =B,=Cy. The author states that in all other 
cases Bg ~Cy. 

{The reviewer noticed several misprints and omissions 
in the proofs, but the author has promised to publish a 
rectification.} N. G. de Brutjn (Amsterdam) 


3094: 

Mahler, K. A factorial series for the rational multiples 
of ¢. Math. Gaz. 42 (1958), 13-16. 

A theorem of Cantor states that every real number « 
can uniquely be written in the form «= DF. ga/n!, where 
£n are rational integers, O<g,S—1 for n=2, and gas 
n—2 for infinitely many ». This paper develops this 
representation explicitly for «=(p/g)e, where O0<psq—1, 
p, g are integers. One of the results is that if 721, then 
£rq+y4 Tuns over g different residue classes (mod g) when 
j=1,2,-++,qg—1. N.C. Ankeny (Cambridge, England) 


3095: 

Mitsui, Takayoshi. Corrections to my paper: “On odd 
perfect numbers”. Sci. Papers Coll. Gen. Ed. Univ. 
Tokyo 7 (1957), 171-172. 

The paper in question is in same Papers 6 (1956), 1-11 
(MR 18, 193]. The author points out an error which 
invalidates “‘all the results of that paper (Theorems 1-4)”’. 
He gives weaker statements on the same problem “which 
can be easily proved from classical results’. 


3096: 

Schneidt, Max. Uber die Aufsuchung von Teilern der 
natiirlichen Zahlen. Bayer. Akad. Wiss. Math.-Nat. KI. 
S.-B. 1957, 151-176 (1958). 

The author presents a number of methods for the 
factorization of integers prime to 30 based upon their 
classification in a reduced system of residues modulo 30. 
The following is typical of the techniques described. If Z 
has the factorization Z=(30x+)(30y—p), ~<30, 
(p, 30)=1, then there are integers A and B such that 
30A +pB=(Z+-?)/30 and B2+4A is a square. Several 
divisibility criteria are developed; e.g., 30-2®+-11 is not 
divisible by 7, 17, 23, 31, 127, 257. 

R. J. Levit (San Francisco, Calif.) 
3097 : 

Robinson, Raphael M. A report on primes of the form 

k-2"+-1 and on factors of Fermat numbers. Proc. 


Amer. Math. Soc. 9 (1958), 673-681. 
Each integer N=k-2"+-1 with odd &<100 and »<512 





512 





was tested for primeness on the SWAC. For k=3, 5, 7 the 
bounds on m are 1280, 2005, 1280 respectively; for k=1 
the character of N was already known for »<2!%. Table | 
identifies each of the primes in this range, the largest 
prime being 5-2194741. The Mersenne prime 2521—] is 
the tenth largest prime known at present; four larger 
primes are in Table | and five larger Mersenne primes are 
known. There are 72 primes larger than 101 in Table 1. 
The SWAC tests a number in slightly less than 1.5 
minutes for near 512. 

Each Cullen number ”-2%+1 with »<1000 was tested 
for primeness if no factor was known already. Just one 
prime was found, 141 -2141+-1. 

Each prime N found was tested to see whether it is a 
factor of any Fermat number Fj,—22"+ 1. Some numbers 
outside the range of Table | were also tested. Altogether, 
factors were found of 20 new Fermat numbers, m=339, 55, 
58, 63, 77, 81, 117, 125, 144, 150, 207, 226, 228, 250, 267, 
268, 284, 316, 452, 1945. Table 2 is a list of these factors 
and of all known factors of 13 other Fermat numbers. In 
all cases n—m<8. J. L. Selfridge (Los Angeles, Calif.) 





3098 : 

Edmonds, Sheila M. Sums of powers of the natural 
numbers. Math. Gaz. 41 (1957), 187-188. 

The well-known identity >¥_, »8=(S_, m)? is derived 
by partial summation and it is shown that there is no 
other identity of the form >¥_, CnP=(DR_, n®)2, where 
C is a constant and #, g are non-negative integers. 

{Concerning this last observation, it might be worth 
noting that even the Diophantine equation 1+2?= 
(1+2¢)r has no solution in positive integers #, g, r with 
r>1 except p=3, g=1, r=2. To prove this we consider 
this equation successively modulo 1+2¢, 2¢+! and 3 to 
obtain p=0 (mod g), r=0 (mod 2¢) and p=g=!1 (mod 2). 
Now let g=3%q1, where (3,q1)=1. Then, 14+2¢=0 
(mod 3+!) and hence 1+2?=0 (mod 3¢+tDr). Hence, 
p=0 (mod 3¢+Dr-19,). Thus, 


(1-+-2¢)r= 14+ 27 > 20,3(8+1) 7-1) 
= (234) 3¢e+ 1) 7-1) > (1 4+ 2a) 30+ -, 


This is possible only if 7>3*+))@-1)-1; in other words, if 
s=0, r=2; and hence g=1, p=3.} 

E. G. Straus (Los Angeles, Calif.) 
3099: 

Tewari, Krishna. On equal sums of powers. J. Sci. 
Res. Banaras Hindu Univ. 8 (1957/58), 81-85. 

A solution of the equation (*) 53, x.*=D?-1 ve* in po- 
sitive integers x1, ---, Xm, V1, ***, ¥niSsaid to be nontrivial 
if (%1, +++, %m, V1, ***, ¥n)=1. If m=—n and the y’s are not a 
permutation of the x’s, let N(k) denote the least value of 
such that (*) has a nontrivial solution; let B(2) denote the 
least value of m such that (*) has a nontrivial solution with 
m<n; and let y(k) denote the least value of » such that 
(*) has infinitely many solutions with m<n. Using 
elementary methods, the author proves ten results, of 
which N(18)S50, 6(22)S51, y(24)S83 are examples. 

R. D. James (Vancouver, B.C.) 


3100: 
Moessner, Alfred. Uber die Gleichung A2*+B?= 
C2"4 D2, Glasnik Mat.-Fiz. Astr. DruStvo Mat. Fiz. 


Hrvatske Ser. II. 12 (1957), 21-22. (Serbo-Croatian 
summary) 

For A>C, A=C (mod 2), let s and & be determined by 
s—k=A*, s+k=C*. If sk=mp with m>?, then the 
identity A2*+ (m+ p)2=C2*+ (m—p)? yields solutions of 
the Diophantine equation of the title. When »=2 one 
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may be able to choose A, C, m, p so that m+ and 
m—p are squares. One thus obtains solutions of (1) 
A4+-B4=C4+ D4, including the smallest known solution 
1344+ 1334= 15844594, due to P. S. Dyer [J. London 
Math. Soc. 18 (1943), 2-4; MR 5, 89). A two parameter 
solution of (1) was found by Euler, but the complete 
solution is not known, L. Moser (Edmonton, Alta.) 


3101: 

Green, John W. On the computation of certain roots 
by the use of the binomial series. Amer. Math. Monthly 
64 (1957), no. 8, part II, 34-36. 

It is suggested that there are ‘“‘very few’ integers K for 
which g*K=p*+10-** has solutions in integers p, q, 
n>O; here k=2, 3. Motivation, and numerical evidence. 


3102: 
Watson, G. L. One-sided inequalities for integral 
tic forms. Quart. J. Math. Oxford Ser. (2) 9 
(1958), 99-108. 

Let / denote a quadratic form in k variables and mint / 
the lower bound of the strictly positive values of / for 
integral values of the variables. Let d(f) be defined as 
(—1)#* det A, for k even; $(—1)#*-) det A, for k odd. 
Four exceptional forms are 

fi=4xyxq—x3, fe=8x1x%9—2x3, fg=16x%1%2—23, 
whose mint / are 3, 4, 7, respectively, and 
fa=3x1x%2—23—3xgxq—3x42, 
whose mint / is 2. 

The author proves the following theorem. Suppose / is 
an integral, primitive, non-si quadratic form, which, 
if definite, is positive and of rank kS8. Suppose that / is 
not equivalent to /f1, fs, or fg. Then (mint /)*/|d(f/)|S1, 
}, }, } according as s(f)=0 or +1, +3, +2, 4 (mod 8), 
where s(f) is the signature of /. The sign of equality is 
necessary for every pair k, s, but only if / is equivalent 
to fe or satisfies (4) |d|—=1, 2, 3, 4 according as +s=0 or 
1, 3, 2, 4 (mod 8). 

These results are related to those of Davenport and 
others [see H. Davenport, Mathematika 3 (1956), 81-101; 
MR 19, 19}. B. W. Jones (Boulder, Colo.) 


3103: 

Danicic, I. An extension of a theorem of Heilbronn. 
Mathematika 5 (1958), 30-37. 

The author proves the following extension of a result of 
Heilbronn: Let 


Q(x, -- => p> us , mastery (oag= ays) 


be a real quadratic form in » wariohion. If N>1 and e>0, 
then there exist integers x1, ---, %,, not all zero, satisfying 


IaisN G=1, ---,), 


||O(x1, «++, %)|| <CN-*/ (m+) +0 


where C depends on » and e only, and |ja|| denotes the 
difference between a and the nearest integer, taken 
positively. 

The exponent of N cannot be improved beyond —2. 
= B. W. Jones (Boulder, Colo.) 


Birch, B. J.; and Davenport, H. Indefinite quadratic 
forms in many variables. Mathematika 5 (1958), 8-12. 
This paper concerns the conjecture that any indefinite 
quadratic form Q in five or more variables and with real 


and 
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coefficients has, for every positive e, the property that the 
inequality (1) |Q|<e is solvable non-trivially for integer 
values of the variables. Let » be the number of variables 
and 7 the index of the form. They prove the theorem: If 
lSmin(r, »—r)S4 and m221, then (1) is soluble for =! 
e>O in integers not all 0. The conclusion holds also if 
min(r, »n—r)>4 and »217+min(r, n—7). 

This supplements recent results of the second author 
[Mathematika 3 (1956), 81-101; Proc. London Math. Soc. 
(3) 8 (1958), 109-126; MR 19, 19, 1161). This paper 
follows quite a different line of reasoning from the previous 
papers and requires an adaptation of methods of R. 
Brauer and of a result of Cassels. 

B. W. Jones (Boulder, Colo.) 
3105: 


Knapowski, S. On prime numbers in an arithmetical 
Acta Arith. 4 (1958), 57-70. 

Denote by x(x, k, 1) the number of primes less than * 
which are =/ (mod &). If (k, l)=1, A(x, k,l) =a(x, k, = 
y(k)-1/9 (log u)-1dw (p(k) is the Euler yfunction), then b by 
classical results A(x, k, 1) =O(x exp[—c, +/(log x)]), wi 
c, a constant and k fixed. Furthermore, if there exists 4, 
$36<1, such that A(x, k, 1) =O(x*+*:) for any ¢1>0, x->00, 
then A(x, k, 1) =O(x*+*) for any eg>0, x00. 

The author replaces this last existence result by the 
fairly sharp inequality: If T>exp{exp[ce(k log k)*}}, 
cg a constant, then 
max, |A(x, &, 2)| S78 exp{(1+-)log T(log log T)-} 

z 

x (max |A(x, k, 1)|++/7), 
1se<T 


where 6(7)->0 as T-+00. 

More explicitly, 6(7) can be defined as follows. Let e(7) 
be the largest real of any zero of any L function 
generated by a character (mod &). Clearly, e(7)<1. Then 


d(T) =«( ¥7)—e(expl v (log log 7))). On the generalized 
Riemann hypothesis, e( ,6 

N. € plan (Cambridge, Mass.) 
3106: 


Urazbaev, B. M. As estimation of an arith- 
metic sum. Akad. Nauk Kazah. SSR. Trudy Sektor. 
Mat. Meh. 1 (1958), 160-174. (Russian) 

Let a” be prime. The author shows that 


(0) k(l—1)#= 
revs 
2dgx(log log x4+-C) +0(x exp{—j(log ~)#}) 
+0(x exp { — os +p(log x)#—log log x), 


where the sum on the left is over all products of primes 
~;=1 (mod J), C is Euler’s constant, ~>0 is an absolute 
constant and 49>0 is a number depending only on /. The 
author says that his method -” estimates for the 
corresponding sums in which k(/—1)* is replaced by 
m,*k™(1—1)*, where m,, m are natural numbers, and for 
similar sums. An estimate, when A&(/—1)* is replaced by 
(_—1)*, has already been given by him [Dokl. Akad. 
Nauk SSSR (N.S.) 95 (1954), 935-938, MR 15, 937], but 
the ogee problem is more complicated. The earlier 
problem had an interpretation in the estimation of the 





number of abelian fields with group of a certain type and 
discriminant below a certain bound, but no such interpre- 
tation is given for the present results. 

For 0<rSI the author considers the function defined 
for Ris>1 by 


Lis, 7 )=11( i- 


XO) _y #X(br- py) 
pe (pi > -px)® ° 
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where X is a character to modulus / and the product and 
sum are over all primes # and all sets of not necessarily 
distinct primes #, ---, pe, respectively, so L(s, 1:X)= 
L(s:X) is the usual L-function. Since log L(s, 7:X)— 
t log L(s:X) has a unique analytic continuation in Ris>4, 
the zeros of the many-valued function L(s, 7: X) in is>4 
are precisely those of L(s:X). In particular, if ~>O is an 
absolute constant such that no L-function has a zero in 


(1) pea eee 
log {U(|¢|+3)} 
where s=o-+-#t (such yw exist), then the product 
(2) II L(s, 7: X) 
x 


over all characters X to modulus /, has in (1) only a 
singularity at s=1 arising from the singularity of 
L(s, r: Xo), where Xo is the principal character: in general 
this singularity is a branch-point. If one were to go 
through the usual motions with the function (2), one 
would obtain an estimate for 
(3) >... Pape 

Pp." 2<z 

pi=1tmod 0) 
The left hand side of (0) is just the differential of (3) with 
respect to ¢, when ¢=1. The asymptotic relation (0) is got 
from the expression for (3), in which the remainder is 
expressed as a contour integral, by differentiating under 
the integral sign and then estimating. More precisely, it 
is not (3) that is estimated, but the average of (3) over 
xy (say); and the routine transition from the average to 
the function averaged is made with the left hand side of 
(0). J. W. S. Cassels (Cambridge, England) 


3107: 

Hooley, Christopher. On the tation of a number 
as the sum of a square and a product. Math. Z. 69 (1958), 
211-227. 

This paper is concerned with the asymptotic behaviour 
of the sum 


o=1— 


e(n)= & 
wi< Yn 
i.e. the number of solutions of »=Ay-+-»? in integers A, yu, 
y (A, #>0), when the integer n is large and not a square. 
By elementary transformations familiar in this type of 
problem it is first proved that 


cn=ayn © PD 40( & pla)) =m1+ O(n), 
A<yn A<i/n 


where p(A) is the number of roots of the quadratic con- 
gruence vg=n (mod 4). By the theory of such congruences, 
«x, and x2 are then reduced to sums involving characters 
za,(1)=(d,\2) (2 odd), or O (2 even), where (d,|/) is Jacobi’s 
symbol, and d; ranges over certain divisors of ». This, 
however, does not determine the asymptotic behaviour 
of x; and xz in simple explicit terms. Nevertheless, by a 
series of analytical devices, including, among others, the 
Selberg sieve method and the estimation of character 
sums, the author is able to prove that xg=o0(«,), and so 
obtain an asymptotic formula for «(m). The final result is 
of the form 


x(n) =4/n{1+0 CES) F(n)~44/nF(n). 


Here, F(n)=(log «/n+-y){/n(1)+/n'(1); y is Euler’s con- 
stant ; and 


d(n—v?), 


fels)= 2)  » 


d 
(25) aunsrin-1 ame Emels), 








514 





where K(s) is defined for s>4 by an absolutely convergent 
power series in 2-*, and L4a,(s)=L(s, ya,). 

By way of contrast, the author mentions the ‘conjugate’ 
problem of 


N(x, n) = > d(v2—n), 


i.e. the number of solutions of n=»?—Ay, yx in integers 
A, 4, ¥ (A,~>0), when x->co but mis now fixed. Here, d; is 
confined to a fixed finite set of values and the major 
difficulties of the problem of «(m) do not arise. 

A. E. Ingham (Cambridge, England) 
3108: 

Rieger, G. J. Verscharfung des Satzes von Richert 
itiber die Verteilung der quadratfreien Zahlen mit genau r 
Primfaktoren in einer arithmetischen Progression. J. 
Reine Angew. Math. 199 (1958), 215-220. 

The author sharpens previous results of Richert on the 
number of squarefree numbers having exactly 7 prime 
factors in an arithmetic progression [Richert, J. Reine 
Angew. Math. 192 (1953), 180-203; MR 15, 603). 

P. Erdés (Haifa) 
3109: 

Mirsky,L. Additive prime number theory. Math. Gaz. 
42 (1958), 7-10. 

A concise historical discussion of Goldbach’s conjecture, 
delivered at the British Mathematical Colloquium at St. 
Andrews in September, 1956. 


3110: 

Guy, Richard K. Two theorems on partitions. Math. 
Gaz. 42 (1958), 84-86. 

It is shown that the numbers of partitions of an integer 
into (i) odd parts greater than unity, (ii) unequal parts 
such that the two greatest parts differ by unity, and (iii) 
unequal parts which are not powers of two, are all equal. 
Several elementary proofs are given. 

A. C. Woods (New Orleans, La.) 
3111: 

Wright, E.M. Partitions of large bipartites. Amer. J. 
Math. 80 (1958), 643-658. 

The author considers partitions of four different kinds 
of a large bi-partite number (m, n) subject to the condition 
+e: <log n/log m<2—e2, 
where e; and eg are any fixed positive numbers. Using a 
much more precise approximation for the generating 
function than has been known hitherto, which he has 
obtained and which will appear in a forthcoming paper, 
he derives an asymptotic formula for the number of 
partitions p(m,n), of a rather complicated nature. This 
formula involves powers of m and m and polynomials in 
log m and log. Numerical estimates and explicit ex- 
pressions for these polynomials up to the seventh degree 
are given. The bounds for log n/log m represent a con- 

siderable improvement over earlier results. 
R. A. Rankin (Glasgow) 
3112: 

Rényi, A.; and Turan, P. On a theorem of Erdés-Kac. 
Acta Arith. 4 (1958), 71-84. 

Denote by v(m) the number of prime factors of » (mul- 
tiple factors counted multiply). Denote by N,(v, x) the 
number of integers kon for which 


v(k) —log log n 

Vv (log log ») 
The reviewer and M. Kac oe [Amer. J. Math. 62 
(1940), 738-742; MR 2, 42] that 
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(1) lim Na(0, 2)/n=$(2), 


where $(x)=(2x)-+/_Z, e-**/2du. Leveque proved [Trans. 
Amer. Math. Soc. 66 (1949), 440-463; MR 11, 83] that 


_ Nalv, x) _ log log log ” 
(2) tim “2 = $(0) +0 (Tees at) 
and conjectured that the error term in (2) is of the order 
(log log »)-#. Kubelius improved the error term to 
log log log , 
(“tee iog a — ) (Uspehi Mat. Nauk (N.S.) 11 (1956), no. 
2(68), 31-66; MR 18, 17). 

By combining the methods of analytic number theory 
with a theorem of Esseen [Acta Math. 77 (1945), 1-125; 
MR 7, 312] the authors prove Leveque’s conjecture; in 
fact, they show that uniformly in x 


(3) lim N(v, x)/n=$(x) +-O((log log n)-+). 


A simple argument shows that the error term in (3) is 
best possible. The authors further apply their method to 
more general additive functions. P. Erdés (Haifa) 


3113: 

Knapowski, S. On the Mébius function. Acta Arith. 
4 (1958), 209-216. 

Denote by yu(m) the Mébius function. Put M(x)= 
Ds-1 w(m). It is known that the Riemann hypothesis is 
equivalent with 

M(x)=O(x*+*). 

It has been conjectured that M(n)<4/n for n>1. Put 
9(x)=Xp<z log p. Turén proved (Eine neue Methode in 
der Analysis und deren Anwendungen, Akadémiai Kiado, 
Budapest, 1953; MR 15, 688) that 

log T ) 
V (log log 7)” 
where Bo+tyo, Box}, is any complex root of ¢(s). The 


author proves, using Turan’s method, that assuming the 
unproved and well known conjecture 


(2) fF 2Y ax=o(00g 7), 


x 


(1) max |p(x)—x|>T7? exp(—2I 
iszsT 


we have 


log T 
max |M(x)|>7* exp| -——,——>). 
max, |=) >T* exp(——7og tog 7) 

(It is well known that (2) implies the Riemann hypo- 
thesis.) P. Erdés (Haifa) 


3114: 

Ayoub, Raymond G. A mean value theorem for qua- 
dratic fields. Pacific J. Math. 8 (1958), 23-27. 

Let K be an algebraic number field of degree k, let 
F(n) denote the number of ideals whose norm is the 
rational integer m, and H(x)=D,<. F(n). It is known 
that H(x)=ax-+A,(x), where Az(x)=O(x1-2/@+)). The 
mean value of A(x) is defined to be the least number 8 
such that x—1/§ A,2(t)dt=O(x2F+*). In the present paper it 
is shown that B=} for quadratic fields. A substantial 
part of the proof goes through for arbitrary number fields. 
R W. H. Mills (New Haven, Conn.) 

115: 


Rieger, G. J. V der Siebmethode von 
A. auf algebraische . LJ. Reine 
w. Math. 199 (1958), 208-214. 

e author generalises the sieve method of Selberg 
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3113-3117 


[Norske Vid. Selsk. Forh. Trondheim 19 (1947), no. 18, 
64-67; MR 9, 271] to algebraic number fields. Some 
applications are given. P. Erdés (Haifa) 


3116: 
Leopoldt, Heinrich-W: . Zur Struktur der /- 
galoisscher Grper. J. Reine Angew. 
Math. 199 (1958), 165-174. 

Let P be the rational field, / be a prime number, ¢ be a 
primitive /th root of unity and K=P(¢). Let A and ho be 
the class numbers of K and the maximal real subfield 
Ko=P(¢+¢-), respectively. It is a well known result due 
to Kummer that if / is divisible by /, so is the quotient 
h* =h/ho. Moreover, Hecke has proved that e*2eo holds, 
where e* and é9 denote the /-ranks of h* and ho, respective- 
ly. The author has generalized the above result to the 
following case (A): let K/P be a galois extension with the 
galois group g such that (i) ¢e K; (ii) [K:P]#40 mod/; 
and (iii) K=Ko(4/—64), with a total real subfield Ko and 
with a total positive number 6 in Ko. 

Let P be the --adic number field. An /-adic irreducible 
character ® of g is associated to each character x of g by 
taking its trace over P. In the group algebra Pg, 1= 
Xe !@holds, where lg is the primitive idempotent as- 
sociated to ®. Let D be the /-classgroup of K. Then ® is 
considered naturally to be a g-group and ® is the direct 
product of g-subgroups De=D'e. Similarly, the group Eo 
of all the /-primary units modulo /th power of the unit 
group of K is decomposed as the direct product of g- 
subgroups Eo@=—€o!e. We denote the g-ranks of De and 
oq by é@ and dg, respectively. Let a character y* in P be 
defined by fe-=¢x"), The “Spiegelbild” © of an irre- 
ducible character ® in P is defined by 6=y*®, where 
®(c)=®(o—). Evidently ®=®. The key theorem in this 
paper is the following ‘‘Spiegelungssatz’’ : 


hold under the assumptions (i) and (ii). 

In case (A), let {1, o,,.} be the galois group of K/Ko. We 
call a character x of g even if y(o,.)=y/1) and odd if 
(Fm) =—xz(1), respectively. Similarly for an irreducible 
character ® in P. Let ® be even, then © is odd and we 
can verify that 6g=0. Hence, from (1) follows the for- 
mula: 


(2) CoSeeStot+boSeot x(1) 


Finally, let Do and D* be the direct product of all De for 
even ® and for odd ®, respectively, and let ¢9 and e* be 
the ranks of De and D*, respectively. Then from (2) 
follows a generalization of the classical Hecke’s inequality 
(3) e*2eo. These results can be applied to the known 
results of F. Pollaczek [Math. Z. 21 (1924), 1-38] and of 
A. Scholz [J. Reine Angew. Math. 166 (1931), 201- 
203]. {There are several misprints, even in displayed 
formulas, which can be easily noticed.} 

Y. Kawada (Tokyo) 
3117: 

Kawada, Yukiyosi. Class formations. IV. Infinite 
extension of the ground field. J. Math. Soc. Japan 9 
(1957), 395-405. 

Let Q be an infinite separable normal extension of a 
field ko, and let & be the set of all finite extensions of ko 
in Q. If there is an abelian group A on which the Galois 
group G(Q/ko) operates, and if, for Ke, A(K) is all 
elements of A left fixed by G(Q/K), then {A(K); K € 8} is 
called a formation. If H(G(L/K), A(L))=0 and if 






3118-3122 


H*(G(L/K), A(L)) is cyclic of order the number of ele- 
ments in G(L/K) for all K normal in L, then {A(K); K € 8} 
is called a class formation. The author speaks of a class 
formation as satisfying axiom T if each A(L) is a compact 
topological group on which G(L/K) operates continuously 
for every K normal in L. Then, for an arbitrary infinite 
extension Ko* of Ko in Q, he lets &* be all finite extensions 
of Ko* in Q, and for K* € &* he lets A*(K*) be the inverse 
limit with respect to the norm maps of all the A(L) with 
L in K*. His main theorem is then: if {A(K); K eS} isa 
class formation with axiom T, then {A*(K*) ; K* € *} is 
a class formation with axiom T. This, together with Tate’s 
theorem for an arbitrary class formation, allows the 
author to consider the theories of abelian extensions of 
infinite extensions of local fields, of number fields, of 
special fields with all roots of unity, etc., in a unified and 
simple manner. D. K. Harrison (Haverford, Pa.) 


3118: 
Eichler, M. tische Formen und Modulfunk- 
tionen. Acta Arith. 4 (1958), 217-239. 


This is a helpful exposition of fundamental results by 
the author, particularly in generalized Abelian integrals 
[Math. Z. 67 (1957), 267-298; MR 19, 740], the congru- 
ence zeta-function [Arch. Math. 5 (1954), 335-366; MR 
16, 116), and modular correspondences [J. Indian Math. 
Soc. (N.S.) 20 (1956), 163-206; MR 19, 18). The paper 
culminates in seven conjectures, some specific, but mostly 
constituting a vast program that can barely be sketched 
here. In the notation of the earlier papers, the author is 
concerned with (1) his conjecture that if R,*(7,) denotes 
the matrix of the modular correspondence of character x 
belonging to a modular form of first type and degree —n, 
then its eigenvalues are less than const +/), for m=prime 
~; this includes Ramanujan’s conjecture with A(r)= 
= t(m) exp 2ximr, n=12, y=1, R=r(m)/m5; (2) gener- 
alization to principal congruence subgroups of the 
author’s method of calculation of the trace of the matrices 
R; (3) further relations between theta series of a quadratic 
form and the field K of modular invariants of the principal 
congruence subgroups mod F; (4) the modular forms of a 
character 71 representable by theta series; (5) gener- 
alization (to definite quadratic forms in totally real fields 
with several complex variables) of the existence formulas 
for Abelian integrals, particularly for »>2; (6) modular 
correspondences in the automorphic forms belonging to 
the modular group of a totally real quadratic field; (7) a 
topological meaning for the matrices R for the case n>2 
to correspond to the endomorphisms in the Betti group 


when 32. H. Cohn (Tucson, Ariz.) 
3119: 
Danicic, I. The solubility of certain Diophantine 


inequalities. Proc. London Math. Soc. (3) 8 (1958), 161- 
176. 

Let A, «++, Aig be non-zero real numbers, not all of the 
same sign, such that Ag~1A; is irrational. It is proved that, 
for any real y and any e>0, the inequality 


|Ayxi14+- + ++ +-Azariat+y| <e 


has infinitely many solutions in positive integers x1, x2, 
‘++, x14. The number 14 corresponds to Davenport’s 
result [Ann. of Math. 40 (1939), 731-747; MR 1, 42] in 
Waring’s problem that any sufficiently large positive 
integer incongruent to 15 or 16 modulo 16 is the sum of 
14 integral fourth powers. 

The proof stems from work of Davenport [loc. cit.], 
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Davenport and Heilbronn [J. London Math. Soc. 21 
(1946), 185-193; MR 8, 565] and Davenport and Roth 
[Mathematika 2 (1955), 81-96; MR 17, 829). 
A. C. Woods (New Orleans, La.) 

3120: 

Bambah, R. P. Some transference theorems in the 
geometry of numbers. Monatsh. Math. 62 (1958), 243- 
249. 


The usual set of constants must be introduced: /(X)= 
the gauge function for a convex body K in m-space of 
volume V(K); A=given lattice of determinant d(A); 
A;/2=sup of all ¢ for which A is a packing lattice of ¢K; 
y=inf of all ¢ for which A is a covering lattice of #K; 
6(A, 44K)=density of packing of 434K into A, or 
(A/2)"V (K)/d(A) ; 6: =d(A, $4,K) ; Q1=1/61; d=density of 
best lattice packing of K; Q=1/6. 

The author shows that if A is a packing lattice of 
44K, then u<}A-3™"+1, where 3%<96<3"*1, This result 
is an improvement of the result of Birch [J. London Math. 
Soc. 31 (1956), 248-251; MR 18, 114], and it overlaps the 
result of Hlawka for non-lattice packings [Monatsh. 
Math. 58 (1954), 287-291; MR 16, 680]. The author 
obtains similar results with inequalities 

fe <PABM+H(QS/BM+1) Um, y <fAQM+2, 
p< }A2M+2(98/2M+1) Um, 


where 2¥<095<2™+1. The method is due to Rogers [J. 
London Math. Soc. 25 (1950), 327-331; MR 13, 323), but 
the proofs here are self-contained. 
H. Cohn (Tucson, Ariz.) 

3121: 

Schmidt, W: The measure of the set of admissi- 
ble lattices. Proc. Amer. Math. Soc. 9 (1958), 390-403. 

Let S be a Borel set in »-dimensional space with the 
property that there is no point X in S for which —X is 
also in S. The author’s main result shows that, if the 
volume V of S satisfies Vn log(4/3)—} log 3, and 
n=13, then the proportion (measured by use of Siegel’s 
invariant measure) of the lattices of determinant | which 
have no point in S lies strictly between 0 and 2e-¥. In 
particular, this gives an improvement of the Minkowski- 
Hlawka theorem [E. Hlawka, Math. Z. 49 (1943), 285- 
312; MR 5, 201). The main result is also used to show that, 
under certain conditions, it is possible to choose a lattice 
of determinant | having no lattice point in such a set S, 
but having lattice points in other sets S;, Se, ---, Sw. 
The author’s method has since been developed and 
refined by the reviewer [#3122 below] and the author 
[not yet published]. C. A. Rogers (Birmingham) 


3122: 

Rogers, C. A. Lattice covering of space: The Min- 
kowski-Hlawka theorem. Proc. London Math. Soc. (3) 
8 (1958), 447-465. 

The two main results are as follows. (I) Let K be an #- 
dimensional convex body, where » is sufficiently large. 
There exists a lattice A such that the union of the sets 
K-+g with g¢A covers the whole of space, the density 
6(K, A) of the covering satisfying 


#(K, A)<const. 91+ Yz5) <(1.8774)®. 


The previous best result, due to the author, was the upper 
bound 2%. (II) Let S be an m-dimensional Borel set of 
finite positive measure V such that for no point x do 
both x and —x belong to S. If m is sufficiently large and if 


Vs}m log $¢—log »—const., 
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then there exists a lattice of determinant | containing no 
point of S. This is much stronger than Hlawka’s original 
theorem [Math. Z. 49 (1943), 285-312; MR 5, 201] and isa 
slight improvement on a recent result by W. Schmidt 
[#3121 above]. K. Mahler (Manchester) 


3123: 

Clarke, L. E. The critical lattices of a star-shaped 
octagon. Acta Math. 99 (1958), 1-32. 

In a classical paper, L. J. Mordell [Proc. London Math. 
Soc. (2) 48 (1945), 339-390; MR 6, 257] introduced a 
method for determining the critical lattices and de- 
terminants of a general class of non-convex star domains 
in the plane. One of his examples was the star-shaped 
octagon of vertices 


(1,0), (/@—1), /@—1)), (0, 1), —@/(@—1), HC—1)), 
(—1,0), —(/(7—1), —4/(@—1)), (0, —1), @/@—1), —Y/(7—1)), 
where /=tan(45°+-6)>1, for which he solved the problem 
when 30°<S0<45°. The author now extends Mordell’s me- 
thod and deals with the octagon when 15°S6<30°, the res- 
ult being that 





lta if 224°<0<30°, 
2I%(4-1)(3i-+1) 

A(K)= ne ) if O9<0<224°, 
122 
et if 15°<0<Oo. 





Here 69, roughly 16}°, is defined by the equation 

3/6 +- 4/5 —7]4— 24/38 —7/24-4/4-3=0. 
The author also shows that, if »=—2, 3, 4, - then 
fil Vint 2n42) 51K) Sh(n+ 1) if [(n-+1)/(n—I)}'S 


tS(n—1)-1+-/(n?— 
K. Mahler (Manchester) 
3124: 

MalySev, A. V. On integral points on ellipsoids. 
Vestnik Leningrad. Univ. 11 (1956), no. 19, 18-34. (Rus- 
sian) 

The author considers the question of representing 
numbers by ternary quadratic forms. The basic result is 
given by the following theorem. 

Suppose that f(x, y,z) is a positive ternary integral 
properly primitive quadratic form of invariants [r, 1] 
(r odd) belonging to the genus I'y,1,; with characters 
(—j//p)=1 for all primes #jr; g is an odd number satisfying 
the condition rg1; A, is the circular-cone region with 
vertex at the coordinate-origin and solid angle A>0. Let 
us consider an integer m prime to rg and integers %o, Yo, zo 
satisfying the following conditions: 


f(x0, Yo, 20) =m (mod 67g), 
(xo, Yo, 20, 2)=1, (—m/q)=1 


for all primes gig. By [17m let us denote the ellipsoid 
f(x, y, z)=m, and by t(Ty me Aa; Xo, Yo, 20, g) the set of 
integral points (x, y, z) of the ellipsoid Im Pron in the 
cone A, and congruent to (xo, yo, ze) mod g. Then constants 
«>0, «’>0 and mo, depending only on /, g and 4, are 
found such that for m>mpo 


ch(—m)St(T1 ym nAa; %0, Yo, 20, g)Sx'h(—m), 


where h(—m) is the set of classes of integral, properly 
primitive positive binary quadratic forms of determi- 
nant m. 

The proof is based on the arithmetic of quaternions. 
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3123-3127 


Also formulated are the most important special cases of 
this theorem, some of which were obtained earlier [Yu. V. 
Linnik, Izv. Akad. Nauk SSSR 4 (1940), 363-402; MR 2, 
348; A. V. MalySev, Dokl. Akad. Nauk SSSR (N.S.) 87 
(1952), 175-178; MR 15, 406). 

From the above inequality an estimate is ae for 
the number of integral points of the ellipsoid /(x, y, z)=m 
lying in the cone Ay. G. A. Lomadze (R2Mat 1957 #3734) 


COMMUTATIVE RINGS AND ALGEBRAS 
See also 3150, 3162, 3163, 3209, 3221. 


3125: 

Bandyopadhyay, Shyama Prasad. On the lattice of 
normal subfields. Bull. Calcutta Math. Soc. 49 (1957), 
139-145. 

Let (x) be a separable polynomial over a field F and let 
N be the splitting field of p(x). N is therefore a normal 
extension of F and every subfield of N which is a normal 
extension of F is the splitting field of a divisor of p(x). 
The set L(p(x)) of divisors of p(x) forms a partially 
ordered set under division and is, in fact, a lattice. 
Similarly, the set of normal subfields of N, L(N/F), 
is a partially ordered set under inclusion and is also a 
lattice. It apparently is the objective of the author to 
relate the structure of these two lattices. However, his 
first observation is that the mapping r(x)—E,2 of a 
polynomial onto its splitting field defines a lattice homo- 
morphism of L(p(x)) on to L(N/F). This is, of course, 
false and what makes it false is stated as a fact, without 
proof, in the paper, viz., the splitting field of the greatest 
common divisor of two polynomials is the intersection of 
their splitting fields. Moreover, further along in the paper, 
the author gives a counter example. This error renders the 
remainder of the paper meaningless. 


D. W. Sasser (Albuquerque, N.M.) 


3126: 

Volnina, N. V. On fields with extended polygon groups. 
Dokl. Akad. Nauk SSSR (N.S.) 105 (1955), 889-892. 
(Russian) 

Die Frage nach der Einbettbarkeit von Galoiskérpern 
mit Polyedergruppe in Galoiskérper mit nach Klein er- 
weiterter Polyedergruppe wird auf die Frage nach der 
Isomorphie gewisser Quaternionenalgebren reduziert. 


H. Reichardt (Zbl 66, 290) 


3127: 

Mori, Shinziro. Uber den Durchschnitt qa, der 
Ideale a,. Mem. Coll. Sci. Univ. Kyoto. Ser. A. Math. 
29 (1955), 79-88. 

Soit R un anneau commutatif (non nécéssairement 
noethérien) tel que tout idéal de R soit intersection finie 
d’idéaux primaires (=“schwach primar’’), Pour tout 
idéal a de R, notons J(a) l’intersection des idéaux a, 
ayant méme racine que a (la racine d’un idéal est l’en- 
semble des éléments nilpotents modulo cet idéal). Alors 
I(a) est l’intersection de celles des composantes primaires 
a de (0) telles que a+ q;R; en particulier J(a)=(0) si R 
est intégre. On a J(amvb)=J(ab)=J(a) nJ(6). Etude des 
relations entre J(a) et Mxa21 a*. 


P. Samuel (Clermont-Ferrand) 











3128-3132 


3128: 

Nagata, Masayoshi. Addition and corrections to my 
paper “A treatise on the 14-th problem of Hilbert”. 
Mem. Coll. Sci. Univ. Kyoto. Ser. A. Math. 30 (1957), 
197-200. 

Démonstration du fait que la conjecture géométrique 
de Zariski [Bull. Sci. Math. (2) 78 (1954), 155-168; MR 16, 
398] est bien équivalente au 14-iéme probléme généralisé 
(l’intersection d’une algébre affine normale avec un sous- 
corps de son corps des fractions est une algébre affine). 
Corrections au mémoire cité dans le titre [Mem. Coll. Sci. 
Univ. Kyoto. Ser. A. Math. 30 (1956), 57-70; MR 19, 
458), n’altérant pas la validité des principaux résultats de 
ce mémoire. {Notons que l’auteur a récemment démontré 
que le 14-iéme probléme admet une réponse négative.} 


P. Samuel (Clermont-Ferrand) 


3129: 

Guérindon, Jean. Propriétés d’irréductibilité dans les 
modules, théorie multiplicative, S-normalité. Bull. Soc. 
Math. France 85 (1957), 459-520. 

Proofs and generalizations of the results of the author’s 
five earlier notes [C. R. Acad. Sci. Paris 239 (1954), 145- 
147; 240 (1955), 2042-2044; 242 (1956), 2693-2695; 243 
(1956), 936-939; 244 (1957), 1863-1866; MR 15, 928; 16, 
991; 18, 8, 277; 19, 11] are presented and completed by 
some new results. Several theorems of commutative ideal 
theory and abelian groups are extended to unitary 
modules I% over a commutative and associative ring A. 
Some sample results are the following. (1) If ll is the sub- 
radical of M (=intersection of all maximal submodules 
of M), then the set of all x € A with xMCU coincides with 
the Jacobson radical of the annihilator of M in A. (2) 
Call M local if it has only one maximal submodule, and 
define the hypersocle as the union of all local submodules. 
A hypersocle is Noetherian if and only if it is a finitely 
generated module over a direct sum of a finite number of 
local rings. (3) A domain of integrity is a Dedekind ring if 
and only if every maximal ideal has a finite base and no 
primary ideal can be represented as an intersection of 
any set of proper overideals. L. Fuchs (Budapest) 


3130: 

Sakuma, Motoyoshi. Existence theorems of valuations 
centered in a local domain with igned dimension and 
rank. J. Sci. Hiroshima Univ. Ser. A. 21 (1957/58), 61- 
67. 

Soient 9 un anneau local intégre de dimension d, m son 
idéal maximal, K son corps des fractions. L’auteur 
montre que, étant donnés deux entiers 7, s tels que 
r+ssd (r=1,s20), il existe une valuation v de K, de 
centre m sur o, de hauteur 7 et de o-dimension s (la o-di- 
mension de v est le degré de transcendance du corps ré- 
siduel ky de v sur o/m). Pour cela il traite d’abord les cas 
suivants: 1) s=d—1, r=1, uv discréte, kp de type fini sur 
o/m (construction par transformation quadratique) ; 
2) 7-+s=d, v discréte, ky de type fini sur o/m (récurrence 
sur 7 et composition de valuations) ; 3) 7=1, rang ration- 
nel de v=d, ky algébrique fini sur o/m (réduction au cas ot 
0 est complet non-ramifié et utilisation des théorémes de 
structure de Cohen). Le cas général s’en déduit par ré- 
currence sur 7. L’auteur généralise enfin aux anneaux lo- 
caux intégres quelconques le théoréme de Zariski sur 
l’existence d’une suite de valuations de centres emboités 
donnés [{Trans. Amer. Math. Soc. 53 (1943), 490-542; 
MR 5, 11). P. Samuel (Clermont-Ferrand) 
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3131: 

Sat6, Hazimu. On splitting of valuations in extensions 
of local domains. J. Sci. Hiroshima Univ. Ser. A 21 
(1957/58), 69-75. 

L’auteur démontre le théoréme suivant: soient R un 
anneau local intégre de dimension d22, K son corps des 
fractions, K’ une extension algébrique séparable de degré 
fini n de K; il existe une infinité de valuations discrétes de 
hauteur | de K dominant R et admettant » prolongements 
a K’ (c’est a dire “complétement décomposées dans K"”’). 
Ceci généralise des résultats de Abhyankar et Zariski 
[Abhyankar et Zariski, Proc. Nat. Acad. Sci. U.S.A. 41 
(1955), 84-90; MR 17, 122; et Abhyankar, ibid. 220-223; 
MR 17, 122], qui devaient faire des hypothéses supplé- 
mentaires sur RX; la démonstration est plus simple. Comme 
Abhyankar et Zariski l’auteur montre d’abord qu'il 
existe une infinité de valuations discrétes de hauteur | 
de K dominant R et possédant plusieurs extensions a K’ 
(ceci par une transformation quadratique par rapport a 
un systéme de paramétres de R contenant un des coéffi- 
cients du polynéme minimal d’un élément primitif de K’ 
sur K et entier sur K). Il passe ensuite au cas général par 
la méthode suivante: a) réduction au cas ott K’ est ga- 
loisienne ; b) réduction au cas ot R est intégralement clos 
de dimension 2; c) construction, par transformations qua- 
dratiques succéssives d’une suite R=RoCR,CR2C::: 
d’anneaux locaux dont la réunion est un anneau de va- 
luation; d) récurrence sur [K’:K}. 

P. Samuel (Clermont-Ferrand) 
3132: 

Northcott, D. G.; and Rees, D. Principal 
Quart. J. Math. Oxford Ser. (2) 8 (1957), 119-127. 

Let Q be a local ring with maximal ideal m. An ideal a 
of Q is called a principal system if, for every m-primary 
ideal q containing a, there exists an irreducible m-primary 
ideal q’ satisfying aCq’Cq (an ideal is said to be irreducible 
if it is not the intersection of any two strictly larger 
ideals). 

The following facts are shown in this article. (A) If a 
is a principal system and if b¢a (be Q), then a:6 is a 
principal system. (B) Assume that a:a’=a, a’:a=a’. Then 
ana’ is a principal system if and only if both a and a’ are 
principal systems. (C) If Q is a homomorphic image of a 
regular local ring, then every irreducible ideal of Q is a 
principal system (hence (D) it is so if Q is a compiete 
local ring). (E) Assume that every system of parameters of 
Q generates an irreducible ideal. (i) If x3, ---, x, (€Q) 
generate an ideal of Krull-dimension (=co-rank) 
rank Q—r, then all prime divisors of (x3, - - -, xp) are of Krull- 
dimension rank Q—r. (ii) If Q is a regular local ring (then 
by a theorem of Groebner [Monatsh. Math. 55 (1951), 
138-145; MR 13, 202], the assumption is automatically 
satisfied), then (x1, ---, xr) as above is a principal system 
and its primary components are irreducible. 

{Reviewers remarks on (E): The assertion in (ii) is 
rather a remark to a theorem of Groebner, while, in (i), 
one should remark (though the authors did not remark) 
that, under the assumption in (E), it follows that @ is 
unmixed (=equi-dimensional) and the assertion is equi- 
valent to the unmixedness theorem for Q; namely, the 
assumption in (E) implies that every system of para- 
meters of Q is a distinct system of parameters (see re- 
viewer’s paper on multiplicity [Proc. Internat. Symp. 
Algebraic Number Theory, Tokyo-Nikko 1955, pp. 
191-226, Sci. Counc. Japan, Tokyo, 1956; MR 18, 637)). 
The converse of this last statement is not true, as is 
easily seen.} M. Nagata (Cambridge, Mass). 
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3133: 
Northcott, D. G. Some contributions to the theory of 
local rings. Proc. London Math. Soc. 

(3) 8 (1958), 388-415. 

Soit Q un anneau local de dimension | (géométrique ou 
non) dont l’idéal maximal m ne se compose pas unique- 
ment de diviseurs de 0; l’ensemble R des fractions a/b 
ot a, b € m® et ot 5 est superficiel de degré s pour m, est 
un Q-module de type fini et un anneau semi local [cf. 
Northcott, Proc. Cambridge Philos. Soc. 53 (1957), 43-56; 
MR 18, 462]. Les localisés Q de R par rapport a ses 
idéaux maximaux sont appelés les anneaux locaux du 
premier voisinage de Q; l’idéal Qm est principal; calcul 
de la multiplicité m(Q) au moyen des Q, et obtention de 
l’'analogue algébrique de la formule de Max Noether 
donnant la multiplicité d’intersection de deux courbes au 
moyen des points proches. Par itération de la construc- 
tion des 9 a partir de Q, on obtient un systéme ordonné 
d’anneaux locaux, appelé l’arbre (A) des voisinages de Q: 
une branche de (A) est une suite infinie Q;, ---, Qn, -- 
d’éléments de (A) telle que Qn+1 soit un anneau local ~ 
premier voisinage de Q, pour tout ”; sur une telle branche 
la multiplicité m(Q,) est décroissante, et donc station- 
naire. Le nombre des branches de (A) issues de Q est fini. 
Si Q est intégre, la réunion des-éléments d’une branche de 
(A) est un anneau de valuation discréte, et on obtient 
ainsi tous les anneaux de valuations discrétes dominant Q. 
Si Q est intégre et complet, l’arbre (A) n’a qu’une seule 
branche, et celle-ci est stationnaire. Etude des relations 
entre les arbres de Q et de son complété Q; application a la 
correspondance biunivoque entre les branches de (A) 
issues de Q et les idéaux premiers minimaux de Q (‘‘bran- 
ches analytiques de Q’’). Démonstration de diverses for- 
mules relatives aux multiplicités. Etude de la notion 
d’anneau local “proche” de Q. 

P. Samuel (Clermont-Ferrand) 


ALGEBRAIC GEOMETRY 


3134: 

Cesarec, Rudolf. Die zweiteiligen Kurven dritter Ord- 
nung, erzeugt durch Involution inbezug auf das voll- 
standige Viereck. Bull. Internat. Acad. Yougoslave. Cl. 
Sci. Math. Phys. Tech. 5 (1955), 59-74. 


3135: 

Niée, V. Contribution aux méthodes de génération des 
surfaces du 3¢ ordre. Bull. Internat. Acad. Yougoslave. 
Cl. Sci. Math. Phys. Tech. 5 (1955), 75-81. 


3136: 

Nite, V. Points circulaires isolés des surfaces réglées 
de 3¢ et 4° ordre. Bull. Internat. Acad. Yougoslave. Cl. 
Sci. Math. Phys. Tech. 5 (1955), 83-89. 


3137: 

Spampinato, Nicold. La Vg, di Sj; determinata dalle 
coniche osculatrici ad una superficie algebrica di Ss; 
prolungata nel campo tripotenziale. Rend. Accad. Sci. 
Fis. Mat. Napoli (4) 24 (1957), 9-23. 
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3133-3146 


3138: 

Spampinato, Nicold. tazione in S;, delle reti 
di sezioni piane di una completa e delle relative 
curve jacobiane. Rend. Accad. Sci. Fis. Mat. Napoli (4) 
24 (1957), 30-58. 

3139: 

Spampinato, Nicold. Sulla prima curva osculatrice di 

un ramo sw eare di una curva algebrica piana com- 


pleta. I, Il. Rend. Accad. Sci. Fis. Mat. Napoli (4) 
24 (1957), 76-96. 


3140: 

ee one Nicold. La varieta di S;; determinata da 
una su e algebrica come insieme dei suoi flessi. 
Rend. Accad. Sci. Fis. Mat. Napoli (4) 24 (1957), 104-112. 


3141: 

Godeaux, Lucien. Construction de surfaces projective- 
ment canoniques. Rend. Circ. Mat. Palermo (2) 6 (1957), 
233-239. 


3142: 

Godeaux, Lucien. Note sur une involution de genres 
un appartenant 4 une surface de genre quatre. Acad. 
Roy. Belg. Bull. Cl. Sci. (5) 44 (1958), 152-158. 

Construction d’une surface algébrique de genres un 
(ba=Ps=1) image d’une involution cyclique d’ordre 
treize n’ayant que trois points unis appartenant 4 une 
surface de genres pg=pyg=4. Résumé de |’ auteur 


3143: 

Godeaux, Lucien. Note sur une surface dont le systéme 
canonique a des composantes fixes. Acad. Roy. Belg. 
Bull. Cl. Sci. (5) 44 (1958), 304-311. 

tude d’une surface dont le systéme canonique et le 
systéme bicanonique contiennent des composantes fixes, 
rationnelles, de degré virtuel inférieur 4 —2, et du réle 
joué par une courbe exceptionnelle. Résumé de l’auteur 


3144: 

Godeaux, Lucien. Surfaces dont les régiées gauches 
asymptotiques appartiennent a des complexes linéaires. 
Acad. Roy. Belg. Bull. Cl. Sci. (5) 44 (1958), 312-320. 

Remarques sur la construction des surfaces dont les 
réglées asymptotiques gauches appartiennent 4 des com- 
plexes linéaires. La surface la plus générale de cette espéce 
ne peut étre obtenue comme surface focale d’une con- 
gruence W dont l’autre surface focale a ses asymptotiques 
d’un mode appartenant a des complexes linéaires. 

Résumé de l’auteur 
3145: 
Godeaux, Lucien. Asymptotiques de la surface cubique 
t quatre points doubles. Acad. Roy. Belg. Bull. 
Cl. Sci. (5) 44 (1958), 413-417. 


3146: 

Reeve, J. E. A summary of results in the topological 
classification of plane algebroid ities. Univ. 
e Politec. Torino. Rend. Sem. Mat. 14 (1954-55), 159- 
187. 

Die vorliegende Arbeit, die z.T. eine gekiirzte Wieder- 
gabe der Londoner Diss. des Verf. aus dem Jahre 1953 ist, 
greift den von Brauner [Abh. Math. Sem. Hamburg. 
Univ. 6 (1928), 1-55] zuerst aufgedeckten Zusammen- 
hang zwischen den Singularitaten ebener algebraischer 
Kurven und gewissen Knoten und Verkettungen wieder 






3147-3152 


auf. Nach Brauner hatten sich noch Kahler [Math. Z. 
30 (1928), 188-204) und der Ref. [Burau, Abh. Math. 
Sem. Hamburg. Univ. 9 (1932), 117-124, 125-133; 10 
(1934), 285-297] mit diesem Gegenstand befaBt. Zunachst 
referiert Verf. mit Unterstiitzung durch gute Figuren 
nochmals, wie man aus der Puiseuxentwicklung eines 
algebraischen Kurvenzweiges die charakteristischen Zah- 
len des zugehérigen Schlauchknotens errechnet sowie bei 
zwei verschiedenen Zweigen die zugehérige Verkettung 
beschreiben kann. Das erste wesentliche Ergebnis desVerf. 
selber ist der Nachweis, daB die Schnittmultiplizitat 
zweier algebraischer Kurven / und g in einem gemein- 
samen Punkt O gleich der Verkettungszahl der zuge- 
hérigen Knoten ist, sofern / und g in O nur aus je einem 
Zweig bestehen, so daB ihnen je ein Knoten zugeordnet 
ist. Dieser Satz 14Bt sich sinngem4B auch auf Faille iiber- 
tragen, wo / und g in O beliebig viele Zweige haben, ist 
aber dann kombinatorisch unbequem zu handhaben, 
weswegen der Verf. wie auch friihere Autoren sich auf den 
genannten Fall beschrinken. Das zweite Ergebnis des 
Verf. ist ein neuer Beweis der Tatsache, daB man durch 
Aufeinanderfolge der von M. Noether bereits viel be- 
nutzten Cremonatransformation x’=x, y’=xy bei Zwi- 
schenschaltungen von Koordinatendrehungen jede Singu- 
laritat auflésen kann. Es wird dazu die Wirkung der 
genannten Transformation auf die Schlauchknoten unter- 
sucht und gezeigt, wie diese sich dabei topologisch ver- 
andern, so daB ihr Komplikationsgrad immer geringer 
wird und schlieBlich ein Kreis entsteht, d.h. der zuge- 
hérige Kurvenzweig ist durch die Transformationskette 
zu einem linearen Zweig geworden. W. Burau (Zbl 67,129) 


3147: 

Casteels, L. Possibilités de répartition des points de 
base indépendants dans les faisceaux dégénérés A,= 
AgAn—a 4 composante fixe Ag. Meded. Kon. Vlaamse 
Acad. Kl. Wetensch. 18 (1956), no. 2, 22 pp. (Dutch. 
French summary) 

If among the p(m)=4n(n+3)—1 independent base 
points of a pencil of A, in the plane there exist a(n, a)= 
na—+}(a—1)(a—2)+-1 which lie on an Ag, a<n, then this 
Ag becomes a fixed part of all Ay of the pencil. The 
converse is not true: if an Ag is forced to be a part of all 
curves A, then we cannot say, in general, that among the 
p(n) base points there are x(n, a) that must belong to the 
Ag, since the p(m)—z(n, a) residual points have to be 
taken into account. If there are x points on the fixed Ag 
and p(m)—x on the curves of the non-degenerated pencil 
of Ana, then certain intervals for the x are found for 
both of the cases n—2a>0 and n—2as0. Inside the inter- 
vals there is great diversity of curves and the problem is 
investigated of whether all values of x are accessible, that 
is, belong to really existing figures. [The paper is based on 
the author’s article in Verh. Vlaamse Acad. Kl. Wetensch. 
15 (1953), no. 41; MR 16, 951; see also Meded. Kon. 
Vlaamse Acad. Kl. Wetensch. 16 (1954), no. 16; 17 (1955), 
no. 4; MR 17, 1135.) D. J. Strwik (Cambridge, Mass.) 


3148: 

Godeaux, Lucien. Sur la Jacobienne d’un réseau de 
courbes tracées sur une surface algébrique. Bull. Soc. 
Roy. Sci. Liége 27 (1958), 49-53. 


3149: 

Suzuki, Satoshi. Note on the existence of rational 
points. Proc. Japan Acad. 34 (1958), 245-246. 
Soient U et V deux variétés définies sur k, V complete, 
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T une application rationnelle de U dans V définie sur k, 
et P un point -simple de U;; il existe alors un point Q de 
V correspondant 4 P par T et tel que A&(Q)CA(P). En 
particulier, si P est rationnel sur , il en est de méme de Q. 
Le résultat est établi pour des modéles au sens de Nagata 
[Amer. J. Math. 78 (1956), 78-116; MR 18, 600]. Démon- 
stration: il existe une place dominant l’anneau local de P’ 
et ayant méme corps résiduel que cet anneau. 

P. Samuel (Clermont-Ferrand) 
3150: 

Chow, Wei-Liang. On the theorem of Bertini for 
local domains. Proc. Nat. Acad. Sci. U.S.A. 44 (1958), 
580-584. 

An important role in algebraic geometry is played by 
the theorem of Bertini. One form of this theorem asserts 
that, if a linear system of divisors on an algebraic variety 
is obtained from a rational transformation of the variety 
onto a projective space of dimension >1, then a generic 
element of the system, apart from a possible fixed com- 
ponent, is absolutely irreducible. In this paper the author 
formulates and proves an analogue of this form of Ber- 
tini’s Theorem for arbitrary complete local domains. The 
proofs are formally similar to those of Zariski for the 
global theorem [Trans. Amer. Math. Soc. 50 (1941), 48- 
70; MR 2, 345). M. F. Atiyah (Cambridge, England) 


3151: 

Nagata, Masayoshi. On the normality of the Chow 
variety of positive O-cycles of degree m in an algebraic 
variety. Mem. Coll. Sci. Univ. Kyoto. Ser. A. Math. 
29 (1955), 165-176. 

Pour toute variété V (affine ou projective) et tout 
entier m, nous noterons V(m) la variété de Chow des 
cycles positifs de degré m et de dimension 0 portés par V. 
Si V est normale, il existe une variété V’ biréguliérement 
équivalente a V telle que V’(m) soit normale; on peut 
prendre V’=V en caractéristique 0, mais V(m) peut étre 
non normale en caractéristique 0. Si, en caractéris- 
tique 0, deux variétés V et V’ sont biréguliérement équi- 
valentes, il en est de méme de V(m) et V’(m). La variété 
A(2) (ot A désigne le plan affine) a des singularités, bien 
que P n’en ait pas. On ignore si, pour toute variété pro- 
jective arithmétiquement normale V de caractéristique 0, 
V(m) est arithmétiquement normale; il suffirait de le 
démontrer pour les espaces projectifs. 

La technique employée consiste 4 faire opérer le groupe 
symétrique S» sur l’anneau R=k[X, ---, X™] en m 
séries de variables, et 4 expliciter, parmi les polynémes 
invariants, un certain nombre de polynémes S;(X), dits 
fondamentaux. En remplagant dans les S;(X) les X® par 
les coordonnées de m points génériques indépendants de V, 
on obtient les coordonnées de Chow du point générique 
de V(m). En caractéristique 0 les S,(X) engendrent 
l’anneau §t’ des polynémes invariants par Sm, et ceci 
donne facilement les résultats dans ce cas. En caractéris- 
tique 0 on utilise le fait que la cléture intégrale d’une 
algébre affine o est un o-module de type fini, et la con- 
struction de V’ est habile et délicate. 

P. Samuel (Clermont-Ferrand) 
3152: 

Leung, K. T. Die Multiplizitaéten in der algebraischen 
Geometrie. Math. Ann. 135 (1958), 170-188. 

L’auteur généralise le théoréme d’A. Weil [“Foun- 
dations of algebraic geometry”, Amer. Math. Soc. 
Colloquium Publ., New York, 1946; MR 9, 303] sur 
l’existence d’une multiplicité pour une spécialisation 
isolée: celui-ci est valable pour un anneau local analy- 
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tiquement irréductible. Il démontre l’équivalence des 
définitions des multiplicités d’intersection données par 
Weil, Van der Waerden et Severi (dans le cas de compo- 
santes toutes propres), ainsi que la coincidence de celles-ci 
avec des définitions élémentaires classiquement données 
dans des cas particuliers. 

P. Samuel (Clermont-Ferrand) 
3153: 

Terpstra, Fedde J. Configurations in an algebraic 
space. Math. Ann. 135 (1958), 315-339. 

Algébrisation, dans le cas n-dimensionnel, des notions de 
points proches et de points satellites de la géométrie algé- 
brique classique. Etant donné un corps K de fonctions 
rationnelles 4 » variables sur k, on appelle point tout an- 
neau local de la forme A&{%1, +--+, Xn)i(x,,--,2,) ou K= 
k(%1, ***, Xn); soit & l'ensemble de ces points; 4 chaque 
Pex est associée une valuation op (définie par la filtra- 
tion de l’anneau local régulier P). Un point P’ est dit 
voisin du premier ordre de P [voisin de P] s’il s’obtient 
4 partir de P par une [une suite de] transformations qua- 
dratiques (x11, %2=Y1ye, ***, %n=ViVn). Si P’ est 
voisin de P, il existe un nombre fini d’idéaux premiers 
principaux (w) de P”’ tels que (u) ~P soit l’idéal maximal 
mp de P; on les appelle les mp-facteurs de P’; on dit que 
P’ est un satellite de P si leur nombre est >1. Etant donné 
un point P’ voisin de P, tout élément f de P se décom- 
pose, dans P’, en un produit gf’ ot g est un produit de 
mp-facteurs et ot /’ n’est multiple d’aucun mp-facteur; 
on dit que l’idéal (f’) est le transformé de (f) dans P’; 
l'ensemble ['(f) des P’ voisins de P tels que (f’) 4(1) s’ap- 
pelle la configuration de /; pour un idéal a de P, on pose 
I'(a)=N seal (f). Ceci se généralise aux complétés. Une 
suite (P, Pi, ---, Pa, +++), o& Pay, est un voisin du pre- 
mier ordre de P, pour tout , et qui ne contient qu’un 
nombre fini de satellites de P, est de la forme ['(p) od p 


est un idéal premier de dimension 1 du complété P de P; 
cet idéal définit une ““branche unidimensionnelle”’ (c’est 4 
dire un systéme de m séries formelles 4 une variable T); 
la réunion V des P, est l’anneau de la valuation obtenue 
en plongeant K dans k((T)) au moyen des m séries for- 
melles ci-dessus. Un point P’ voisin de P est dit proche de 
P si P’ est contenu dans l’anneau de la valuation op. 
L’auteur introduit aussi des ‘‘variétés locales’, qu’il dé- 
finit comme anneaux de fractions des points relativement 
a des idéaux premiers. P. Samuel (Clermont-Ferrand) 


3154: 

d’Orgeval, B. Sur la classification des surfaces algé- 
briques de genre géométrique #,=1. I, I. Bul. Inst. 
Politehn. Iasi 4 (1949), 3-22, 167-195. 

Ces deux mémoires contiennent, dans leur ensemble; 
une exposition nouvelle et compléte, par des méthodes 
qui sont exclusivement algébrico-géométriques, de la 
classification des différents types de surfaces algébriques 
de genre géométrique y=1. La premiére partie s’occupe 
des surfaces irréguliéres ayant ~g=1; la deuxiéme des 
surfaces réguliéres. — Le point de départ de la premiére 
partie est le théoréme suivant: Sur une surface irréguliére 
ayant py=1, il existe en général un faisceau irrationnel de 
courbes, dont le genre est égal a l’irrégularité 1—gq de la 
surface ; dans le cas fg= —1, il peut exister deux faisceaux 
elliptiques ou un réseau de courbes de genre 2. La dé- 
monstration qu’on donne ici de ce théoréme est analogue 
a celle que l’on trouve pour le cas fy=0 dans F. Enriques 
et L. Campedelli [Rome, 1934]. On en déduit que les sur- 
faces irréguliéres ayant ~g=1 appartiennent aux deux 
types pa=0 et pa=—1; etc. Les surfaces réguliéres de 
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genre pg=1, peuvent avoir le genre linéaire ;=1 ou 
bien ~,>1. Parmi les premiéres on peut distinguer celles 
ayant une courbe canonique d’ordre zéro et celles qui 
possédent une courbe canonique effective. Les surfaces 
avec ~,>1 donne naissance a des surfaces générales pour 
chaque valeur de #:319. Cette classification était con- 
nue; mais l'étude de certains cas est plus étendu. 

E. G. Togliatti (Genova) 


LINEAR ALGEBRA 
See also 3549, 3550. 


3155: 

Choudhury, A. C. On invariant spaces of a matrix. 
Math. Student 25 (1957), 1-3. 

This paper is clearly wrong since the result‘ claimed 
would imply that a linear transformation could have only 
a finite number of invariant subspaces. The author fails 
to consider the fact that not all invariant subspaces are 
closed under his operation. The result does hold if the 
minimal polynomial is also the characteristic polynomial. 

R. M. Thrall (Ann Arbor, Mich.) 
3156: 

Sagle, Arthur A. A relationship between semi-magic 
squares and permutation matrices. Amer. Math. Monthly 
64 (1957), 658-659. 

A semi-magic square is an » by » matrix over a field F 
having all row sums and column sums equal. Theorem: 
The semi-magic squares are the smallest algebra {indeed, 
the smallest vector space} over F which contains the permu- 
tation matrices. C. Davis (Providence, R.I.) 


3157: 

Seelye, C. J. Conditions for a positive-definite quadratic 
form established by induction. Amer. Math. Monthly 65 
(1958), 355-356. 

Simple inductive proof of the familiar fact that matrix 
((a@4)) is positive definite if and only if the leading principal 
minors are positive. The method is to express the leading 
principal minors of ((ay)) in terms of those of the co- 
factor of ago. C. Davis (Providence, R.I.) 


3158: 

Wiegmann, N. A. The structure of unitary and 
orthogonal quaternion matrices. Illinois J. Math. 2 
(1958), 402-407. 

The author proves the following two theorems: |. 
Every quaternion unitary matrix P can be written in the 
form P=UDW, where U and W are complex unitary 
matrices and D is a quaternion diagonal unitary matrix; 
conversely, every matrix of this form is a quaternion 
unitary matrix. 2. Every orthogonal quaternion matrix P 
(that is, one for which PTP=J) can be written in the 
form U(I+C)W, where U and W are real orthogonal 
matrices, J is an identity matrix, and C is a 
direct sum of 2 by 2 matrices of the form [_% < ; 
where 6 is real and nonzero and g is a nonzero quaternion 
of the form 

411-+42) +431), 
where 4}, ag, and ag are real, and g?+-6?=1; conversely, 
every matrix of this form is a quaternion orthogonal 
matrix. B. W. Jones (Boulder, Colo.) 









3159-3166 


3159: 

Rothaus, Oscar S. Domains of positivity. Bull. Amer. 
Math. Soc. 64 (1958), 85-86. 

A domain of positivity D is, according to the author’s 
definition, an open convex cone associated with a non- 
singular symmetric matrix S, called the characteristic, 
such that x is in D if and only if x’Sy is positive for all 
y in D. The automorphisms of D are the non-singular 
transformations mapping D onto itself. The group 
of automorphisms W admits an anti-automorphism: 
W-—S-1W’S, and a norm N(x) is a function positive and 
continuous for xin D and satisfying there N(Wx)= 
||W\|\N (x) for every automorphism W. 

The author indicates various results connected with 
these ideas. One is: if the automorphisms are transitive, 
N2(x) is always a rational function. Stronger results hold 
if the characteristic is positive definite. 

B. W. Jones (Boulder, Colo.) 
3160: 

Fine, N. J.; and Herstein, I. N. The probability that 
a matrix be nilpotent. [Illinois J. Math. 2 (1958), 499-504. 

The authors prove the following theorems. |. The 
probability that an » by » matrix over GF(p*) be nil- 
potent is -**. 2. The probability that an » by m matrix 
over the integers mod m be nilpotent is k—® ,where k is the 
product of the distinct prime factors of m. 

B. W. Jones (Boulder, Colo.) 
3161: 

Gerstenhaber, Murray. On bras and linear 
varieties of nilpotent matrices. I. Amer. J. Math. 80 
(1958), 614-622. 

Let K be a field containing at least m elements, and let 
V be a linear K-space of » xm matrices with coefficients 
in K. The paper contains the proof of the following: If V 
contains only nilpotent matrices, then dim VSn(n—1)/2, 
and the equality holds if and only if PVP-1, for some 
matrix P, is the space of all matrices with zeros in the 
diagonal and below. To prove this result the author starts 
with a base A;, ---, Ag of V and, to a generic matrix X, 
he considers the space L generated by all linear poly- 
nomials /(x) appearing in the matrix X(> %A,)X-!. 
Then he shows that dim L=dim V, and L is generated by 
all polynomials /y, 7>2, whose number is »(n—1)/2. 

S. A. Amitsur (Notre Dame, Ind.) 
3162: 

Schwarz, Stefan. On the reducibility of polynomials 
over a finite field. Quart. J. Math. Oxford Ser. (2) 7 
(1956), 110-124. 

Let f(x) € GF{q, x], g=p*, deg f(x)=m, f(x) =fi(x)*:- -- 
fr(x)** (s(x) € GF[g, x]), where the /;(x) are distinct 
irreducible polynomials, kj21, deg f;(x)=mj21. Let 


xa = cu (mod f(x)) (0<i<m—1) 


and let C denote the matrix (cy). M. C. R. Butler [same J. 
5 (1954), 102-107; MR 16, 13] has proved that the rank 
hy of the matrix C—TI satisfies r—=m—h,. Petr [Casopis 
Pést. Mat. Fys. 66 (1937), 85-94] and the author [Véstnik 
Krdlovské Céské Spol. Nauk. Trida Mat. Ptirodovéd, 
1939, no. 7] have proved that the characteristic poly- 
nomial of C is given by 


\C—Al|=(— 1)™(A™— 1) ee (Am — 1)A@.—Dm,+ + +(k,—1)m, 
In the present paper new proofs are given of these 


results. In addition, the following new results are ob- 
tained. I. Let p>2 and let r’ denote the number of distinct 





irreducibles /;(x) of even degree. Then r’=m—h', where 
h’ is the rank of the matrix C+J. II. Let g be an element 
of GF(g) belonging to the exponent e¢. Let r’’ be the 
number of integers in the set {, ---, mr} which are 
divisible by e. Then r’’=m—h”, where h” is the rank of 
C—glI. IIl. Let o; denote the number of distinct irre- 
ducible factors of degree 7 of /(x). Let 4; denote the rank 
of Ct—I (lsSism). Then the o; are uniquely determined 
by the system of linear equations: 


PAG j)oz=m—h, (1Sism), 


where (¢, 7) denotes the greatest common divisor. 
L. Carlitz (Durham, N.C.) 

3163: 

Hodges, John H. The matrix equation X2—J—0 over 
a finite field. Amer. Math. Monthly 65 (1958), 518-520. 

The author derives the following two theorems. Theo- 
rem 1: The number No=No{x*—1, m} of mx m matrices 
X over GF(q), g odd, satisfying the equation X2—J=0 is 
No=£m Dix 0 |/ge@m-t, where ge, the number of nonsingular 
matrices of order ¢ over GF(q), is given by ge= [1 {=} (g*—¢*) 
for 0<tsSm and go=1. Theorem 2: The number N,= 
N{x®—1, m} of mxm matrices X over GF(q), g even, 
satisfying the equation X2—J=0 is 


Ne=SmX 7 #28 /geem—2t, 


where 2¢ ranges from 0 to m. The proofs are straight- 
forward. An alternative formula for No{x2—1, m)} 


is No=XiXy gon-o[ ™ I, where the bracket symbol 


denotes the g-binomial coefficient. The author’s investi- 
gations have not disclosed a corresponding representation 
for Ng. A. L. Whiteman (Los Angeles, Calif.) 


3164: 

Robinson, Donald W. Continuity of a matric function. 
Rend. Circ. Mat. Palermo (2) 6 (1957), 259-262. 

Discussion on the basis of the well-known polynomial 
definition of a matrix function and continuity of the eigen- 
values as functions of the matrix. 

H. Schwerdtfeger (Montreal, P. Q.) 
3165: 

Taussky, Olga. On a matrix theorem of A. T. Craig and 
H. Hotelling. Nederl. Akad. Wetensch. Proc. Ser. A 
61—Indag. Math. 20 (1958), 139-141. 

The theorem referred to is this: If A, B are nxn real 
symmetric matrices such that identically det(J—AA)- 
det(J—ywB) =det(I—AA—ywB), then AB=O [Hotelling, 
Ann. Math. Statist. 15 (1944), 427-429; MR 6, 160). The 
author points out a very simple proof, for arbitrary normal 
A, B, using (but not very heavily) the theory of matrices 
with property L [e.g., Motzkin and Taussky, Trans. 
Amer. Math. Soc. 73 (1952), 108-114; 80 (1955), 387-401; 
MR 14, 236; 19, 242). C. Davis (Providence, R.I.) 


3166: 

Bellman, Richard. On positive definite matrices and 
Stieltjes integrals. Rend. Circ. Mat. Palermo (2) 6 (1957), 
254-258. 

Let X(¢) be a continuous function of ¢¢([0, 1] whose 
values are Xm real symmetric matrices; let X(#)2X(s) 
whenever #2s. The author has considered [same Rend. 
(2) 5 (1956), 181-186; MR 19, 536] a Riemann-Stieltjes 
integral for matrices, which would mean a positive linear 
functional on continuous » x real matrix functions F(t), 
given by a suitable limit of sums 
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X (X(te+1) —X (4) HF (4) (X (te41) —X(4))*, 


where the 4 make up a subdivision of the interval. The 
purpose of this paper is to complete the proof of con- 
vergence. Some steps in the proof are only sketched. 
C. Davis (Providence, R.I.) 
3167: 
Marathe, C. R. Note on some semimoduli of a rec- 
oe matrix. Amer. Math. Monthly 65 (1958), 259- 


ay semimodulus of a rect matrix A is a non- 
negative function ||A|| of the elements which satisfies: 
(i) |Al|=0 if and only if A=0; (ii) ||sA||=|s|-||A|| for all 
scalars s; (iii) ||A+B\|S||A||+||B| for A and B of the same 
size; (iv) ||AB\|S||A||-\|B\| for A and B conformable. A 
number of theorems concerning these semimoduli are 
proved, in particular, that for the matrices X, Y, A and 
scalars « the equation «X=AY with ||X||=||Y||<0 
implies |«|<||A||. Various bounds for the eigenvalues of 
sums and products of matrices are obtained by using 
semimoduli. O. Taussky-Todd (Pasadena, Calif.) 


3168: 
Marathe,C.R. On bounds for characteristic values of a 
= of matrices. Amer. Math. Monthly 64 (1957), 


ii is shown that every eigenvalue of the product of two 
square matrices A, B is in modulus at most as large as 
max([S(A)S(B)], (T(A)T(B)}), where S(X) is the largest 
row sum of the matrix X and 7(X) the largest column 
sum. Some generalizations of this inequality are proved. 

O. Taussky-Todd (Pasadena, Calif.) 


3169: 
» L. On the minimization of matrix norms. 


Mirsky 
Amer. Math. Monthly 65 (1958), 106-107. 

It is proved that every non-diagonable matrix is similar 
to a triangular matrix whose off-diagonal elements are 
arbitrarily small in modulus. This question was raised by 
J. H. M. Wedderburn [Bull. Amer. Math. Soc. 31 (1925), 


304-308]. {The answer is fairly common knowledge, but 
does not seem to have been published before.} 

O. Taussky-Todd (Pasadena, Calif.) 
3170: 


Taylor, Angus E. The norm of a real linear transfor- 
mation in Minkowski space. Enseignement Math. (2) 
4 (1958), 101-107. 

By the norm of a rectangular matrix A=(a%) with 
respect to two different Minkowski metrics is understood 
here the expression 


\|A2ll¢ 
\|*\lp 


It is shown that for a real A this maximum is the same 
whether x runs through all complex vectors oronly through 
all real vectors. The author points out that a proof for 
this result is already sketched in a paper by M. Riesz 
[Acta Math. 49 (1927), 465-497}. 

O. Taussky-Todd (Pasadena, Calif.) 


» g=pal. 


\|A || =max 
240 


3171: 

Mewborn, A. C. A note on a paper of L. Guttman. 
Pacific J. Math. 8 (1958), 283-284. 

Inequalities (too complicated to quote here) are given 
for the largest singular value of a complex matrix. These 
inequalities are slight extensions of those given by L. 
Guttman [Pacific J. Math. 7 (1957), 897-902; MR 19, 
242). M. F. Smiley (lowa City, Iowa) 
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3172: 
Everitt, W. N. Some of Gram matrices and 
— Quart. J. Math. Oxford Ser. (2) 9 (1958), 

~98 
Let {E,} be a sequence of measurable linear sets with 
E,CEni1. Let E=U, Ey. Let fi, fe, -**, fm be m com- 
plex-valued measurable functions defined ' on E such that 
(i) each f; is of class L? over E, for every n, and (ii) /1, 
2, ***, fm are linearly independent over £. For isksm, 
let Ga(k) denote the Hermitian matrix of order k with 
elements /z, fifjdx (¢, 7=1, 2, ---, &). Let Ag(k) be the 
determinant of Ga(k), and pa(k)=Apg(k)/Ay(m). The in- 
equalities O<An(k)SAnii(k) and O<pnsi(k)Spa(k) are 
known to hold [W. N. Everitt, . Math. Oxford 
Ser. (2) 8 (1957), 191-196; MR 20, 1905). Let d(k)= 
limMn_,co An(k—1)/An(h), where A,(0) =1.Let 7 denote the 
maximum number of those linear combinations of /;, fe, 
:, fm which are linearly independent over E and of class 
Le over E. The following theorems are proved. (I) 
lima. An(m) is finite if and only if =m. (IT) limg.,.. 4n(h) 
>0 if and only if there exist m—k linear combinations 
£1, 2, ***, &m—k OF fi, fe, «++, fm, such that cock gy has 
non-zero coefficients corresponding to /g+1, *-*, f/m, and 
&£m-x are linearly independent and of class L? over 
E (III) Exactly r of the numbers 6(1), 5(2), ---, d(m) are 
positive. (IV) If An(1)SAn(2)S---SAn(m) are the eigen- 
values of Ga(m), then limg...An(?)<0oo for iSr, and 
lima. An(t)=co for #>r. Ky Fan (Notre Dame, Ind.) 


3173: 
Everitt, W. N. A note on positive definite matrices. 
Proc. Glasgow Math. Assoc. 3 (1958), 173-175. 


Suppose that Ai ‘ae is a non-negative hermitian 


matrix of even order, partitioned in such a way that Aj, 
Ag, and B are square matrices. By the use of simple 
transformations, the author establishes the relation 


(*) \det B|2<Sdet A,-det Ag 


and characterizes all cases of equality. From (*) he 
derives the following result. Let V be a vector space over 
the field of complex numbers, and denote by ( , ) an inner 
product defined on V. If fy, g-¢ V (lSrsn), then 


|det (fr, &«)|*Sdet(fr, fe) -det(gr, gs) (Sr, ssn). 


The inequality (*) is contained in an carlier result of 
C. Davis [Trans. Amer. Math. Soc. 87 (1958), 144-158; 
MR 19, 1173; Lemma 1}. L. Mirsky (Sheffield) 


3174: 

Rézsa, Pal. Remarks on the s 
of a stochastic matrix. Magyar Tud. Akad. Mat. Fiz. 
Oszt. Kézl. 7 (1957), 199-206. (Hungarian) 

The spectral decomposition of the stochastic matrix 


er 0 
0 (m—1)/n 


decomposition 


was obtained by M. Kac [Amer. Math. Monthly 54 (1947), 
369-391; MR 9, 46). The author proves that this decom- 
position can be written as 


P= (ayx/2™?)(1 —2k/m) (aix/2™?) 
where aj,=(—2)*P;,-* *®-4-*)(0), and P,P)(x) is the 
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Jacobian polynomial of order k belonging to the para- 
meters « and . L. Tisza (Cambridge, Mass.) 


3175: 

Vivier, Marcel. Sur quelques théorémes d’algébre 
extérieure. Ann. Sci. Ecole Norm. Sup. (3) 73 (1956), 
203-281. 

Etude des annulateurs « d’une forme y de l’algébre ex- 
térieure U,(K), de degré m sur le corps des complexes 
K: aAw=0. Si y est de degré 2, de rang n=2m, tout an- 
nulateur « est somme d’annulateurs simples (dont le rang 
et le degré, necessairement 2n, sont égaux). Il n’en est 
plus ainsi lorsque le degré de y dépasse 2, sauf lorsque py 
est somme de deux multivecteurs disjoints et aussi lorsque 
y, de degré 2Nd, est somme de N 2d-vecteurs disjoints. 
Dans ce dernier cas, l’A. étend, par l'emploi d’un algo- 
rithme, fondé sur la multiplication régressive de Grass- 
mann, les résultats connus relatifs aux formes de degré 2. 

M. Lepage (Zbl 72, 253) 
3176: 

Glidman, S. Some theorems concerning determinants. 
Bull. Acad. Polon. Sci. Ser. Sci. Math. Astr. Phys. 6 
(1958), 275-280. 

The author considers vectors 4 and 6 belonging to the 
same linear n-dimensional space over the field of real 
numbers and calls the vector ® with the components 


wy=apby—azby, R<t, i=1, 2, -- +, m(m—1)/2, 


the external product of a and 5; denoting this by @=d x b. 
If the components of the vector a; are denoted by aj, 
a2, ***, Gin (t=1, 2, ---, m), he defines 


Gjg=4) X Gg41, 4ee—=Gy-1,1 X Ge-1,0+1, 


and similarly for the vectors b. Then, if A and B denote 
the determinants of the matrices (ay) and (by), respective- 
ly, he proves 


AB(ayb1)*-2(a11611)*-*- - 8-1 | (Ggtbek)|n—s 


where the subscript on the determinant denotes its order. 
From this a number of results follow, including gener- 
alizations of those of Hadamard and Wegner. 


B. W. Jones (Boulder, Colo.) 


* (Gp—1,15.-1,1)" 


3177: 

Sheffield, R. D. A general theory for linear systems. 
Amer. Math. Monthly 65 (1958), 109-111. 

It is well known that the ring of » xm matrices over a 
field is von Neumann regular [Proc. Nat. Acad. Sci. U.S.A. 
22 (1936), 707-713], i.e., for each matrix LZ there are 
matrices M, called pseudo-inverses of L, with LML=L. 
It is then noted that if the system of equations Lx= 
yo (x, yo column vectors) has a solution, then Myo for any 
pseudo-inverse M of L provides such a solution. More- 
over, for any vector z in the domain of L, (I—ML)z 
yields a solution for Lx=0. A non-singular pseudo-inverse 
is always obtained by finding a product of elementary 
matrices M with ML in Hermite (reduced row echelon) 
form [C. C. Mac Duffee, Vectors and matrices, Mathe- 
matical Association of America, Ithaca, N.Y., 1943; MR 
5, 30]. The author states that the usual method for 
finding this M is suitable for machine programming and 
gives a slight modification of this procedure yielding 
solutions of Lx=ypo directly. 


A. Rosenberg (Evanston, IIl.) 
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ASSOCIATIVE RINGS AND ALGEBRAS 


3178: 
Spampinato, Nicold. Sui numeri bico i di Corrado 
Rend. Accad. Sci. Fis. Mat. Napoli (4) 24 (1957), 
118-121. 


3179: 

*Kaplansky, Irving. Problems in the theory of rings. 
Report of a conference on linear algebras, June, 1956, 
pp. 1-3. National Academy of Sciences-National Re- 
search Council, Washington, Publ. 502, v-+-60 pp. (1957). 

The paper, stemming from a talk given by Kaplansky 
at the Shelter Island Conference, is a presentation of 
then-open problems in the theory of rings. We give here 
the present status of these problems, it being understood 
that those not mentioned explicitly in this review are, to 
this reviewer’s best knowledge, at the same degree of 
being open as they were at the time Kaplansky listed 
them. 

Problem 4. In an unpublished work P. Cohn has shown 
that the Grassman algebra of an infinite dimensional 
vector space satisfies a polynomial identity but is not 
imbeddable in a matrix ring over a commutative ring. 

Problem 8. Villamayor, again in an unpublished paper, 
has shown that if the group algebra of a group is a regular 
ring then the group is locally finite. 

Problem 9. Many people have shown [all unpublished] 
that if every element in the group algebra of a group is of 
the form scalar plus nilpotent then the group has all its 
elements of order a power of p where # is the characteristic 
of the ground field. No progress seems to have been made 
in settling whether the group is locally finite. 

Problem 12. Bruno Harris [ #3180 below] has given an 
example of a division ring D with D=[D, D)}. 

I. N. Herstein (Ithaca, N.Y.) 
3180: 

Harris, Bruno. Commutators in division rings. Proc. 
Amer. Math. Soc. 9 (1958), 628-630. 

For a division ring D denote by [D, D) the subgroup of 
the additive group of D generated by the commutators 
xy—yx. By means of differential polynomials in an infi- 
nite number of variables the author constructs a D such 
that D=[D, D) and, even stranger, every element in 
D is a commutator. For any division ring D let D, be the 
n-dimensional matrix ring defined by D and A e€D,z, 
n=2. Then the following three conditions are equivalent: 
1) A €[Da, Dy); 2) trace of A lies in [D, D]; 3) A is the 
sum of nilpotent elements. 0. Ore (New Haven, Conn.) 


3181: 

Goldman, A. J. Essential similarity: A  counter- 
example. Amer. Math. Monthly 65 (1958), 30-31. 

In his paper “Cross-associativity and essential simil- 
arity” [same Monthly 60 (1953), 545-546; MR 15, 287], 
D. Ellis conjectured that if G(+,*) and G(+, +) are 
sfields, then there is a c in G for which x*#y=x4c+y. 
This paper disillusions him. 

H. A. Thurston (Vancouver, B.C.) 
3182: 


Goldie, A. W. The structure of with 
maximum conditions. Proc. Nat. Acad. Sci. U.S.A. 44 
(1958), 584-586. 

The ring Q(R) is a right quotient ring of the ring R if 
(i) Q(R) 2R, (ti) every regular element of R has a two-sided 
inverse in Q(R), and (iii) every element of Q(R) has the 
form ac~!; a, ce R and c regular. A right ideal of R is an 
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annihilator right ideal if it contains precisely those 
elements of R which annihilate some subset of R trom the 
right. A right ideal S of R is a complement right ideal if 
there exists a right ideal J of R with JA~S=0 such that if 
SCJ, a right ideal of R, then J ~J0. The author states 
the following theorem and outlines a proof. A ring R has 
a right and left quotient ring which is a total matric 
algebra over a division ring if and only if (a) R is a prime 
ring, (b) R has the maximum condition for annihilator 
right and left ideals, (c) R has the maximum condition for 
complement right and left ideals. The author states that 
a detailed account will appear elsewhere. 

W. E. Deskins (East Lansing, Mich.) 
3183: 

Morita, Kiiti. Duality for modules and its applications 
to the theory of rings with minimum condition. Sci. 
Rep. Tokyo Kyoiku Daigaku Sect. A 6 (1958), 83-142. 

A detailed investigation of the concept of duality: a 

air of contravariant functors D;:U%,—-W~, and De:A2—>A, 
such that D;Deg and D2D, are equivalent to the identity. 
If A, is a ring with unit (¢=1, 2) and WY; is a category of 
left A,-modules containing A;, then every duality is 
equivalent to a duality Dj(X;)—=Homa,,; (X;, U) (¢=1, 2) 
for X; varying in M&M; and with U a fixed (A1@A2)-module 
(choose U= =D,(Aj)). 

If, besides, Ay=Ag is commutative and if Di=Dz, 
there are further necessary conditions on U which are 
also sufficient for suitable choice of the category %i—We. 
Similarly, if A; has left minimum condition and Y= 
{all finitely generated left A;-modules} (¢=1, 2), then 
necessarily U is a finitely generated, injective A;-module 
containing all simple A,-modules; furthermore, Ag= 
Homa, (U, U). Conversely, for such U and Ag, the 
functors Dy(X;)=Homy,, (X;, U) are a duality. In this 
case, all the usual duality theorems hold (annihilator 
theorems, double-dual theorems, etc.) 

There are varied applications of these ideas to quasi- 
Frobenius rings (where we may take U=A)j), to the 
regular pairings of C. W. Curtis, to the completely inde- 
composable modules of Snapper, to core algebras, to 
QF-3 algebras in the sense of Thrall, etc. For example, if 
A is quasi-Frobenius and U is a faithful, finitely generated 
A-module, then Hom, (U, U) is quasi-Frobenius if and 
only if U is projective (=injective). An appendix con- 
tains a proof that the Pontrjagin duality is the only 
duality for the category of locally compact abelian groups 
(when the functors in the duality are assumed continuous 
on both modules and homomorphisms). 

Many of the basic results on dualities also have parallels 
for isomorphisms (an isomorphism is a pair of covariant 
functors whose composites are equivalent to the identity). 

D. Zelinsky (Evanston, Il.) 
3184: 

Kawada, Yutaka. A generalization of Morita’s theorem 
concerning generalized uni-serial algebras. Proc. Japan 
Acad. 34 (1958), 404-406. 

In the paper reviewed above Morita proves that an 
algebra (finite-dimensional over a field) is generalized 
uniserial if and only if every residue algebra is a QF-3 
algebra. The present note extends this to rings with left 
and right minimum condition. 
ne D. Zelinsky (Evanston, III.) 

185: 


Nobusawa, Nobuo; and Tominaga, Hisao. Galois 
theory of simple Ill. Math. J. Okayama Univ. 
7 (1957), 163-167. 

An attempt to extend the results of preceding papers 
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[H. Tominaga, same J. 6 (1957), 29-48, 153-170; MR 18, 
636; 19, 382]. {Since the main argument is based on the 
false statement that an inverse limit of compact (but not 
necessarily Hausdorff) groups is compact, the results 
remain in doubt.} D. Zelinsky (Evanston, Il.) 


3186: 

Nakayama, Tadasi. Derivation and cohomology in 
simple and other rings. II. A remark on the Kronecker 
product AX gA. Mem. Coll. Sci. Univ. Kyoto. Ser. A. 
Math. 29 (1955), 89-91. 

[For part I see Duke Math. J. 19 (1952), 51-63; MR 13, 
620]. Let A be a ring and C a subring. Consider the follow- 
ing two conditions arising in Galois theory: (1) A is 
completely reducible as A-C-module; (2) A@cA is 
completely reducible as A-A-module. The second 
implies the Siest under the hypotheses that A has a free 
basis {a1, «++, am} over C such that Cay=a,C (t=1, ---, m) 
and satiofies the minimum condition on: A C-sub- 


modules. D. Zelinsky (Evanston, Ill.) 
3187: 
McLeod, J. B. On the commutator subring. Quart. 


J. Math. Oxford Ser. (2) 9 (1958), 207-209. 

Let S be the ring of all polynomials in two non- 
commuting indeterminates over a field K of characteristic 
zero. By a simple but ingenious computation, it is shown 
that the subring of S generated by all commutators 
rs—sr is a two-sided ideal in S. Examples show that the 
conclusion fails if K is replaced by the field of two 
elements, or if the number of indeterminates is increased 


to three. R. C. Lyndon (Ann Arbor, Mich.) 
3188: 
Amitsur, S.A. Rings with a pivotal monomial. Proc. 


Amer. Math. Soc. 9 (1958), 635-642. 

The reviewer [same Proc. 8 (1957), 352-361; MR 18, 
869] initiated a concept which, while simultaneously 
generalizing the weak finiteness conditions (existence of a 
polynomial identity, algebraic and both descending chain 
conditions, strong z-regularity) which have proved most 
fruitful in associative ring theory, nevertheless suffices to 
push through substantial parts of the powerful structure 
theories associated with these conditions. Specifically, 
a monomial 2=/;,:-+4;, in non-commutative indetermi- 
nates A,, ---, A¢ is called right pivotal for a ring R if, for 
every choice (x) of x1, «++, x in R, the element 2(x)= 
%4,***%, Of R lies in the right ideal U(x, x) of R generated 
by all those elements %;,---%;, having either g>d, or 
gad and jn%, for some Aq; if, in fact, those with g>d 
are not needed, z is called strongly right pivotal. {The 
definition as given in the review [MR 18, 869) is incorrect}. 
Any ring with a (strongly) right pivotal monomial of 
degree d is called a (strongly) PM-ring of degree d. Con- 
tinuing the reviewer’s program, and slightly extending the 
pivotality concept (right, left and symmetric versions are 
considered), the author obtains the following gener- 
alization of (e.g.) his own results [ibid. 2 (1951), 538-540; 
MR 13, 101} and those by Levitzki [Amer. J. Math. 67 
(1945), 437-442; Compositio Math. 8 (1950), 76-80; MR 
7, 2; MR 11, 489] for PlI-rings and rings with minimal 
condition: if R is a strongly PM-ring of degree d, and if 
N(R) denotes the union of all nilpotent ideals of R, then 
every nil subring 7 of R is locally nilpotent and satisfies 
T4sN(R). 

The reviewer [loc. cit.] showed also that every right 
PM-ring R has the property (denoted Mg) that every 
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right-primitive homomorphic image of R is, for some hSd, 
isomorphic with the ring Dy, of all hx’ matrices over a 
suitable division ring D. Conversely, introducing in a 
natural way the concept of the right Jacobson radical J(U) 
of a ring R modulo a given right ideal U, and calling x= 
hi, +4, Tight J-pivotal for R if %,---%, RSJ(U(a, x)) 
for all choices of (x)=(x1, ---, %¢), the author proves 
(inter alia) that Mg is equivalent to the existence of a 
J-pivotal monomial of degree d, and that Mg is inherited 
by right ideals. {The statement of Theorem 7 is in error, 
and should read “If R is a strongly PM-ring- - -’’.} 

M. P. Drazin (Baltimore, Md.) 


Drazin, M. P. with nil commutator ideals. 
Rend. Circ. Mat. Palermo (2) 6 (1957), 51-64. 

A ring is said to be an /-ring if there is a function / 
mapping R into itself so that for any x which is not nil- 
potent and is in J, the Jacobson radical of R, then: 
1. f(x) is in the two sided ideal of R generated by x; 
2. {(x) is in the center of R; 3. {(x) 40. The author points 
out five classes of f-rings which have been considered so 
that his results will pertain to these as special cases. A 
class of rings R is said to be closed under homomorphism 
if for every R € R every homomorphic image Ré is also in 
R. A subset function Q of R, associated with all R € R, is 
a class under homomorphism if Q(R@)20Q(R)@ for every 
Re and homomorphism 6 of R. Re ® is said to be 
Q-nil if every element of Q(R) is nilpotent. Given R with 
appropriate conditions a certain ring of quotients R*2R 
can be defined; the class is closed under rationalization 
if Re R implies R* ec R. Theorem: Let R be any Q-class 
of f-rings closed under homomorphism and rationalization 
and suppose that Q(R)C/J(R) for each R e R. Then Q(R) is 
a nil ring for each RX in Rt. To show that there are classes of 
rings closed under both homomorphism and rational- 
ization the author exhibits such classes. He then shows: 
let R be a ring so that (1) every homomorphic image is an 
f-ring all of whose nilpotent elements are in the center, 
(2) every primitive image is commutative; then Rj, the 
commutator ideal of R, satisfies Rj2=(0), RiC the center 
of R. 

The paper closes with results about é-rings, that is, 
rings in which for every x € R there is an a(x) € R so that 
x*a(x)—x is in the center of R. 

I. N. Herstein (Ithaca, N.Y.) 
3190: 

Wall, Drury W. Algebras with unique minimal faith- 
ful representations. Duke Math. J. 25 (1958), 321-329. 

Let & be a finite-dimensional algebra with unit element 
over a field. A faithful representation of & is called a 
minimal faithful representation if the deletion of any di- 
rect component leaves a non-faithful representation. & is 
called UMFR (or QF-3) if & has a unique minimal faithful 
representation. These algebras were first introduced by 
Thrall [Trans. Amer. Math. Soc. 64 (1948), 173-183; MR 
10, 98]. A primitive left ideal is called a dominant left 
ideal if it is dual to some primitive right ideal (or equiva- 
lently, if it is A-injective). It was shown by Thrall that & 
is UMFR if and only if every primitive left ideal is faith- 
fully embeddable into a direct sum of modules isomorphic 
with dominant left ideals. In particular, every generalized 
uni-serial algebra as well as every quasi-Frobenius 
algebra is UMFR. 

In this paper, the author gives definitions of twelve 
classes of algebras such as type A, B, AB, AC, ---, which 
are all UMFR and contain generalized uni-serial algebras 
as a subclass, and then he shows that these classes are 
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actually distinct and one of these coincides with the class 
of generalized uni-serial algebras. On the other hand, it is 
proved that & is UMFR if and only if every minimal left 
ideal of & is isomorphic to the unique minimal subideal 
of some dominant left ideal. On the basis of this 
theorem, characterizations of algebras of types A, B, 
AB, AC, and ABC are given in terms of conditions upon 
the socles of the primitive ideals. 
G. Azumaya (Evanston, IIL.) 
3191: 
Kawada, Yutaka. On similarities and isomorphisms of 
ideals in a ring. J. Math. Soc. Japan 9 (1957), 374-380. 
Let L, L’ be left ideals in a ring A(5 1) with minimum 
condition. It is proved that if A/L~A/L’ (A-left) there 
exists a regular element a in A with L’=La (whence 
LeL’) {for this cf. also Morita and Tachikawa, Math. 
Z. 65 (1956), 414-428; Morita, Kawada and Tachikawa, 
ibid. 68 (1957), 217-226; MR 20 #894; Ejilenberg and 
Nakayama, Nagoya Math. J. 11 (1957), 9-12; MR 19, 
118). If A is a quasi-Frobenius ring and LwL’, then 
A/L#A/L’ as follows from Ikeda, Osaka Math. J. 4 
(1952), 203-209 [MR 14, 719]. Further, if A is an algebra 
of finite rank over an algebraically closed field and if 
LL’ with simple left ideals L, L’ in A always entails the 
existence of a regular element a in A with L’=La, then A 
is quasi-Frobenius. T. Nakayama (Nagoya) 


3192: 

van Leeuwen, L. C. A. On the holomorphs of a ring. 
Nederl. Akad. Wetensch. Proc. Ser. A 61—Indag. Math. 
20 (1958), 162-169. 

The author continues the work of Rédei [Acta. Math. 
Acad. Sci. Hungar. 5 (1954), 169-195; MR 17, 342] and 
Szendrei [Publ. Math. Debrecen 4 (1956), 450-454; MR 
18, 108) on the holomorphs of rings. He proves that a ring 
S has only one holomorph if (A) every element of S can be 
expressed as a product of a finite number (22) of elements 
of S. This generalizes the result of Rédei that a ring with 
unit element has only one holomorph. A double homo- 
thetism of S is a pair (/, g) of additive endomorphisms of S 
satisfying certain algebraic conditions. The author proves 
that in order for the holomorphs of S to be commutative 
each of the following is necessary and sufficient: (1) each 
double homothetism of S is of the form (f, f); (2) S is con- 
tained in the center of every extension of S which contains 
S as a two-sided ideal. He also proves that if (A) holds in 
S, then S is commutative if and only if the (unique) 
holomorph of S is commutative. 

D. W. Wall (Ann Arbor, Mich.) 
3193: 

Yamaguti, Kiyosi. Jordan and Jordan triple isomor- 
phisms of rings. J. Sci. Hiroshima Univ. Ser. A 20 
(1956/57), 107-110. 

There are two main results in this paper, the first of 
which is essentially the same as a theorem of Herstein 
(Trans. Amer. Math. Soc. 81 (1956), 331-341; MR 17, 
938], and was proved by Smiley [Trans. Amer. Math. Soc. 
84 (1957), 426-429; MR 18, 715}. A Jordan homomor- 
phism of an associative ring A into a ring B is a mapping 
a->a’ such that for all a and b, (a+)’=a’+0’ and {ad}’= 
{a’b’} where {ab} is the Jordan product ab+ba. The 
author’s first result states that a Jordan homomorphism 
of a ring A onto a prime ring of additive order not two is 
either a homomorphism or an anti-homomorphism. A 
Jordan homomorphism has the additional property (T) 
(aba)’ =a’b’a’. The author calls an additive mapping aa’ 
a Jordan triple homomorphism if the condition (T) holds 
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for all a, 6 in A, and proves that if the image ring has 
additive order different from two, then an additive 
mapping a->a’ satisfies (T) if and only if {{ab}c}’= 
{{a’b’}c’} for all a, 6, c. The author’s second result states 
that a Jordan triple isomorphism a—a’ of a ring A intoa 
ring B which contains no divisors of zero is a ternary 
isomorphism or a ternary anti-isomorphism in the sense 
that one or the other of the conditions (abc)’=a’b’c’ or 
(abc)’=c’'b’a’ holds identically on A. 

C. W. Curtis (Ithaca, N.Y.) 


NON-ASSOCIATIVE RINGS AND ALGEBRAS 
See also 3225. 


3194: 

Kokoris, Louis A. Simple modal noncommutative 
Jordan algebras. Proc. Amer. Math. Soc. 9 (1958), 652- 
654. 


A noncommutative Jordan algebra A over a field F is a 
nodal algebra in case every element of A may be written 
in the form «l-+-z, where « is in F, | is the unity element 
of A, and z is nilpotent, while the set N of nilpotent 
elements is not a subalgebra of A. F is necessarily of 
characteristic >0. In this paper it is shown that, for any 
simple nodal noncommutative Jordan algebra A of 
characteristic #2, the attached commutative algebra At 
(in which multiplication is defined by x-y=}(xy+-yx)) 
must be associative. R. D. Schafer (Princeton, N.J.) 


3195: 

Wallace, E. W. Complex four-dimensional Lie 
bras. Proc. Roy. Soc. Edinburgh. Sect. A. 65 (1958), 
72-83. 

The author gives a classification of all four dimensional 
Lie algebras over the complex field. To each such algebra 
corresponds a set of numerical invariants, namely the 
number of zero roots of a regular element, the number of 
distinct terms in the derived series, the dimension of the 
center, the genus, and the ratios of the non-zero roots. 
Two algebras have the same sets of invariants if and only 
if they are isomorphic, and all possible sets of invariants 
are determined. The author points out that his definition 
of regular element is more restrictive than the definition 
in E. Cartan’s thesis; this definition and its application to 
the classification problem, however, are developed only 
for the case of three and four dimensional algebras, and 
will not be described in the present review. 

. C. W. Curtis (Ithaca, N.Y.) 
196: 


Brown, Bailey; and McCoy, Neal H. Prime ideals in 
nonassociative rings. Trans. Amer. Math. Soc. 89 (1958), 
245-255. 

The authors extend the theory of prime ideals, as 
developed by N. H. McCoy [Amer. J. Math. 71 (1949), 
823-833; MR 11, 311] for associative rings, to the non- 
associative case, following similar methods. The theory 
developed includes as special cases some results of the 
reviewer [ibid. 76 (1954), 126-136; MR 15, 499] and of 
Behrens [Math. Ann. 127 (1954), 441-452; MR 15, 928). 
Let (xi, ---, %,) be a non-associative product of the 
indeterminates x. An ideal P in a (non-associative) ring 
R is said to be w-prime if the condition: “(A,, ---, An)CP 
for ideals A; implies that some AsCP. A w-system M is a 
subset of R with the property that if a,eM, then 
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u((a1), «+, (@n)) 1M +o where (a;) is the ideal generated 
by a. The w-radical A“ of an ideal A is the set of all 
réA such that every u-system containing.y meets A. 
The w-radical has the properties of the lower radical: 
(1) A* is the intersection of all prime ideals containing A ; 
(2) R¥=0 is a necessary and sufficient condition that R is 
isomorphic to a subdirect sum of «-prime rings; (3) R/R* 
has a zero w-radical; (4) If RCS and every R-ideal is also 
an S-ideal then R*=S*nR; (5) (Rm)*=(R*)m where Ry 
is the ring of all square matrices of order m over R; 
(6) Let u*(x)=u(x, ---, x); then A*=A**, 

Let v(x) be any non-associative power of x. ae R is 
nilpotent if v(a)=0O for some v(x). A nil ideal is an ideal 
containing only nilpotent elements. It is known that the 
union N(R) of all nil ideals is nil. For a given v, the 
authors define v-nilpotency: a is v-nilpotent if v™)(a)=—0 
for some non-negative integer m, where v’(x)=v(x) and 
v™)(x)=v(v™-(x)). The following is then proved. Let 
u(x, ++, %)=v(x). Then N(R) is v-prime and R“CN,(R)C 
N(R), where N,(R) is the maximal v-nil ideal in R. The 
paper concludes with a study of the relations between the 
u-radical and the Jacobson radical for non-associative 
rings [B. Brown, Proc. Amer. Math. Soc. 2 (1951), 114— 
117, MR 12, 669}. S. A. Amitsur (Notre Dame, Ind.) 


3197: 

Etherington, I. M. H. Entropic functions for linear 
algebras. Proc. Roy. Soc. Edinburgh. Sect. A 65 (1958), 
84-108. 

A complex function gz is said to be an entropic function 
for A, a linear algebra over the complex field, if it satisfies 
an equation 


(1) Pry=Apct upytK 


in which A, 4 are complex constants (not both zero) and « 
is a complex step function of the pair of hypercomplex 
variables x, y. Values of A, w for which with some « a 
solution » of the functional equation (1) exists form a pair 
of entropic roots of A. 

If A is associative then 4, w=1, 1 or 1, 0 or 0, 1; if it is 
merely flexible then A=y, or A+y=1; if it is power 
associative then A=yu=1, or A+p=1. When A has a 
unit element A=u=1. If A is commutative its entropic 
roots must be equal. If A has the property xy-x2=x-yx® 
then A=y?, or A+u=1, so that if it is a Jordan algebra the 
entropic roots are both equal to | or to 4. The entropic 
law xy:zw=xz-yw imposes no limitation on entropic 
roots. 

Let xP denote any power of x and let « be constant. 
Then 92zP=yp9z+ 6px, where pp, Op are polynomials in A, 
p and can be defined as follows: yi=1, yp1g=App+pye 
and 6;=0, 0p1g=1+A0p+py09. These index polynomials 
are generalized entropic functions for B, the free additive 
groupoid of indices. If 4, w are entropic roots of A the 
corresponding p-values give a p-representation of L(A), 
the logarithmetic of A. Provided A+-~#1 or « is a non- 
zero constant, the 6-values also represent L(A). When 
A+p#l these representations are isomorphic and en- 
tropic roots of A are also entropic roots of L(A). 

Let x=(&1, &2, «++, &n) and let Lz and R, be its left and 
right multiplication matrices so that sy=ylz=—xRy. 
Further assume that the gradient dpz, the vector of partial 
derivatives p,= 09/0, exists wherever pis defined. Then 
Ry@@ry=A0G2 and Lz0pry=Adpy. It follows that (xy) @pay= 
Axdgoz=pypy and that an entropic function is the 
logarithm of a locally homogeneous function of the 
coordinates. It is itself locally homogeneous of degree zero 
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unless A=u~=1. If neither |Z,| nor |R,z| are identically 
zero then no entropic root of A is zero and no entropic 
function can have a stationary point. An entropic 
function is defined and non-stationary in a domain DCA 
only if for all x in D all the matrices Rz.z have a common 
latent root A and all Lz;, have a common latent root 
ph (*\y, x/y denote left and right quotients of y by x). 
wo algebras of order » which have the same » inde- 
pendent entropic functions (but different entropic roots) 
are in general isotopic. H. Mince (Vancouver, B.C.) 


3198: 

Dididze, C. E. Non-associative free sums of algebras 
with an amalgamated subalgebra. Mat. Sb. N.S. 43(85) 
(1957), 379-396. (Russian) 

An amalgam Ag of linear (non-associative) algebras 
A, {a € S) over a field is a set on which the operations of a 
linear algebra are partly defined and which is the union of 
subalgebras A,(a¢éS) such that, for any «,feS, the 
intersection A,7Ag is non-empty and is a subalgebra of 
both A, and Ag [cf. Baer, Amer. J. Math. 71 (1949), 706- 
742; 72 (1950), 647-670; MR 11, 78; 12, 478, for the 
analogue in groups]. The author studies conditions under 
which an amalgam is embeddable in a (complete) algebra. 
A sufficient (but not necessary) condition for embeddabi- 
lity is that each A, have a basis L, such that L,nLg 
is a basis for A,- Ag. In particular: Every amalgam of at 
most three algebras is embeddable (an example of a non- 
embeddable amalgam of four algebras is given) and an 
amalgam in which all A, intersect in the same subalgebra 
is embeddable. 

The author also considers the notion of an algebra which 
is free on a subalgebra (this is somewhat too involved to 
be reproduced in this review) and then turns to free sums 
of algebras with a single amalgamated subalgebra. The 
main theorem here states that if A has two free de- 
compositions with amalgamated subalgebras U, and U2, 
respectively, such that U; is an ideal in each of the sum- 
mands of the ith decomposition and, further, UiqU¢ is 
different from zero and is an ideal in U; and in Ug, then 
the decompositions coincide. 


P. M. Cohn (Manchester, England) 


3199: 

Skornyakov, L. A. 7-homomorphisms of rings. Mat. 
Sb. N.S. 42(84) (1957), 425-440. (Russian) 

Let R and S be rings (not necessarily associative, and 
with a common operator domain). A T-homomorphism of 
R into S is a mapping 6 of R into the set S“{oo} such that 
the restriction of 6 to @-1(S) is a homomorphism (in the 
usual sense) and, for any a, b € R, if 0(ab) 400 and one of 
6(a), 0(b) is co, then the other is 0. This generalises the 
concept of specialisation. The inverse images J of 0 and 
J of co are called the kernel and the antikernel of 86, 
respectively, and the pair (J, J) constitutes a T-ideal of R. 
Generally, T-ideals (I, J) of R are defined so that there is 
an obvious natural 7-homomorphism of R onto O//, 
where O=R\J. The author goes on to define a (non- 
associative) division ring as a ring R in which the equa- 
tions ax=b and ya=b (for a0) have solutions; if these 
solutions are unique, R is called a non-associative skew 
field (NAS-field). R is a NAS-field if and only if it is a 
division ring and has no zero-divisors, and every division 








528 





ring may be considered as an algebra over a field. More- 
over, as B. H. Neumann has shown [in Proc. London 
Math. Soc. (3) 1 (1951), 241-256; MR 13, 313), every 
algebra A can be embedded in a division ring B, and this 
is a NAS-field if and only if A has no zero-divisors. The 
author rederives this result and further proves the 
following main lemma: Every T-homomorphism of A into 
a division ring K can be extended to a T-homomorphism 
of B into K. This leads to the concept of a (non-associa- 
tive) free T-extension A of an algebra A: A is a division 
algebra containing A and generated by it, such that any 
T-homomorphism of A into a division algebra K can be 
extended toa T-homomorphism of A. Moreover, A is unique 
up to isomorphism. If A is taken to be the free non-associa- 
tive algebra on the free generating set X, then the resulting 
A isa NAS-field, called the free NAS-field on X. It has the 
property that any mapping of X into a NAS-field K can 
be extended to a T7-homomorphism of A into K. Further, 
every NAS-field can be expressed as the T-homomorphic 
image of a free NAS-field; on the other hand, not every 
T-homomorphic image of a NAS-field is again a NAS- 
field. It is noted that all the results can also be formulated 
for division rings and NAS-fields with a unit-element. 


P. M. Cohn (Manchester, England) 


3200: 

Skornyakov, L. A. Non-associative free 7-sums of 
fields. Mat. Sb. N.S. 44(86) (1958), 297-312. (Russian) 

Throughout this review, all algebras are taken over the 
same fixed (but arbitrary) field. Let A, be a family of 
non-associative skew fields (NAS-fields) [see the article 
reviewed above], and denote by A their non-associative 
free sum [cf. KuroS, same Sb. 20(62) (1947), 239-262; 
37(79) (1955), 251-264; MR 9, 5; 17, 1180}. The algebra A 
is easily seen to have no zero-divisors {the author assumes 
this without proof} and its free T-extension Y is therefore 
a NAS-field [Skornyakov, loc. cit.], which is denoted by 
=T A, and is called the free T-sum of the NAS-fields A,,. 
This free T-sum has many of the properties of the 
(ordinary) free non-associative free sum of algebras 
{Kuro8, loc. cit.]. Thus, 2% may be described as a NAS-field 
containing each A, and generated by their union, such 
that every family of T-homomorphisms 6,: A,-—>K into a 
NAS-field K can be extended to give a T-homomorphism 
of &. The subalgebra generated by the A, in & is just the 
free non-associative sum of the A,, and if the A, are 
merely algebras without zero-divisors, the free T-sum of 
their T-extensions is isomorphic to the T-extension of 
their free sum. Kuro8’s theorem on subalgebras of free 
sums floc. cit.) has the following analogue: If & is the 
free T-sum of the NAS-fields &, and any free NAS-field 
%, then every sub-NAS-field § of & is the free T-sum of 
the NAS-fields $,=9AUW,, and possibly a free NAS- 
field. In particular, sub-NAS-fields of free NAS-fields are 
free. The proof uses the corresponding result for algebras 
and results from the author’s earlier paper [loc. cit.]. The 
author also obtains an analogue of Zhukov’s theorem 
[ibid. 26(68) (1950), 471-478; MR 12, 238]: If a NAS- 
field can be generated by m elements, where m is finite, 
then it cannot be expressed as a free T-sum with more 
than m components. As a corollary, a free NAS-field on 
m free generators (where m is finite) cannot be generated 
by fewer than m elements. Finally, the author shows that 
two free NAS-fields (on any number of generators) are 
isomorphic if and only if their free generating sets are of 
the same power. P. M. Cohn (Manchester, England) 
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HOMOLOGICAL ALGEBRA 


3201: 

¥Buchsbaum, David. A survey of homological algebra. 
Report of a conference on linear algebras, June, 1956, 
pp. 53-59. National Academy of Sciences-National 
Research Council, Washington, Publ. 502, v+60 pp. 

1957). 
After a brief introduction to the general theory of 
homological algebra as developed by Cartan and Eilen- 
berg in ‘““Homological algebra” [Princeton Univ. Press, 
1956; MR 17, 1040), the author gives a summary of some 
of the recent work done in various branches of algebra 
using these new homological techniques. 

M. Auslander (Waltham, Mass.) 
3202: 

Dold, Albrecht; and Puppe, Dieter. Non-additive 
functors, their derived functors, and the suspension 
homomorphism. Proc. Nat. Acad. Sci. U.S.A. 44 (1958), 
1065-1068. 

This note makes an interesting extension of the methods 
of homological algebra, by defining derived functors of func- 
tors which are not necessarily additive. The authors define 
a “projective FD-resolution of type ” of the module M”’ as 
follows. (1) It is an FD-module P [see S. Eilenberg and 
S. MacLane, Ann. of Math. (2) 58 (1953), 55-106; MR 15, 
54). (2) Each component P; of P is projective. (3) Py=0 
for j<n, H,(P)=M, H;(P)=0 for j>n. Such resolutions 
P exist, and are unique up to homotopy-equivalence; 
this follows from the theorem of Dold [#3537 below] 
that the category of FD-modules is naturally equivalent 
to the category of chain modules. Since the notion of FD- 
homotopy does not involve addition, we may apply an 
arbitrary functor T (of modules) to P, and obtain homo- 
logy groups H,(7P) depending only on M and n. These 
are the derived functors required. 

This notion of derived functor is general enough to 
include the Eilenberg-MacLane groups H,(Il, »; G). 

The derived functors depend on a parameter m, not 
present in the classical theory. The authors discuss the 
effect of increasing this parameter from m to m+1 by 
giving suspension theorems, generalising those which are 
classical for the Eilenberg-MacLane groups. 

J. F. Adams (Cambridge, England) 
3203: 


Auslander, Maurice; and Buchsbaum, David A. Homo- 
logical dimension in noetherian rings. II. Trans. Amer. 
Math. Soc. 88 (1958), 194-206. 

This is primarily an extension of some earlier results 
of the authors for local rings [Trans. Amer. Math. Soc. 
85 (1957), 390-405; MR 19, 249] to arbitrary noetherian 
rings, together with a homological characterization of 
unique factorization in local domains. Let R be a noe- 
therian ring and let E be a finitely generated R-module. 
A sequence %1, «++, %» of elements in R is called an E- 
sequence if x; is not a zero divisor for E/(x:, ---, x-1)E 
for each ¢ and if E/(x1, ---, x;)E0. The inf of lengths of 
E-sequences is denoted by codimgE. This concept is 
reduced to the local case by a proof that codimgE= 
SUPm Codimg,(Rm®@E) (over all maximal ideals m), and 
then the authors’ earlier results are employed to give that 
codimyR=supg hdgE (over all finitely generated E with 
hdz E <oo). This gives a method for the calculation of the 
global dimension of a noetherian ring. If R[[Xi, ---, XJ) 
=S is the ring of formal power series over R, it is then 
shown that codimsS=n-+-codimgR and that gl.dim S= 
n+-gl. dim R. The authors then remove the restriction of 
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E being finitely generated and show that if f.w.gl. dim R= 
supg W.hdgE, where E runs over all modules with 
w.hdgE<co (w.hdgE is the maximum 2» with 
Torg®(E, J) 40 for some module J), then f.w. gl. dim R= 
sup, codimr,R, (over all primeideals p of R) and 


f.w. gl. dim R[X]=codimg,xy,R[X]=1+f.w. gl. dim R. 


Ina final section, the authors show that a local domain R 
has unique factorization if and only if hdg[R/(x, y)|<2 for 
all x, ye R, and thus if and only if the completion of R 
has unique factorization. This enables them to conclude 
that every nonramified regular local ring has unique 
factorization. {In quite recent work they have shown that 
the assumption of nonramification is unnecessary.} 

D. K. Harrison (Haverford, Pa.) 


GROUPS AND GENERALIZATIONS 
See also 3159, 3421, 3461, 3548. 


3204: 

*%Knoblich, Gerhard. Eine Vektormultiplikation tiber 
Gruppen. Dissertation. Johannes Gutenberg Universitat, 
Mainz, 1955. 30 pp. 

A vector (g1, -**, ga), with gy (¢=1, «++, m) from a 
group G, may be regarded as an element of the direct 
product of » copies of G. An m by n matrix A with entries 
from G is associated with the subgroup of the direct 
product generated by the m row vectors. Applications are 
to the study of the groups defined by the Neumanns 
[Math. Nachr. 4 (1951), 106-125; MR 12, 671] associated 
with a group G which can be generated by m elements. 
From a presentation of G as a factor group of the free 
group with m generators G=F/R,, we define 7,—F y/Ag, 
Un=F a/Ba, Vn=F n/Cu, where Ag is the intersection of 
an R, with its images under automorphisms of F,, By is 
the intersection of all R, giving a presentation, and C, 
is the intersection of all relation groups S, belonging to 
any # elements of G (not necessarily generators of G). 

Marshall Hall, Jr. (Columbus, Ohio) 
3205: 


Britton, J. L. Solution of the word problem for certain 
typesofgroups. I. Proc. Glasgow Math. Assoc. 3 (1956), 
45-54 


The class of groups for which the word problem is 
shown in this paper to be soluble is far wider than one of 
Tartakovskii’s classes [Mat. Sb. N.S. 25(67) (1949), 3-50, 
251-274; Izv. Akad. Nauk SSSR. Ser. Mat. 13 (1949), 
483-494; MR 11, 493; 13, 528). Tartakovskii has proved 
that the word problem is soluble for a finitely presented 
group whose defining relations (apart, possibly, from order 
relations of the generators) are sufficiently complicated to 
allow comparatively few cancellations between the 
various cyclic arrangements of the defining words. There 
were two numerical measures for this degree of compli- 
cation: “8<1/6” and “k>6”. The present paper is akin 
to the case 6<1/6, but gives no counterpart to the case 
k>6. Tartakovskii dealt with a free product of a finite 
number of cyclic groups subject to a finite number of 
defining relations. Here we have the free product of an 
arbitrary set of arbitrary groups and with an arbitrary 
number of additional defining relations. The method is 
entirely different from that of Tartakovskii and is based 
on a main theorem which is stated, but not proved, in 
the paper. [The proof is contained in the subsequent paper 
with the same title, II, same Proc. 3 (1957), 68-90. } 








3206-3207 


Let Il=*,G, be a free product of groups and Q an 
arbitrary subset of elements of IT , subject to the conditions 
that Q shall contain no elements of the constituent groups 
G, themselves, but only products of elements from at 
least two distinct groups G, (the elements of Q shall have 
at least length 2 in their normal form), and that in the 
normal form of the elements of Q the first and last letters 
shall come from different groups G,. Let Q*be the set that 
arises from 2 by allowing all possible cyclic rearrange- 
ments of the elements of 2 and their inverses. Suppose 
now that for any two elements U, V of Q* that are not 
inverses of one another the following crucial condition 
holds: The total number of cancellations and amal- 
gamations between U and V is less than one sixth of the 
lengths of U and of V. Then the author shows that the 
word problem is soluble in the group II/(Q) ([Q] is the 
normal closure of Q in II), provided the following con- 
ditions are satisfied: (1) The word problem is soluble for 
each constituent group G,; (2) there is a finite process of 
deciding whether a given ” word is, roughly speaking, the 
second half of a word in 2*. The author gives, of course, 
an accurate description and numerical evaluation for the 
required lengths of these tailpieces. (In the Appendix 
it is shown that a third condition given in the text is 
superfluous, as it is a consequence of the other two.) 

The paper concludes with seven attractive and in- 
genious examples of groups that illustrate various aspects 
of the infinite word problem, some with a soluble, others 
with an insoluble word problem. One of the examples 
shows that the results of Stender [Mat. Sb. N.S. 32(74) 
(1953), 97-108; MR 14, 723) are inaccurate, as they stand, 
but can be made correct by adding the requirement that 
there is a finite process of deciding whether or not a 
given generator appears in a defining relation and, if it 
does, that the set of defining relations in which it appears 
can be determined. {There is one disturbing misprint: in 
the enunciation of the main theorem, p. 47, line 7, con- 
dition C, the word “greater” should be replaced by 


“‘less”’.} K. A. Hirsch (London) 
3206: 

Schiek, Helmut. Ahnlichkeitsanalyse von Gruppen- 
relationen. Acta Math. 96 (1956), 157-252. 


The class of groups for which the word problem is 
solved in this paper can be described, rather vaguely, as 
one in which (i) the defining relations are sufficiently 
complicated and (ii) there is not too much overlap among 
them. In this respect the paper has points of contact with 
the papers by Tartakovskii [Mat. Sb. N.S. 25(67) (1949), 
3-50, 251-274; MR 11, 493; 13, 528) and by Britton 
[reviewed above]. With the former it also shares some 
— of combinatorial procedure; with the latter the 
act that not only pairs, but triplets of defining relations 
are subjected to certain restrictions (actually even quad- 
ruplets — see below). None of these three classes of 
groups for which the word problem is solved contains one 
of the other two, but they have a substantial common 
intersection. 

The author starts out from a free product of free 
abelian groups. The words W=S;Sgq---S, are written in 


“sectors’’, where the letters in each sector Sy come from 
one and the same free factor, while adjacent sectors 
belong to distinct free factors. The number of sectors is 
denoted by «(W). Obviously, two words represent the 
same group element if they differ only by permutations of 
the letters within the sectors. Such words are called 
equivalent (in the narrow sense); in symbols, Wi; ~Ws3. 
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If Wy=S,Se--+SeSei1 and We=T1T2--+TxT +1, and 
Sy: +-SpoeT1-+-T x, while Sey; and Ty4; come from the 
same free factor, then W; and Wg are called congruent: 
W Ws. Into this free product defining relations of the 
form R=1 are introduced. It can be assumed without 
loss of generality that the set R of these defining relations 
contains, together with each word R, also the following 
words: (i) the formal inverse R-!; (ii) all the equivalent 
words that differ from R only by permutations of letters 
within the sectors; (iii) all the cyclic forms of R, i.e., the 
words that arise from R by a cyclic permutation of all 
the letters. 

It is now assumed that there is an all-important integer 
j=2 which occurs in each of the restrictive conditions that 
determine the class of groups for which the author solves 
the word problem. These conditions are the following. 
I. The number of sectors in each defining word R is suf- 
ficiently large: «(R)>4j;—2 for every Re ®. II. If the 
first 7 sectors of any two defining words are congruent, 
then the words are equivalent: for Ri, Ree R, Ri= 
S1°**Sm, Re=Ti---Tn and S,:: *SyozTi: . *T; it follows 
that R,;~Rz. III. This condition restricts the amount of 
linkage between any three defining words, when two have 
a common beginning: Let Ri, Re, RgeER and let 
Ri wXYRy’, Row XY'R2e’, RgwZRz', where X, Y, Y’#1 
and Z~Y’-1Y. If R; and Re are not equivalent and if the 
number of sectors in XY or XY’ is at least equal to j, 
then the number of sectors in XY’ or XY, respectively, 
is equal to 1. (A fourth axiom dealing with the inter- 
relations between four defining words is required in an 
innocuous-looking sub-sub-sub-subcase of a lemma; but 
this axiom is too complicated to be reproduced here. The 
author remarks that he has gained the impression that 
the axiom is unavoidable for his reduction method to 
work and that he hopes to clarify the situation in a 
further paper.) 

The method of solving the word problem in a group 
satisfying these conditions is a successive reduction. If a 
non-empty word is a consequence of the defining relations, 
then there exists another consequence, simpler than the 
first and with fewer sectors. This is due to the fact that the 
reduced form of each word contains as a hard core a 
“characteristic” subword which cannot be eradicated. 
Here a subword is called characteristic if, roughly 
speaking, the number of sectors in it is more than half 
of the total; more accurately, if R=PCQ, then C is a 
characteristic subword if «(C)>«(P-1Q-1)+2. The re- 
duction method will yield a finite algorithm provided the 
group is ‘‘explicitly given’ in the sense that: (i) the letters 
of the generating system can be recognized and dis- 
tinguished ; (ii) the defining relations can be recognized, 
i.e., there is a finite method of deciding whether a given 
word is the left hand side of one of the defining relations; 
(iii) there is a finite method of deciding whether a given 
word occurs as characteristic subword in one of the 
defining relations, and if it does, of choosing such a 
defining relation. 

The intricate combinatorial details of the proofs are 
simply overwhelming and cannot even be sketched here. 
The author shows by an example that the conditions I and 
II alone are not sufficient to make his reduction method 
work. K. A. Hirsch (London) 


3207 : 

Miller, Donald W. On a theorem of Hélder. Amer. 
Math. Monthly 65 (1958), 252-254. 

The only symmetric group with outer automorphisms 
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is Sg of degree 6 [O. Hélder, Math. Ann. 46 (1895), 321- 
422}. The author gives a direct construction for an outer 
automorphism of S¢. Since the group of inner automor- 
phisms has index 2 in the full automorphism group, all 
outer automorphisms are obtainable. 

D. G. Higman (Ann Arbor, Mich.) 
3208 : 

Wielandt, Helmut. Sylowgruppen und Kompositions- 
Struktur. Abh. Math. Sem. Univ. Hamburg 22 (1958), 
215-228. 

Let sG denote the lattice of subnormal (nachinvariant) 
subgroups of the finite group G. The main theorem of this 
paper is that if P is a Sylow p-subgroup of G, the mapping 
A-+AaP is a lattice homomorphism of sG into the lattice 
sP of subgroups of P. For intersections the homo- 
morphism property is trivial; for joins it depends on a 
lemma that if A, B belonging to sG have Sylow p-sub- 
groups P, Q, then the join Pv@Q contains a Sylow p- 
subgroup of AWB. The image sGP of sG under the homo- 
morphism is a sublattice of sP containing 1 and P; it 
consists of 1 and P if and only if G is p-simple (that is, 
has at most one composition factor whose order is div- 
isible by #). The other extreme case, sG¢P=sP, occurs, 
for groups whose orders are divisible by , if and only if 
G is p-soluble of p-length one. If G has a cyclic Sylow p- 
subgroup, the author proves that G is necessarily either 
p-simple or #-soluble of #-length one, so that only the 
two extremes can occur. Also considered are the effect 
of replacing P by a conjugate; and the effect of consider- 
ing Sylow subgroups for several primes. In the second 
case, if enough primes are taken, one obtains an iso- 
morphism of sG into a direct product of lattices sP,. 

Graham Higman (Oxford) 
3209: 

Ferschl, Franz; und Nébauer, Wilfried. Uber eine 
Klasse von auflésbaren Gruppen. Monatsh. Math. 62 
(1958), 324-344. 

Let p be a prime and r an integer ]>1. Let § denote the 
set of polynomials 


f(x) =ao+a1x+ praex?+ +--+ (pr) "lay. 


If f1(x), fo(x) €%, then fi(fe(x)) €, as previously proved 
by the author [Nébauer, Monatsh. Math. 60 (1957), 249- 
256; MR 18, 111). Thus § is a semi-group with unit. For 
¢=1, the polynomials in ['[x]/(p*), where [ is the ring of 
rational integers, also constitute a semigroup § with 
respect to the operation /;(/2). The elements of § that 
have representatives in § and possess inverses of the same 
form, constitute a group @(, e,7). In the paper cited, 
the author had defined a group @{f, e, r} by using, in 
place of the ideal (p*), the ideal {p*} of residual poly- 
nomials (mod #%). 

The first part of the present paper contains the follow- 
ing results. (1) A polynomial in § is a representative of an 
element of G(, e, r) if and only if 4,0 (mod ). (2) All 
representatives of @(p, e, r) are obtained by means of the 
conditions OSa9<*, OSai<p*, pta;, OSas<perd-) 
(j=1). It follows that the order of G(, e, r) is equal to 
(p—1)pT, where T=}{2e—(A—1)r}A+e—1, and A is 
determined by r(A—1)<eSXrA. (3) Let f(x) denote the 
residue class /(x) mod p¢ and }(x) the residue class /(x) 
mod p4, where 0<d<e. Then the mapping #/(x)=}(x) 
defines a homomorphism from G(, e, 7) onto G(, d, 7). 
(4) The group @(, e, 7) contains precisely one ~-Sylow 
—- S(p, e,7). As a corollary, G(p, e,7) is solvable. 
(5) If (x) now denotes the residue class /(x) mod{p*}, then 
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the mapping Kj(x) =}(x) defines a homomorphisr of 
G(p, e,7) onto Gp, e, 7}. (6) Let R(p, e, 7) denote the 
kernel of K. The elements of &(, ¢, 7) are determined. 
(7) R(p, e, 7) is an abelian p-group of type 


(-++(pe-rO-D, jl)-++) (j=0, 1, 2, +++). 

The second part of the paper is devoted to a more 
detailed discussion of the case A=2. The main results are 
the following. (8) For A=2 the type (Stufe) of G(f, e, r) is 
always 3; the type of S(f,¢,7) is 2 for the groups 
S(p, e, e—1) and ©(2, e, e—1), and is otherwise 3. (9) For 
A=2 the class of G(p, e,7) is e; an exceptional case is 
p>2, r=1, when the class is e+1. (10) The Frattini 
groups of G(p, e,7) and S(p, e, 7) are determined. 

L. Carlitz (Durham, N.C.) 
3210: 


Cunihin, S. A. Permutability of factors in x-factori- 
zations of finite groups. Dokl. Akad. Nauk SSSR (N.S.) 
119 (1958), 888-889. (Russian) 

In earlier work [same Dokl. 108 (1956), 397-399; Mat. 
Sb. (N.S.) 43(85) (1957), 49-66; MR 18, 110; 201708) 
a type of factorization for a finite group has been discussed. 
The present paper announces that this type of factor- 
ization can be achieved with the extra feature that the 
factors are pairwise permutable. 

R. A. Good (College Park, Md.) 
3211: 


Albert, A. A.; and Thompson, John. Two element 
generation of the projective unimodular group. Bull. 
Amer. Math. Soc. 64 (1958), 92-93. 

An outline is given for the proof,of the statement that 
every finite projective unimodular group can be generated 
by two elements, one of which has period 2. This gener- 
alizes results of H. R. Brahana [Ann. of Math. (2) 31 
(1930), 529-549] who listed such generating pairs for the 
known simple groups of order less than a million. 

T. R. Brahana (Athens, Ga.) 
3212: 

Villari,Gaetano. Sui commutatori del gruppo modulare. 
Boll. Un. Mat. Ital. (3) 13 (1958), 196-201. 

It is shown that for a prime #>3 all elements of the 
modular group Gy are commutators. 

O. Ore (New Haven, Conn.) 
3213: 

Nastold, Hans-Joachim. Uber mehrfach metrische 
Raume. Arch. Math. 9 (1958), 256-261. 

The author considers, in a vector space V over a 
commutative field K, an increasing sequence VyCV2eC 
---CV,=V of subspaces, and in each V; a symmetric or 
alternate bilinear form /;(x,y), such that V4; is the 
orthogonal subspace of V; for /;. Isometries and similitudes 
are defined for such a structure in a natural way. The 
author proves, by straightforward application of linear 
algebra, that Witt’s theorem still holds in such a context, 
and the generalized unitary group U(K, /1, ---, fn) has an 
abelian normal subgroup S such that the quotient group 
is isomorphic to U(/,’) x U(fi, --+, fa—1), where /,’ is the 
nondegenerate form on V»/V,—; deduced from fy. 

J. Dieudonné (Evanston, Il.) 
3214: 

Bottema, 0. Orthogonal isomorphic representations of 
free groups. Nieuw Arch. Wisk. (3) 5 (1957), 71-74. 

L’auteur modifie la méthode indiquée récemment par 
de Groot [Canad. J. Math. 8 (1956), 256-262; MR 17, 
1107] pour construire deux éléments du groupe des ro- 
tations dans l’espace euclidien 4 3 dimensions, tels que le 
sous-groupe engendré par ces rotations soit libre. Sa mé- 


3215-3221 


thode repose sur des calculs algébriques assez longs, et sur 
l’intéressante remarque que si cos@ et sing sont des 
nombres rationnels distincts de 0 et de +1, il en est de 
méme de cos pp et sin pp pour tout entier p. 

J. Dieudonné (Evanston, II.) 
3215S: 

Swierczkowski, S. On a free group of rotations of the 
Euclidean space. Nederl. Akad. Wetensch. Proc. Ser. 
A 61=Indag. Math. 20 (1958), 376-378. 

The author considers the group generated by two 
rotations through the same angle ¢ about perpendicular 
lines through a point in Euclidean 3-space. Like J. de 
Groot [Canad. J. Math. 8 (1956), 256-262; MR 17, 1107; 
p. 259], he considers conditions on ¢ that suffice to make 
the group a free group. De Groot proved that the group 
is free if tan 4¢ is transcendental. The author has proved 
that the group is free whenever 2 cos ¢ is rational but not 
integral. He gives details for the case when cos ¢=4, so 
that ¢ is the dihedral angle of a regular tetrahedron. He 
remarks as a corollary that the group generated by 
reflections in the face-planes of such a tetrahedron con- 
tains no translations. 

H. S. M. Coxeter (Toronto, Ont.) 
3216: 

Ono, Takashi. Sur la réduction modulo p des groupes 
linéaires algébriques. Osaka Math. J. 10 (1958), 57-73. 

L’auteur considére un sous-groupe G, défini sur un 
corps k, du groupe GL(m). Il suppose donnée une famille 
infinie (v,) de valuations discrétes de k telle que tout 
élément +0 de & soit inversible dans les anneaux de pres- 
que toutes les valuations v,. Pour chaque 4A, le processus 
de spécialisation de Shimura associe 4 G un groupe G) 
défini sur le corps des restes de vy. Il s’agit de montrer que 
certaines propriétés importantes du groupe G passent aux 
groupes G,, pour presque tout A, et réciproquement. 
Par exemple, si G est résoluble (resp. nilpotent, composé 
de matrices unipotentes), il en est de méme de G, pour 
presque tout A, et réciproquement; si H est un groupe de 
Borel (resp. un groupe de Cartan, un tore maximal) 
de G, H, est un groupe de Borel (resp. un groupe de 
Cartan, un tore maximal) de G, pour presque tout 4, 
et réciproquement. Comme I’auteur fait usage de la théo- 
rie des algébres de Lie, il est obligé de supposer tantét que 
k est parfait, tantét que & est de caractéristique 0. Ses 
résultats ont été étendus par Dieudonné au cas d’un corps 
de base parfait de caractéristique quelconque [voir la 
revue qui suit]. P. Samuel (Clermont-Ferrand) 


3217: 

Dieudonné, Jean. Remarques sur la réduction mod. 
p des groupes linéaires algébriques. Osaka Math. J. 10 
(1958), 75-82. 

Faisant usage de la théorie des hyperalgébres de Lie, 
l’auteur étend les résultats de T. Ono [cf. la revue précé- 
dente} au cas d’un corps de base parfait de caractéristique 
quelconque. {La démonstration du corollaire au lemme | 
(p. 76) laisse a désirer, car, si G et H sont des sous- 
groupes de GL(n), il n’est pas vrai en général que l’idéal de 
GoH soit engendré par les idéaux de G et de H.} 
ae P. Samuel (Clermont-Ferrand) 

218: 

Neumann, B. H. Ascending verbal and Frattini series. 
Math. Z. 69 (1958), 164-172. 

If f is a function which associates with every group G a 
subgroup /(G), an ascending /-series is a series Go, Gi, -+-, 
G;, «++ such that G;=/(G,41). The emphasis is on con- 


ditions which are sufficient to ensure that the series 
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breaks off, that is to say, terminates in a group Gs such 
that for no group H is G,=/(H). Thus if /(G) is a verbal 
subgroup of G, it is sufficient for this that G;/Go is non- 
abelian and G; has finite automorphism class group for 
some 4; or that G;/Go is finitely generated, non-abelian 
and soluble; or that G;/Gpo is finite and non-abelian. The 
last two conditions remain sufficient also if /(G) is the 
Frattini subgroup of G. G. Higman (Oxford) 


3219: 

Makar, Ragy H.; and Missiha, Sammy A. The coef- 
ficient of the S-function {nm—k—r, k, 7}, kam, in the 
analysis of {m}@{v}, where (v) is any partition of », and 
nm=5 or 6. I, II. Nederl. Akad. Wetensch. Proc. Ser. 
A 61=Indag. Math. 20 (1958), 77-93. 

These two papers extend the methods of Foulkes 
[Philos. Trans. Roy. Soc. London Ser. A 246 (1954), 
555-591; MR 15, 926] to yield the reduction of {m}@{y}, 
where (y) is any partition of n»=4, to n=5, 6. The results 
are complicated and are only listed in full in four tables: 
(A) yields the coefficient of {5m—k—r, k, r} in {m}@{5}, 
(B) in {m}@{15}; (C) yields the coefficient of {6m—k—r, 
k, 7} in {m} @{6}, and (D) in {m}@{1%}; all assuming that 
m=R. G. de B. Robinson (Toronto, Ont.) 


3220: 

Maak, W. Zur Theorie der Modulgruppe. Abh. Math. 
Sem. Univ. Hamburg 22 (1958), 267-275. 

The paper deals with unitary representations of degree 
s for the principal congruence subgroup I[(2) of the 
modular group. For s=1 this problem of representation 
has been solved [see Maak, Math. Scand. 3 (1955), 44-48; 
MR 17, 126). For s>1, let Le T(2), let D,o(L) (p, o=1, 
2, --+, 8) be a unitary representation of degree s for I'(2), 
and let {f,(r)} be a set of linearly independent functions 
such that /,(Lr)=>$-1Dpyo(L)fo(r). The s-dimensional 
space I spanned by the functions {/,} is a representation 
module for the D,.(L). The main purpose of the paper is 
the characterization of functions belonging to such 
modules. The set of functions f(r), defined, bounded and 
analytic in §r>0O form a Banach space under the norm 
\fl=sup, |f(r)|. For L eT (2), let Li=f(Lr). If 7, as ele 
ment of the Banach space, is almost periodic, then f(r) is 
called an entire almost automorphic function; all such 
functions reduce, however, to constants. One may relax 
the restrictions on / in two ways: (a) by admitting (polar) 
singularities, the functions then being called almost 
automorphic functions; and (b) by retaining the regularity 
condition, but admitting not only zero, but any non- 
negative integer k in Lf=Lf(r)=(cr+d)-*/(Lr) ; L € T(2). 
In the latter case f is called an entire almost automorphic 
form of dimension —k. The author proves, among others: 
Thm. 4: To every unitary representation of I'(2), there 
exists a module § containing only almost automorphic 
functions. Thm. 6: to every unitary representation of 
I'(2), there exists a module Mt, containing only entire 
automorphic forms of even dimension —k, with k24. 
The proofs use Poincaré series and results of Bohr on 
almost periodic functions. 

E. Grosswald (Philadelphia, Pa.) 

3221: 


Berman, S. D. Characters of linear tations of 
finite groups over an arbitrary field. Mat. Sb. N.S. 44(86) 
(1958), 409-456. (Russian) 

This paper contains an exposition of results previously 
announced [Berman (1) Dokl. Akad. Nauk SSSR (N.S.) 
106 (1956), 583-586; MR 17, 1052] and generalises a 
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number of other results of the author [cf. Berman (2) ibid. 
86 (1952), 885-888; ibid. (3) 91 (1953), 185-187; MR 14, 
619; 15, 99). Let G be a finite group and K any field of 
characteristic prime to the order g of G. By an S-mapping 
of G is meant a permutation a— (a) of G such that for 
every complex irreducible character x, y((a)) is again a 
complex irreducible character of G. Such a mapping also 
defines a permutation of the characters of G over K, and it 
defines a linear mapping of the group algebra R(G, K). 
If ® is a group of S-mappings of G, then two elements a, b 
of G are said to be ®-conjugate if b=c~1(a)c for some 
g€®,ceG. The classes of ®-conjugate elements form the 
@-classes of G, and similarly, ®-classes of characters and 
®-classes of central idempotents may be defined. The 
sum of elements in a ®-class of irreducible characters is 
called an irreducible ®-character; every character left 
fixed by ® is a sum of irreducible ®-characters and con- 
versely. A similar definition and characterisation hold for 
minimal central ®-idempotents. Moreover, the irreducible 
@-characters are functions on the ®-classes of G. Now a 
permutation a of G is called an S-©-mapping if it permutes 
the ®-classes of G and permutes the complex irreducible 
@-characters. Generalising a result of Frobenius and 
Schur [Berliner Ber. 657 (1906), 186-208] the author 
shows that the number of ®-classes of G left fixed by an 
S-®-transformation o equals the number of irreducible 
@-characters left fixed by o. (Frobenius and Schur have 
the case o:a-—>a", where (yu, g)=1.) More generally, under 
the action of a cyclic group {o} of S-®-mappings, the 
transitivity domains of ®-classes of G and of irreducible 
®-characters correspond in such a way that corre- 
sponding domains have the same number of elements. 
Now let e be a primitive mth root of 1, where m is the ex- 
ponent of G, and consider the extension field K(e) of K. 
If e-+e# defines an automorphism of K{(e) over K, then 
aa? is an S-mapping of G, and the ®-classes (of charac- 
ters, idempotents or elements of G) obtained by taking ® 
to be the group of all such mappings are called the K- 
classes. By specialising, the author now obtains the result 
announced in (2) above that the number of irreducible 
representations of G equals the number of K-classes. He 
also proves the following result [cf. (3) above]: Let G and 
H be finite groups, denote by m the least common 
multiple of the orders of their elements and let K be any 
field of characteristic prime to m. Further let e be a 
primitive mth root of 1 and assume that the Galois 
group of K(e) over K is cyclic. Then the group algebras 
of G and H over K have isomorphic centres if and only if 
there is a one-one correspondence between the K-classes 
of G and H such that corresponding classes have the same 
number of conjugacy classes. This necessary and suf- 
ficient condition is no longer necessary in general, but a 
necessary condition for the general case is given, which is 
more complicated. 

The second part concerns induced representations. The 
main object is the proof of the result announced in (1), 
using an appropriate generalisation of the Frobenius 
reciprocity law. The author also establishes the following 
generalisation of Brauer’s characterisation of characters 
[R. Brauer, Ann. of Math. (2) 57 (1953), 357-377; MR 14, 
844): Let K be a field of characteristic 0 and G a finite 
group. A function / on G with values in an extension K’ of 
K is a generalised K-character of G (i.e., a linear combi- 
nation with rational integer coefficients of irreducible K- 
characters) if and only if (i) is a function of the K-classes 
of G and (ii) on every K-elementary subgroup of G {cf. 
(1) above} / induces a generalised K-character. The con- 
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3222-3224 


verse of this theorem [cf. J. A. Green, Proc. Cambridge 
Philos. Soc. 51 (1955), 237-239; MR 16, 565) is also proved. 
P. M. Cohn (Manchester) 





3222: 

Schwarz, Stefan. An elementary semigroup theorem 
and a congruence relation of Rédei. Acta Sci. Math. 
Szeged 19 (1958), 1-4. 

Let S be a finite semigroup. For ae S, let p and o be 
the smallest positive integers such that p<o and a?=a?. 
The elements a, aetl, ---, a?-1 form a group, and the 
number o—p is called the period of a [see, for example, 
Hewitt and Zuckerman, Acta Math. 93 (1955), 67-119; 
MR 17, 1048). For an idempotent / eS, there is clearly 
a largest subgroup Gy of S that contains /. Theorem. Let S 
have a two-sided unit, ¢. If the period of every element of 
S divides 0(G,)=/, then 7°) =)! for all xe S. This 
semigroup theorem is used to prove Rédei’s congruence 
xm =xm-e(m) (mod m), valid for all integers x and all 
integers m>1, where @ is Euler’s g-function. ~ 

E. Hewitt (Seattle, Wash.) 


3223: 

Clifford, A. H. Ordered commutative semigroups of 
the second kind. Proc. Amer. Math. Soc. 9 (1958), 682- 
687. 

An element c of an ordered commutative semigroup S is 
called a conserver if a<b (a, b in S) implies caScb, and an 
inverter if a<6b implies ca2cb. If every element of S is a 
conserver, S is an ordered commutative semigroup of the 
first kind (o.c.s.I). If every element of S is either a 
conserver or an inverter, or both, then S is an ordered 
commutative semigroup of the second kind (o.c.s. IT). It 
is shown that, in any o.c.s. II, the set of conservers 
and the set of inverters are both convex. Then, using an 
algebraic abstraction of a construction of Cohen and Wade 
(Trans. Amer. Math. Soc. 88 (1958), 523-534; MR 20 
#1728), the author shows how to construct a certain class 
of o.c.s. II’s from o.c.s. I’s. This class consists of all 
o.c.s. II’s S satisfying: a) S is not an o.c.s. I; b) S contains 
a zero element 0, not an endpoint; c) S has endpoints 
é<u, and w is the identity element of S; d) [6, 0)Cé(0, w], 
where [a, 5] is the set of all x with agxsb. 

Haskell Cohen (Baton Rouge, La.) 
3224: 

Tamura, Takayuki. Commutative nonpotent archi- 
medean se oup with cancelation law. I. J. Gakugei 
Tokushima Univ. 8 (1957), 5-11. 

A commutative semigroup S is Archimedean if for each 
ordered pair of elements a, b in S there exists a positive 
integer m and an element c in S such that a%=bc. For the 
rest of this review S will denote a commutative, Archi- 
medean, non-potent (=without idempotents), cancellative 
semigroup. Let a be a fixed element of S. Then a deter- 
mines a congruence on S: x~y when x=y or x=a"y or 
y=a" (n any positive integer). The quotient semigroup 
S*=S/~ is then a commutative group. The author also 
shows that ~ determines a mapping of S* x S* into the 
non-negative integers which he calls the index of S* and 
which satisfies a set «, say, of conditions. The group S* 
and its index together determine S to within isomorphism. 
Further, a commutative group G together with an index 
(a mapping of GxG into the non-negative integers 
satisfying conditions «) determines a commutative, 
Archimedean, non-potent cancellative semigroup S con- 
taining an element a such that the corresponding group 
S* is index isomorphic with G. 

G. B. Preston (Shrivenham) 






3225-3232 


3225: 

Tamura, Takayuki; Nakao, Mamoru; Shingai, Mitsuo; 
Iwano, Yasushi; Minami, Katsumi; Nii, Katsuyuki; and 
Tateyama, Hiroshi. Distributive multiplications to semi- 
group operations. |. Gakugei Tokushima Univ. 8 (1957), 
91-J01; errata 9 (1958), 25. 

S(+, <) is a d-system if + is an associative binary 
operation on S and x is a binary operation which is left 
and right distributive over +. The authors list, for each 
semigroup of order either 2 or 3, its set of endomorphisms 
(Cf. Takayuki Tamura, J. Gakugei Tokushima Univ. 
Math. 5 (1954), 17-27; MR 16, 1085], and use this to ob- 
tain a list of all d-systems of orders 2 and 3. 

G. B. Preston (Shrivenham) 
3226: 

Lo, Li-po; and Wang, Shih-chiang. Finite associative 
systems and finite groups. I. Advancement in Math. 
3 (1957), 268-270. (Chinese. English summary) 

The following results are obtained: Let S be a finite 
associative system in which the Lagrange theorem holds 
(i.e. the order of every subsystem of S divides the order 
of S). 1. If the order » of S is odd, then S is a group. 2. If 
the order » of S is even, and S contains only one idem- 
potent element, then S is a group, with but one exception: 
when n=2. Authors’ summary 


3227: 

Klein-Barmen, Fritz. Zur Axiomatik der Semigruppen. 
Bayer. Akad. Wiss. Math.-Nat. KI. S.-B. 1956, 287—294 
(1957). 

L’a. compare ici certains axiomes utilisés dans la dé- 
finition d’un groupe ou d’un semi-groupe (existence de 
l’opération, existence du quotient d’un cété, régle de 
simplification d’un cété imposées d’abord pour un élé- 
ment seulement, puis pour tous les éléments d’un ensem- 
ble). Il examine plus spécialement le cas ot l'ensemble 
est fini. R. Croisot (Zbl 77, 27) 


3228: 

*Dubreil, P. Introduction 4 la théorie des demi- 
groupes ordonnés. Convegno italo-francese di algebra 
astratta, Padova, aprile, 1956, pp. 1-33. Edizioni 
Cremonese, Rome, 1957. vi-+-72 pp. 

This paper presents a readable exposition of some 
aspects of partially ordered semi-groups, emphasizing 
those facets of the theory which reflect the arithmetic of 
ideals in commutative rings. Specifically, the theories 
of Dedekind and of Artin-Pruffer-van der Waerden are 
abstracted to the domain of commutative, partially 
ordered semi-groups. A brief account of the homo- 
morphisms of semi-groups onto groups is also given. The 
main theorems described in the paper are proved in out- 
line. The unproved results are documented by references 
to the work of the French school of lattice theory. 

R. S. Pierce (Seattle, Wash.) 


TOPOLOGICAL GROUPS AND LIE THEORY 
See also 3544, 3584. 


3229: 
Goto, Morikuni; and Kimura, Naoki. Semigroup of 
of a locally compact group. Trans. Amer. 

Math. Soc. 87 (1958), 359-371. 
If G is a locally compact group, let E(G) be the semi- 
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group of all continuous endomorphisms of G into itself. 
The set E(G) is given a natural topology, with the ad- 
dition of which it becomes a topological semigroup. The 
set A(G) of all bicontinuous automorphisms of G is a 
subset of E(G) and is given the relative topology. These 
objects are first studied for Lie groups and the results are 
then applied to locally compact groups by making use of 
the structure theorem for such groups. Let E(G) be the 
identity component of £(G). When G is compact, E(G) is 
composed of bicontinuous automorphisms. If G is de- 
termined by neighborhoods of the identity, then A(G) is a 
topological group. The paper concludes with theorems on 
the structure of E(G) for G a connected locally compact 
group. For this case, the set E(G) is shown to be a topo- 
logical direct product of certain subspaces defined in 
terms of the local structure of G. 

D. Montgomery (Princeton, N.J.) 
3230: 

Conner, P. E. On the action of the circle group. 
Michigan Math. J. 4 (1957), 241-247. 

The author considers the action of the circle group as a 
transformation group (S!, X) on a Peano continuum X. 
F denotes the set of stationary points. Cohomology 
groups are over the rationals. It is shown by spectral 
sequences that if H*(X)=0 for t2n then H*(F)=0 for 
tan and > dim H*+(F)<> dim H**+4(X), s=0, 1, and 
summation with respect to t (OS¢<oco). Assume that X is 
finite dimensional. Then if X is lc” with res 


pect to 
cohomology, so is F. P. A. Smith (New York,N.Y.) 


TOPOLOGICAL ALGEBRA 
See also 3079, 3462, 3516. 
3231: 

Kasahara, Shouro. Sur les topologies compatibles avec 
la structure d’une algébre. Proc. Japan Acad. 34 (1958), 
422-426. 

An algebra E over the real or complex numbers is 
called a ‘‘topological algebra’’ if it carries a topology under 
which it is a linear topological space and the mappings 
x—>ax, x—>xa are continuous for each ae ELE. For fixed 
acéE, define Lgx=ax and Rax=xa, for xe E. Then 
a->L, and aR, are representations of E in the algebra 
(E, E) of all continuous linear transformations in E. 
A topology induced on E by one of the natural topologies 
in Y(E, E) through the representation a+L,{a—Rg) is 
called a left [right] topology for E. Finally, let E’ be a 
second linear space which is dual to E. The author 
discusses compatibility (Bourbaki terminology!) with the 
algebra structure of E of topologies in E which are 
compatible with the duality between E and E’. He also 
discusses compatibility of the left and right topologies in 
E with the duality between E and E’. 

C. E. Rickart (New Haven, Conn.) 


FUNCTIONS OF REAL VARIABLES 
See also 3263, 3376. 


3232: 

Oberg, T. Formules approchées. Mathesis 66 (1957), 
370-373. 

Elementary approximations to x of the form 
sin (a+ cos x)(c+d cos x+-/ cos? x)-! are derived. 
N. D. Kazarinojf (Ann Arbor, Mich.) 
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3233: 

Marcus, Solomon. La tion des fonctions et 
Visométrie de certaines classes de fonctions. Bull. Math. 
Soc. Sci. Math. Phys. R. P. Roumaine (N.S.) 1(49) (1957), 
69-76. 

Cet article contient quinze propositions dont les dé- 
monstrations dépendent plus ou moins de résultats anté- 
rieurs dus principalement 4 W. Sierpinski et St. Ruzie- 
wicz. La proposition extraite et sa démonstration peuvent 
étre regardées comme originales et typiques. Proposition: 
Il existe un ensemble Yt de fonctions réelles, bornées, 
ponctuellement discontinues, intégrables au sens de 
Riemann (donc mesurables) et dérivables presque partout 
sur [0, 1], isométrique a l’espace S des fonctions bornées 
x(t) sur [0,1] métrisé par p(x, y)=sup |x(t)—y/(é)|. Es- 
quisse de la démonstration: 71, 72, ---, fn, ***: suite de 
tous les nombres rationnels de [0, 1]. Fonction auxiliaire: 
g(t) =>! 2-*, la somme >f s’étendant a tous les » tels 
que 7, <#. A tout x(t) € S on fait correspondre la fonction 
s()=z(’) si t=o(¢’), =0 si te [p(ra—0), (rn) pour un 
certain m. La correspondance x(#)++(#) est une isométrie; 
&(¢) est continue et a dérivée nulle presque partout sur 
[0, 1). Chr. Pauc (Nantes) 


3234: 

Viola, Tullio. Sulle funzioni continue. 
Mat. Messina 2 (1956), 50-62 (1957). 

By using /~1(y), f continuous, the mapping from points 
into sets of a metric space, the author derives several 
theorems about the set of relative extrema. Examples: 
If the domain D of f is locally convex, then the dis- 
continuities of f-1(y) are exactly the relative extrema of /, 
which are interior to /(D) except possibly for the extremal 
points of /(D). The discontinuities of f-1(y) are at most 
enumerable. If D is [a, 6] and f/-(y) consists of a finite 
number of points the relative extrema of / form a reducible 
set (its closure is enumerable). 


Frantigek Wolf (Berkeley, Calif.) 


Rend. Sem. 


3235: 

Bagemihl, F. An example of a function with a distorted 
image. Michigan Math. J. 4 (1957), 285-287. 

Using the well-ordering principle, an example is con- 
structed of a one-to-one mapping / of the real line onto 
itself such that every line in the plane intersects the 
graph J of / in at most two points, and every open disk 
intersects J in a nonmeasurable set of second category. 
Both J and its complement have points in common with 
every perfect set that is contained in some circle about 
the origin. J. C. Oxtoby (Bryn Mawr, Pa.) 


3236: 

Barthel, Woldemar. Uber homogene Funktionen auf 
dem Grassmann-Kegel. Arch. Math. 9 (1958), 262-274. 
_ If a homogeneous function /(J) of a simple p-vector J 
in m-space is regarded as a function of the components of 
J, its range is not the whole of the corresponding Euclid- 
ean space, but the so-called Grassmann cone. The 
question is what are the proper substitutes for the partial 
derivatives of order k. Answers to this question [see 
W. Velte, Math. Z. 60 (1954), 367-383; MR 16, 492] 
have been suggested when k=1, 2; theauthor rediscus- 
ses them and attempts the case k =3, p=2. After 
elaborate little calculations, he finds that his require- 
ments still allow the desired quantities to be functions of 
two undetermined constants. L. C. Young (Paris) 
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3233-3242 


3237: 

Godefroid, Michel. Remarque sur la formule de Taylor. 
Enseignement Math. (2) 4 (1958), 120-123. 

This note is concerned with a proof of Taylor’s formula 
with the Lagrange remainder under conditions less re- 
strictive than those commonly imposed. It is proved that 
the usual formula holds (with remainder involving the 
derivative of order »+-1) if n=1 and if (1) / is continuous 
for aSxsb; (2) {(x) exists for asx<b, i=1, 2, ---, n; 
and (3) /(**)(x) exists if a<x<b. This result is, in fact, a 
corollary of a more general result dealing entirely with the 
open interval (a,b). Function values at the ends are 
replaced by “adherent values”. The number & is an 
adherent value of g at a+-0 if for each e>0 and 6>0 there 
is an x such that a<x<a+6 and |/(x)—k|<e. The Dar- 
boux property of derivatives insures that if g is differ- 
entiable when asx <6, then g’(a) is an adherent value of 


g’ at a+0. A. E. Taylor (Los Angeles, Calif.) 
3238: 
Carter, D. S. L’Hospital’s rule for complex-valued 


functions. Amer. Math. Monthly 65 (1958), 264-266. 

In order for the rule to hold for complex-valued func- 
tions of a real variable, some supplementary condition 
must be made. The author offers several. 


3239: 

Lorenzen, Paul. Differentialformen und mehrdimen- 
sionale Integrale. II. Math.-Phys. Semesterber. 6 (1958), 
20-30. 

The author continues his elegant exposition of the 
elementary theory of differential forms and their appli- 
cations to multiple and iterated integration; the treat- 
ment has much in common with the simplified version 
presented in the reviewer’s advanced calculus text. [For 
part I see same Semesterber. 5 (1957), 200-213; MR 19, 
1166.] R. C. Buck (Stanford, Calif.) 


3240: 
Lagrange, Jean. Calcul des intégrales 


sin™ x cos™ x 
In= Jp oS ae, In= J, 7 ™ 


Mathesis 66 (1957), 363- 





m entier positif, a quelconque. 
369. 


3241: 
Lagrange, J. Sur des intégrales 


‘7/2 
I= f » (x) —f(2x)]oot x dex. 


Mathesis 67 (1958), 8-10. 
If /(x) is continuous in (0, x) and such that /(x—x)= 
—/(x), then the value of the integral in the title is /(0) log 2. 


3242: 

Sz4sz, Paul. On a mean-value theorem of Schwarz- 
Stieltjes. Acta Sci. Math. Szeged 19 (1958), 46-50. 

Abbreviated version of a previous paper of the author 
in Hungarian [Mat. Phys. Lapok 33 (1926), 150-180) 
which contains a later remark of Chr. Y. Pauc [see Otto 
Haupt, Georg Aumann and Chr. Y. Pauc, Differential- und 
Integralrechnung unter besonderer Beriicksichtigung 
neuer Ergebnisse, Band II, 2. Aufl. Gruyter, Berlin, 1950; 
MR 12, 681; p. 42]. J. Aczél (Debrecen) 





3243-3249 


3243: 

Yamabe, Hidehiko. A proof of a theorem on Jacobians. 
Amer. Math. Monthly 64 (1957), 725-726. 

A proof of the invertibility of mappings with non-zero 
Jacobian. L. M. Graves (Chicago, Il.) 


3244: 

Krasnosel’skii, M. A.; and Rutickii, Ya. B. On a 
class of convex functions. Voronez. Gos. Univ. Trudy 
Sem. Funkcional. Anal. 1957, no. 5, 8-14. (Russian) 

The authors investigate some problems of nonlinear 
functional analysis regarding the order of growth of 
convex functions. 

The convex functions M(u) and N(v) are said to be 
complementary to each other, or briefly to be N’-func- 
tions, provided they can be represented in the form 
M(u)=/§" p(tjdt, N(v)=/' q(t)dt, where for #20 the 
functions p(t) and q(t) are nondecreasing and continuous 
on the right, with ~(0)=¢(0)=0, p(-++00) =g(-++00) = +00, 
and are related by the property that (¢)=supgs)<; 5, 
q(t)=sup pis) <t Ss. The N’-functions M,(u) and Me(u) are 
said to be equivalent, written M,(u)~Mo2(u), provided 
there exist constants a, 8, and u, such that M,(ou)s 
M2(u)SM;, (fu) for u=uo. The N’-function M(w) is said to 
satisfy the A?-condition provided there exist constants K 
and #9 such that M(2u)<KM(u) for w2uo. The N’- 
function M() is said to satisfy the Ag-condition provided 
the N’-function |%|M(u) is equivalent to M(u), that is, 
provided there exist positive constants k& and uo such that 
uM (u)<M (ku) for u=uo. 

Some properties of the functions defined above are 
quoted from the authors’ previous work [Voronez. Gos. 
Univ. Trudy Fiz.-Mat. Sb. 33 (1954), 3-17; MR 17, 768). 
They now proceed to establish the following additional 
results. 

The N’-function M(u) satisfies the A*-condition if and 
only if, for sufficiently large values v and for some con- 
stant k, the complementary N’-function N(v) satisfies the 
inequality 

N(v) _, N(v») 
v a/v 

If M;(u) and M2(u) are N’-functions satisfying the Ag- 
condition, and if for sufficiently large values of « these 
functions satisfy the inequality M;(u)<Mo(ku), where is 
a constant, then the N’-functions N;(v) and Nov) corre- 
sponding to M;(u) and M2(«), respectively, are such that 


2(0)]~N(0)—= SHOR) 


Let M,(u) and M2(u) be N’-functions satisfying the 
A2-condition and the Ag-condition, respectively. Then 
Ni(v) and N2(v) again satisfy the relationship Ni[Ne(v)]|~ 
N(v) given in the preceding paragraph. 

If Mi(u) and M2(u) are N’-functions satisfying the A2- 
conditions, then N;(v) and Ne(v) satisfy the relationship 
Ni[No(v)]~No{Ni(0)]~N(2). 

If M,(u) and Mo2(u) are N’-functions satisfying the 
A2-condition, then the N’-function corresponding to 
Ni[N2(v)] also satisfies the A?-condition. 

E. F. Beckenbach (Los Angeles, Calif.) 


Ni{N 


3245: 


Boas, R. P., Jr. Almost completely convex functions. 


Duke Math. J. 25 (1958), 193-195. 

Two proofs of Protter’s generalization [Duke Math. J. 
24 (1957), 205-213; MR 19, 26), to “almost completely 
convex functions’ 


, of a theorem of Widder on completely 
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convex functions are given. The proofs are shorter than 
Protter’s, but less elementary. A function f(x) is complete- 
ly convex in [0, 1] if f(4*(x)20 and /(4*+2)(x)<0 there; 

almost completely convex there if /(4*)(x)=0 and fak+2)(0) 
+ f4e+2)(1)S72[f4® (0) + 74*)(1)). The theorem states that 
such a function is necessarily the restriction of an entire 


function of type =. L. A. Rubel (Urbana, III.) 
3246: 

Wintner, A. On the integrability of a class of non- 
oscillatory differential equations by means of Laplace 
transforms. Quart. J. Math. Oxford Ser. (2) 7 (1956), 
301-305. 

The following theorem is proven. If f(t) is completely 
monotone in an interval i9<t<oo and x(t) is, in this 
interval, a positive solution of x’’+-/(#)z=0, then x(#)-? is 
also completely monotone. S. Bochner (Princeton, N.J.) 


MEASURE AND INTEGRATION 
See also 3166, 3512, 3640, 3764. 


3247: 

Marcus, S. Aspects of the theory of analytic and 
projective sets. Acad. R. P. Romine. An. Romino-Soviet. 
Ser. Mat.-Fiz. (3) 11 (1957), no. 2,5-29. (Romanian) 


Expository paper. 


3248: 

Luxemberg, W. A. J. On the measurability of a 
function which occurs in a paper by A.C. Zaanen. Neder. 
Akad. Wetensch. Proc. Ser. A. 61—Indag. Math. 20 
(1958), 259-265. 

Let (X,A,m) denote an arbitrary measure space 
consisting of the space X of points x, a o-ring of subsets A 
of X, and a complete countably additive non-negative 
measure function y~ defined on A. On positive measurable 
functions (x), A(#) is a semi-length function [see H. W. 
Ellis and I. Halperin, Canad. J. Math. 5 (1953), 576-592; 
MR 15, 439] if (a) OSA(u)S-+-00 with A(u)=0 if «(x)= 
almost everywhere on X; (b) it has norm properties; 
(c) it is monotone: u(x)Su(x) implies A(u)SA(w3); and 
(d) if u(x)Sue(x)S---Suq(x)S then A(lim #,_)= 
lim A(u,). The class of semilength functions is denoted by 
L(X, A, nu). Then the following theorem holds: If f(x, y) is 
an arbitrary “1 Xz measurable (complex valued) func- 
tion on X ix X; 2 and belongs to L(Xe, Ag, we), then 

t(x)=A(|f(x, y)|) is a wy measurable function of x. This 
covers the case raised by A. C. Zaanen [Compositio Math. 
10 (1952), 56-94; MR 4. 767], where the function ® 
defines an Orlicz space, T(x, y) is defined on Ax A, with 
A an interval of m-dimensional euclidean space, and 
ts) =IT(e, Ylo=supl/a T(x, yfo)dyl for Sa OI) dys 

H. Hildebra Ann Arbor, Mich.) 
3249: 


Prékopa, Andras. Extension of a multiplicative set 
function with values in a Banach algebra. Magyar Tud. | 
Akad. Mat. Fiz. Oszt. Kézl. 6 (1956), 339-351. (Hungar- 
ian) 

Let & be a ring of sets and /(A), AER, a set function, 
defined on ® with values ina Banach algebra % con- 
taining a unit element e, with |le||=1. Suppose /(0)=e. A 
function / is called totally multiplicative if for = 
sequence {A;} of disjoint elements € R we have /(Uf2, Ai) 
=[] 7; /(As) (the infinite product in 8 being defined in an 
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obvious manner). The purpose of the paper is to study the 
extension of / to the o-ring S(R) generated by R. 

Main result: Let / be a totally multiplicative function 
defined on ®t for which /(A) € % and ||f(A)||S1 for A eR. 
Suppose that for any sequence {A,} of disjoint elements 
ER we have YZ, |le—/(Axz)||<0o. Then there exists a 
unique function /*(A) defined on S(®) which is totally 
multiplicative and such that /*(A)=/(A) for AER. If 
{Ais a convergent sequence in S(R) and lim,_,, Ai=A, 
we have lim, /*(Ai)=/*(A). 


S. Schwarz (Bratislava) 
3250: 
Bertolini, Fernando. 
Mat. 6 (1957), 288-306. 
The problem is to characterize those connections be- 
tween the topological and measure structure of an ab- 
stract set X which imply that the classes of all measurable 
and of all quasicontinuous functions on X are identical. 
The author’s assumptions are essentially as follows. 
Let ¥ be a semiring of subsets of X such that the class # 
of all countable unions of elements of ¥ contains X. Let m 
be a finite measure on the o-ring %* generated by ¥ and 
denote by # and #», the completion of m and of %* with 
respect to m, respectively. Finally, let A be the ring 
generated by %, and @ the class of all countable inter- 
sections of elements of Y. A real function f on X is called 
quasicontinuous if, for every e>0, every set K which can 
be included between C € @ and A € # such that m(A—C) 
is arbitrarily small, contains some element C of @ with 
#(K—C) <e in which f is continuous. 

e main result is: In order that every &,-measurable 
function be quasicontinuous it is necessary and sufficient 
that for every Je ¥ there be a sequence {Fx} of closed 
sets such that #(F,—J)=0 and m*(I—Fy,)<1/k (k=1, 
2, -++), where m* is the outer measure induced by m. 


H. M. Schaerf (St. Louis, Mo.) 


Il problema di Lusin. Ricerche 


3251: 

Choksi, J. R. Inverse limits of measure spaces. Proc. 
London Math. Soc. (3) 8 (1958), 321-342. 

Inverse systems of measure spaces were defined by S. 
Bochner [Harmonic analysis and the theory of probab- 
ility, University of California Press, Berkeley, 1955; 
MR 17, 273; p. 118]. A special case is a consistent family 
of finite joint probability distributions in a Cartesian 
product space. This paper considers the problem of when 
the set function obtained as the inverse limit of the given 
measures has an extension which is a (countably additive) 
measure. The Kolmogorov extension theorem [A. N. Kol- 
mogorov, Grundbegriffe der Warscheinlichkeitsrechnung, 
Springer, Berlin, 1933] is the best known example of 
such a result. Theorem 2.2 extends Kolmogorov’s theorem 
to inverse systems of compact Hausdorff topological 
measure spaces. Theorem 3.1 generalizes a theorem of 
Bochner (op. cit.) concerning inverse systems of topo- 
logical measure spaces in terms of the abstract ‘‘compact 
measures” of E. Marczewski [Fund. Math. 40 (1953), 
113-124; MR 15, 610]. Theorem 4.1 extends to inverse 
systems the theorem of C. T. Ionescu Tulcea [Atti Accad. 
Naz. Lincei. Rend. Cl. Sci. Fis. Mat. Nat. (8) 7 (1949), 
208-211; MR 12, 85] concerning families of regular 
conditional probabilities. Finally, it is shown (Theorem 
5.2) that if one uses measure algebras (rather than algebras 
of sets) the inverse limit is always well behaved. A closely 
related result is due to I. E. Segal [Amer. J. Math. 76 
(1954), 721-732; MR 16, 149). 

E. Nelson (Princeton, N.J.) 
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3250-3255 


3252: 

Kral, Josef; und Marek, Jifi. Transformation des 
Le tieltjesschen Integrals. Czechoslovak Math. 
J. 8(83) (1958), 86-93. (Russian. German summary) 

Suppose that / is continuous and real on the closed 
interval [a, 6], f(a)</(6), that g is continuous and real 
on [f(a), /(6)}, and that gof has finite variation on [a, 5). 
Let ® be an extended-real valued function on fa, 5). 
Suppose the Lebesgue-Stieltjes integral /% O(/(x))dgof(x) 
exists. Then the integral /}{% ®(y)dg(y) exists and is 
equal to the first integral. . Hewitt (Seattle, Wash.) 


3253: 

Green, John W. On the determination of a function in 
the plane by its integrals over straight lines. Proc. Amer. 
Math. Soc. 9 (1958), 758-762. 

Making use of a potential-theoretic argument, the 
author resolves in the negative the following question 
raised by A. Rényi [Acta Math. Acad. Sci.. Hungar. 
3 (1952), 131-142; MR 14, 771): does there exist a convex 
curve C other than the circle, and an integrable function 
f defined inside C and not identically zero, such that // ds 
is constant over all chords of C? 

As an auxiliary result, a generalization of a problem of 
Newman’s [see A. S. Besicovitch, J. London Math. Soc. 
33 (1958), 82-84; MR 2096] is given a new and inde- 
pendent solution based on use of the Newtonian potential. 

T. A. Botts (Charlottesville, Va.) 
3254: 

Dinculeanu, Nicolae. Mesures vectorielles et opéra- 
tions linéaires. C. R. Acad. Sci. Paris 246 (1958), 2328- 
2331. 

Let T be a compact space, let €=(E(t):teT) be a 
family of Banach spaces, and let @(&) be the set of 
“vector fields” defined on T as in R. Godement, Ann. of 
Math. (2) 53 (1951), 68-124 [MR 12, 421]. Let # be a 
“fundamental family” in @(&), let @s(T) be the vector 
fields continuous with respect to.#, and let X be the set 
of all continuous linear mappings of »# into a Banach 
space F. A function m defined on the Borel sets # of T 
with values in X is called a “vector measure”’ if it is 
countably additive and such that, for Ae @ and x, ye f 
such that ¢4x=d¢ay, one has m(A)x=m/(A)y. The rather 
strong condition that m has bounded variation is imposed 
and an integral is obtained for vector fields that are 
uniform limits of simple vector fields. Under appropriate 
conditions, if m is regular and / xdm=0 for all x in @ (7), 
then m(A)=0, A e #@. Certain linear mappings of (7) 
into F are represented as integrals with respect to regular 
measures m. {There are a number of misprints.} 

R. G. Bartle (Urbana, II.) 


3255: 

Steinhaus, H. On shortest on closed surfaces. 
Bull. Acad. Polon. Sci. Sér. Sci. Math. Astr. Phys. 6 
(1958), 303-308. 


Any two points P, Q on a closed regular surface S have 
a distance d(P, Q) on S, where d(P, Q) is defined as the 
infimum of the Jordan length of all curves on S joining 
P and Q. Under simple well-known smoothness hypo- 
theses on S, there is at least one arc C (geodesic) joining 
P and Q on S and having length d(P, Q). Also, d(P, X), for 
P fixed, is a continuous function of X on S and, hence, 
has a maximum 4=A(P). Thus, for every P on S, there is 
at least one point Q (and there may be many) for which 
d(P, Q)=h. All of these points Q are denoted the opposites 
of P on S. The following theorem is proved. For every P 
on S and opposite Q, there are at least two distinct arcs C 


3256-3261b 


of length h(P) joining P and Q. The proof of this elegant 
theorem has a geometric appeal and is based on known 
properties of geodesics on smooth surfaces [L. Tonelli, 
Fondamenti di calcolo delle variazioni, N. Zanichelli, 
Bologna, 1923, vol. 2). L. Cesari (Baltimore, Md.) 


3256: 

Silverman, Edward. The equivalence of two extensions 
of Lebesgue area. Proc. Amer. Math. Soc. 9 (1958), 
671-672. 

For continuous mappings X: JE of a simple closed 
Jordan region J into a Euclidean space E, the Lebesgue 
area Lg(X) is well known. For mappings X: JB, into 
any Banach space B, the Lebesgue area Lp(X) was defined 
by [the author [Riv. Mat. Univ. Parma 2 (1951), 47-76; 
MR 13, 122). For mappings X: JM, a Lebesgue area 
L(x) can be defined by an isometry of M into the space m 
of bounded sequences and by taking L(X)=Lm(X) by 
definition. Thus for mappings X: JB, there are two 
definitions of Lebesgue area, Lp(X) and L(X). The equa- 
lity L(X)=Lp(X) has been proved in a number of cases 
floc. cit.]; in particular, L(X)=Lg(X). In the present 
paper the author proves that L(X)=L,(X) for all X: 
J —B. The proof is based on cyclic additivity theory and 
on a recent representation theorem by the same author 
[Pacific J. Math. 7 (1957), 1677-1690; MR 19, 1169). 

L. Cesari (Baltimore, Md.) 


FUNCTIONS OF A COMPLEX VARIABLE 


See also 3092, 3118, 3220, 3424, 
3434, 3487, 3629, 3749. 


3257: 
Vakselj, Anton. Vektordreibein einer analytischen 
Funktion. Glasnik Mat.-Fiz. Astr. DruStvo Mat. Fiz. 


Hrvatske Ser. II. 12 (1957), 171-180. 
summary) 

Let T=/(Z) be an analytic function and z be a point 
where /’(z)40. We can determine uniquely the linear 
transformation (aZ+-6)/(cZ+d) such that 


aZ+b 
{(Z)— Zid 


and ad—bc=1. The author regards it as an analogue of 
the tangent of a real curve y=/(x). 

In this way the author introduces counterparts of 
elementary geometric quantities, such as circles of 
curvature, arc length, etc., for analytic functions. 

K. Oikawa (Los Angeles, Calif.) 


(Serbo-Croatian 





=0((2—2)%) 


3258: 

Jurchescu, Martin. L’invariance K-quasi conforme de 
la parabolicité d’un élément frontiére. C. R. Acad. Sci. 
Paris 246(1958), 2997-2999. 

An ideal boundary component y of an open Riemann 
surface R is said to be parabolic if it has vanishing 
capacity in the sense of Sario [Ann. of Math. (2) 59 (1954), 
135-144; MR 15, 518). This capacity is a generalization of 
the perimeter introduced by Ahlfors and Beurling [Acta 
Math. 83 (1950), 101~129; MR 12, 171). 

The author proves that the parabolicity of y is pre- 
served under quasi-conformal mappings of R in the sense 
of Pfluger and Ahlfors [e.g., Ahlfors, J. Analyse Math. 
3 (1954), 1-58, 207-208; MR 16, 348). This result implies 
that the class Osp=Ogg of plane domains is preserved 
under these mappings. K. Oikawa (Los Angeles, Calif.) 
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3259: 

Andreian Cazacu, Cabiria. Sur les transformations 
pseudo-analytiques. Kev. Math. Pures Appl. 2 (1957), 
383-397. 

The author discusses the behavior of extremal length 
under a homeomorphism z*=/(z) which is of class C1 and 
orientation preserving. Let {K} be a family of smooth 
curves. Let ~ be the ratio of the major axis to the minor 
axis of the infinitesimal ellipse in the z-plane mapped 
onto an infinitesimal circle. Let « be the angle between the 
major axis and the tangent of K. 

It is proved that, if cotg«S+/p [or 2+/P), then the 
extremal length /(K) is increased [or decreased, re- 
spectively] by the mapping. Moreover, if there exists a 
constant @d such that ~~! cos? a+ sin? «<d? [or 2d¥), 
then /(K*)<d?l(K) [or 2d?/(K), respectively). 

These results are applied to the studies of the para- 
bolicity or hyperbolicity of an ideal boundary component 
of a Riemann surface [see the paper of M. Jurchescu re- 
viewed above] and the classical type problem. For in- 
stance, the following theorem is proved: Let y be a 
parabolic component of R; let {T} bea family of curves in R 
separating y from a compact set RoeCR and such that 
U)=0; if there exists a mapping z*=/(z) of R onto a 
Riemann surface R* such that «=0 for all points of 
every I’, then the corresponding y* is parabolic. 

K. Otkawa (Los Angeles, Calif.) 
3260: 

Oikawa, Kétaro. Some properties of quasi-conformal 
mapping. Sigaku 9 (1957/58), 13-14. (Japanese) 

Considering quasiconformal mappings in the sense of 
Pfluger and Ahlfors, it is proved that they preserve the 
classes O4p and Ogp of relevant planar domains and that 
they preserve the maximality (incontinuability) of open 
Riemann surfaces. Y. Komatu (Tokyo) 


326la: 
Sneerson, M.S. On Moisil monogenic functions. Mat. 
Sb. N.S. 44(86) (1958), 113-122. (Russian) 


3261b: 

$neerson, M.S. Functions monogenic in the sense of 
Moisil. Acad. R. P. Romine. An. Romino-Soviet. Ser. 
Mat.-Fiz. (3) 12 (1958), no. 3 (26), 40-49. (Romanian) 

[The second paper is a translation of the first.] 

Let /=p+ia1+ja2+hag be a quaternion function of 
x, y, z, tin a domain A=AgxX/, where Ap is a domain in 
euclidean xyz space, / is a segment a<t<b, and #, a1, a2, a3 
are complex-valued functions with continuous second- 
order partial derivatives with respect to x, y, z, ¢ in A. 
G. C. Moisil [Bull. Sci. Math. 55 (1931), 168-174) has 
defined / to be monogenic in A provided that, in this 
domain, f/ satisfies D/=0, where 


7 7) 


y . a 7) 


oz + ot ° 

In the present paper it is assumed, further, that A is 
simply connected in euclidean xyzt space and that 
a;"+-a2?+a320 in A. With a={a, a2, a3}, é=dé/a= 
= €2, 3}, and @=te,;+jeg+hes, f can be written as 
=-+<é and the condition for Moisil monogenicity in A as 
D(p+aé)=0. Since Dp=—(Da)é and Da=(Dp)z, the 
author defines the function a to be conjugate to the 
function # with respect to the vector é. : 

A subclass of Moisil monogenic functions is now 
defined as follows. Writing / in matrix form, the author 
defines an analytic function A(f) to be a function element 
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Dio be(f—/fo)* and all its analytic continuations, where 
the bg are complex constants. Now / is said to be mono- 
genic and functionally invariant in A if every A(f), 
analytic in A, is Moisil-monogenic in A. 

It is shown that /=p+aé is a member of the subclass, 
that is, that / is monogenic and functionally invariant in 
A, if and only if the conditions D(p+-a?)=0 and Dé =0 are 
satisfied in A. 

An application is made to obtain a class of solutions of 
Maxwell's equation. 


E. F. Beckenbach (Los Angeles, Calif.) 


3262: 

Nedelcu, Mariana. Le théoréme de Morera pour le 
polynéme aréolaire d’ordre » dans |’ a trois dimen- 
sions. Bull. Math. Soc. Sci. Math. Phys. R. P. Roumaine 
(N.S.) 1 (49) (1957), 309-326. 

This is a continuation of previous papers by the author 
on the theory of areolar polynomials [Acad. R. P. Romine. 
Stud. Cerc. Mat. 7 (1956), 197-237; Acad. R. P. Romine. 
Bul. Sti. Sect. Sti. Mat. Fiz. 8 (1956), 51-58; MR 18, 646; 
19, 257}. Two theorems analogous to Morera’s theorem 
are proved. L. A. MacColl (New York, N.Y.) 


3263: ' 
Breusch, Robert. On the extrema of certain poly- 
nomials. Proc. Amer. Math. Soc. 9 (1958), 742-747. 
The author proves that if gq(z)=[]?~1 (z—zz), |zz|=1, 
and if e, Isksn, are the points on the arc (zg, zg41) 
(2n+1=21) where gq(z) assumes its maximum, then 


i \gn(e») |S 2"; 2 lgn(e*») |=2n ; 


the cases of equality are determined in both cases. He 
further proves that if f”(x)=[]e21 (x—xz), —1SxeSl, 
and if yz, ISksSnm—1, denotes the points in (xg, xg+1) 
where |/,(x)| assumes its maximum, then 


bA-DI+HA+ D+ "S Wowie 32, 


with equality only if /,(x) is the mth Tchebicheff poly- 
nomial. [Cf. two previous papers dealing with similar 
problems: P. Erdés, Bull. Amer. Math. Soc. 53 (1947), 
1169-1176; MR 9, 281; R. Breusch, ibid 53 (1947), 982- 
986; MR 9, 232.) P. Erdés (Haifa) 


3264: 

Osborn, Howard. A remark on Laurent expansions. 
Amer. Math. Monthly 65 (1958), 28. 

Let 5 anz" and > baz" be Laurent expansions for /(z) 
in the concentric rings A and B, respectively, and let C 
be the closed annulus lying between A and B. The author 
obtains an explicit formula for 4,—5, in terms of the 
principal parts of f(z) at its poles in C, assuming that /(z) 
ismeromorphicinC. A. W. Goodman (Lexington, Ky.) 


3265: 

Leja, F. Points extrémaux des ensembles et leur 
application dans la théorie des fonctions. Ann. Acad. Sci. 
Fenn. Ser. A. I, no. 250/20 (1958), 6 pp. 

The author reviews the definition of the “écart” of a 
compact set E in a metric space R. This is a generalization 
of Fekete’s transfinite diameter. He also defines an 
extremal function of R with respect to E. He then surveys 
several of the results (without proofs) which he has 
published in a series of articles [Ann. Soc. Polon. Math. 
12 (1934), 57-71; 14 (1935), 116-134; 22 (1949), 254-268; 
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3262-3268 


Ann. Polon. Math. 3 (1957), 319-342; MR 11, 653; 19, 
645). G. Springer (Lawrence, Kans.) 


3266: 

Dean, W. R. Note on a conformal transformation. 
Mathematika 5 (1958), 62-66. 

An attempt is made to obtain a practical approximation 
of an analytic function which maps the domain D on 
z=x-+4ty-plane defined by —1<x<l, y>—+/(1—z4) 
onto a half-plane. It is suggested that this transformation 
can be used to find the two-dimensional flow in the 
channel of which the cross section is the domain D cut 
along the positive imaginary axis. Y. Komatu (Tokyo) 


3267: 
Wittich, H. Konforme Abbildung schlichter Gebiete. 
Ann. Acad. Sci. Fenn. Ser. A. I, no. 249/6 (1958), 12 pp. 
Let G, be a plane region bounded by smooth Jordan 
curves [';, ---, I. Consider the family F of univalent 
analytic functions w(z) on G, which map I; onto |w|= 
R<1, and I’, onto |w|=1. Special functions 7(z) and (z) 
in F map the I’; (¢=2, ---, #—1) onto radial or concentric 
circular slits respectively. The author first shows that 
r(z) minimizes, and b(z) maximizes R. He also points out 
that these extremal properties can be employed to estab- 
lish the existence of the two mappings. Corresponding 
results are then derived for the cases where, in essence, 
either ['; or both Ty and I, shrink to points. Extremal 
functionals are discussed in terms of a modified span and 
some generalizations are made to arbitrary plane regions. 
L. Sario (Los Angeles, Calif.) 

3268: 


Heins, Maurice. Algebraic structure and conformal 
mapping. Trans. Amer. Math. Soc. 89 (1958), 267-276. 

Beginning with the theorem of Bers [Bull. Amer. Math. 
Soc. 54 (1948), 311-315; MR 9, 575] and the theorem 
(unpublished) of Chevalley and Kakutani, considerable 
attention has been given to problems of determining 
conformal properties of non-compact Riemann surfaces 
(including plane domains) in terms of algebraic properties 
of rings or fields of meromorphic functions on them. The 
present article stems from this circle of ideas and is prima- 
rily concerned with the determination of conformal 
properties of a Riemann surface F in terms of the field 
M(F) of all meromorphic functions on F. 

Some of the results in this direction are contained in the 
following theorems of the author. Theorem A: Let 
denote an isomorphism of M(G) into M(F) which pre- 
serves the complex constants; then 


y={(p, g)|(p, 9) Ee FXG; y(g)(p)=8(9), g € M(G@)} 


iseither empty or else a conformal (not necessarily one-to- 
one) map of F into G. Theorem B: If G is compact, or if @ is 
continuous, then y is not empty and hence is a conformal 
map of F into G. 

A subfield K of M(F) is said to be separating if, for each 
pair of points on F, there is a function in K taking differ- 
ent values at these points. Theorem C: If K;, is an arbi- 
trary subfield of M(F) containing the complex constants 
as well as non-constant functions, then there exists a 
conformal map y of F onto a Riemann surface G such that 
g—>goy maps a separating subfield of M(G) onto Kj. 
This representation is unique up to conformal equivalence. 

Unlike much of the recent work in this area, the present 
article considers some of the implications of continuity 
on the algebraic transformations. In particular, the 
author shows that every continuous “homomorphism” of 
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M(F) into the complex field plus co is obtained by evalu- 
ating the functions of M(F) at some point of F. This is 
the principal tool used in the proof of Theorem B. 


H. L. Royden (Zirich) 
3269: 

Stoilow, S. Sur quelques points de la théorie moderne 
des surfaces de Riemann. Rend. Mat. e Appl. (5) 16 
(1957), 170-196. 

The paper is composed of six lectures on Riemann sur- 
faces delivered by the author at the Istituto di Alta 
Matematica de Roma in April, 1957. 

Lecture I contains a review of covering surfaces of 
abstract Riemann surfaces as introduced by the author 
in 1936 [Congr. Internat. Math., Oslo, 2 (1937), 143-144]; 
other topics covered are interior transformations and 
triangulations as investigated by the author, Heins, Wille, 
and Berstein. The second lecture is a discussion of work 
by Whyburn, Wiman, Lusin, Privaloff, Ahlfors, Volko- 
vyskii, and Cabiria Andreian on the author’s normally 
exhaustible covering surfaces and of the classical type 
problem. Lecture III deals with covering surfaces with 
the Iversen property and the concept of boundary 
element introduced by the author in 1938 [Principes 
topologiques de la théorie des fonctions analytiques, 
Gauthier-Villars, Paris]; relation to the work of Julia, 
Jurchescu, and Shimizu is also studied. 

The three remaining lectures are devoted to O-classes 
[Sario, 1lte Skand. Matematikerkongress, Trondheim, 
1949, Tanums Forlag, Oslo, 1952, pp. 229-238; MR 14, 
863] of the modern classification theory of Riemann 
surfaces. Lecture IV is a lucid presentation of the re- 
viewer's proof of the strict inclusions OgCOgpCOgg 
[Lectures on functions of a complex variable, Univ. 
Michigan Press, Ann Arbor, 1955; MR 19, 736; pp. 245- 
256}. The fifth lecture consists of a proof in extenso of 
R. Nevanlinna’s theorem on the class Ogg [Math. Z. 52 
(1950), 599-604; MR 12, 493]. The last lecture deals with 
the class 04g defined by AB-functions on a noncompact 
set G which vanish on @G. The author shows that 
OgpCO0®4pCOxup and that every covering surface of type 
0° 4, of the complex plane possesses the Iversen property. 

L. Sario (Los Angeles, Calif.) 


3270: 

Tietz, Horst. Zur Realisierung Riemannscher Flachen. 
Il. Math. Ann. 136 (1958), 41-45. 

In the first part of this study [Math. Ann. 128 (1955), 
453-458; MR 16, 688], the author established the follow- 
ing theorem: Given a Riemann surface F and a planar 
compact subregion MCF, there exist meromorphic func- 
tions F(z) on F which are univalent on M. In the present 
paper he generalizes the theorem to the case in which M 
consists of a countable number of compact components 
M;, that do not accumulate inside the surface. E.g., for 
any triangulation of F and for an arbitrarily small open 
set OCF containing the boundaries of the triangles, f(z) 
can be made univalent on F—O. 

L. Sario (Los Angeles, Calif.) 


3271: 
Kuramochi, Zenjiro. Mass distributions on the ideal 
boundaries of abstract Riemann surfaces. III. Osaka 
Math. J. 10 (1958), 119-136. 
A continuation of parts I and II of the paper with the 
same title [Osaka Math. J. 8 (1956), 119-137, 145-186; 
MR 18, 120; 19, 23). 


M. H. Heins (Urbana, II.) 





540 


3272: 

Kuramochi, Zenjiro. On the ideal boundaries of 
abstract Riemann surfaces. Osaka Math. J. 10 (1958), 
83-102. 

Notions of harmonic measure and capacity are intro- 
duced for subsets of the ideal boundary (in the sense of 
the Martin topology) of a Riemann surface. Applications 
are made to criteria for the non-existence of non-trivial 
analytic functions in subregions which are of bounded 
type or have bounded Dirichlet integral. 


M. H. Heins (Urbana, IIL.) 


3273: 

Constantinescu, Corneliu; und Cornea, Aurel. Uber den 
idealen Rand und einige seiner Anwendungen bei der 
Klassifikation der Riemannschen Flachen. Nagoya Math. 
J. 13 (1958), 169-233. 

As was shown by P. J. Myrberg, an open Riemann 
surface of infinite genus can belong to class Ogg even if 
a continuum is deleted. This result was generalized b 
Kuramochi [Osaka Math. J. 7 (1955), 109-127; MR 17, 
26] who showed that, if a surface Re Ogg—Og (or 
Oxup—Og), then R—K € Ogp (or Ogp, respectively) for 
any compact set KCR. The present authors generalize the 
result of Kuramochi by investigating the ideal boundary 
of an open Riemann surface in detail, and obtain several 
other results. 

A surface R considered is not of class Og. In terms of the 
Blaschke product 2(¢) on the universal covering surface 
|t|<1 of R, the Green’s function of R is expressed by 
—log |x(t)|. Let be the set of all points on |¢/—1 where 
z(t) has angular limits whose absolute values are equal to 
one. An equivalence class of points of § modulo the group 
of cover transformations is called an ideal boundary 
point. A set M of ideal boundary points is said to be 
measurable (or of measure zero) if the corresponding set 
in § has this property. The harmonic measure w(z; M, R) 
of M is defined in terms of the Poisson integral on |t| <1. 
M is of measure zero if and only if w=0. 

A set M is said to be indivisible if the following de- 
composition is impossible: M@=M,uM2, MinM2=2, 
M, is measurable and of positive measure (t=1, 2). Let U 
be the class of Riemann surfaces having an indivisible set 
of ideal boundary points. The result of Kuramochi 
mentioned above is derived when we combine the follow- 
ing two theorems proved by the authors: Og—g—OgCU 
CO4s—Og; if Re U, then R—KeU for any compact 
set KCR. 

Several other properties of indivisible sets and the class 
U are obtained. For instance, a positive bounded function 
on R is minimal if and only if it is the w(z; M, R) of an 
indivisible set M. 

The authors then generalize these results and introduce 
an G-indivisible set for a family S of functions on R. For 
instance, the set M is said to be HD-indivisible if every 
HD-function on R has a constant angular limit on the set 
on |¢|=1 corresponding to M. Indivisibility is equivalent 
to S-indivisibility for any admissible S and also equiva- 
lent to HB-indivisibility. Properties of G-indivisibility, 
the analogous class Ue, and relationship to minimality 
of harmonic functions are discussed in detail. 

Finally, the class of Riemann surfaces whose ideal 
boundary is the union of at most  (OSmSoo) G-indi- 
visible sets is investigated extensively. 


K. Oikawa (Los Angeles, Calif.) 
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3274: 

Rankin, R. A. The construction of branched covering 
Riemann surfaces. Proc. Glasgow Math. Assoc. 3 (1958), 
199-207. 

The object of this paper is the construction of branched 
coverings of a given Riemann surface which are ramified 
over an assigned set of points of the surface which clusters 
at no point of the surface. The principal result is the follow- 
ing theorem. Let R be a Riemann surface containing a 
closed set B of isolated points, and let an integer g(Q)>1 
be assigned to each point Q € B. Let G be the fundamental 
group relative to a fixed base point of the surface S= 
R—B, and let H denote the subgroup consisting of 
classes of curves in S homotopic to a constant in R. Let 
H denote the subgroup of H generated by the classes 
{C@(ag)}, where C4(ag) is the gth power of a loop C(«g) 
of the form ag-ygag, ag being a path from the base 
point of the fundamental group to a point near Q, and yg 
a simple circuit about (and near) Q whose initial and end 
point is the endpoint of ag; and let G be any normal sub- 
group of G which contains H and satisfies the condition 
that, for all Qe B, {C(ag)}f €G implies that 9(Q)|r. Let 
F=G/A. Then a regular unlimited branched covering 
Riemann surface R over R can be constructed which has 


branch points of order g(Q)—1 at the points Q of R which 
lie over the points Q of B and which has a fundamental 
group isomorphic to F. If B is the set of all such points Q 
and S=R—B, then S$ is a regular unlimited smooth 
covering surface of S. Conversely, every regular un- 
limited branched covering Riemann surface R over R can 
be so constructed. Related questions are also considered. 
M. H. Heins (Urbana, Ill.) 

3275: 
Kuramochi, Zenjiro. On harmonic functions representable 
by Poisson’s integral. Osaka Math. J. 10 (1958), 103-117. 
The author associates with certain open subsets G of a 
Riemann surface R with positive boundary the notions of 
harmonic measure and capacitary potential of the ideal 
boundary determined by G. This notion of harmonic 
measure is used in turn to introduce a notion of a gener- 
alized Green’s function. In addition, certain positive 
harmonic functions on R are distinguished. They are 
termed superharmonic in R. The author establishes a 
representation theorem for functions of the form Wo@ 
where g is a conformal universal covering of R with 
domain {|z|<1} and W is a positive harmonic function in 
Rwhich issuperharmonicin R. M.H.Heins (Urbana, III.) 


3276: 

Boas, R. P., Jr. Growth of derivatives of entire func- 
tions. Math. Z. 68 (1957), 296-298. 

If f is entire and of exponential type so that log M(r)= 
O(r), then it is known that /(x)—+0 as x->co implies 
f'(%)->0, and that this does not hold in general if log M(r) 
=O(re) with p>1. [See Plancherel and Pélya, Comment. 
Math. Helv. 9 (1937), 224-248; 10(1937), 110-163; 
Gaier, D., Pacific. J. Math. 5 (1955), 529-539; MR 17, 
1199.] The author shows by an example that it also fails 
to hold if one allows log M(r)=O(ru(r)) with p(r) too. 
The example has the form /(z) = azxW([z—cx]Ax), where 
W(z)=/2 (é-1 sin #)2dt. R. C. Buck (Madison, Wis.) 


3277: 

Lang, Wolf-Dieter. Uber die Aquivalenz von diskreten 
und kontinuierlichen Cesaro-Verfahren bei Funktionen 
vom Exponentialtyp. Math. Z. 69 (1958), 280-294. 

Es bezeichne %, die Klasse der Funktionen /(z), die im 
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Winkelraum |gy|Sa regular und vom Exponentialtyp sind 
(0<aS2/2). Das Hauptproblem der Arbeit ist es, fiir 
f(z) €%,, die Aussagen (1) Cp-limyg.,,. f(m)=s und (2) 
€,-limz..., {(x)=s (k>O) in Zusammenhang zu bringen, 
wobei Cy und €, die Cesaro-Verfahren fiir Folgen und 
Funktionen bezeichnen; der Fall k=O wird bereits durch 
den Satz von Cartwright erledigt. Das gestellte Problem 
wird, wenn /Az(y)=lim supy_,,. 7 log |f(re"*)| gesetzt ist, 
vollstandig gelést durch Satz 9 der Arbeit: (1) impliziert 
(2), sofern hy(+a«)<2zxsinae gilt, und (2) impliziert (1), 
sofern hy(+a)<2xsina gilt; beide Aussagen werden 
falsch, wenn < durch S ersetzt wird. Entsprechend lautet 
die Lésung des Problems, die Existenz von Cz-Sn2o /() 
mit der von ©,-/f /(x)dx fiir R20 in Zusammenhang zu 
bringen (Satz 10). Beide Satze verbessern gleichzeitig er- 
schienene Ergebnisse von Boas und Schaeffer [J. Math. 
Mech. 7 (1958), 191-205; MR 19, 1170}. Als Anwendung 
von Satz 9 ergeben sich Aquivalenzaussagen fiir die Ce- 
saro-Borel-Verfahren €,B und C;,B,, die Ref. fiir k=O 
bewiesen hatte [Proc. Amer. Math. Soc. 6 (1955), 873- 
879; MR 17, 604], und die der AnstoBpunkt der Arbeit 
waren. Satz 11: (a) Aus (3) CyB;—limg.,,,. Sa=s folgt (4) 
€,B-lima...sn=s (k>0), wenn s_g=—O(K*) gilt © mit: 
K <(x®+1)*; (b) umgekehrt folgt (3) aus (4), wenn s_= 
O(K*") gilt mit K<(4x?+1)#. Die Zahlen (x?+-1)* und 
(4x2+-1)# kénnen nicht durch gréBere ersetzt werden. 
Beim Bewies von Satz 9 schaltet der Verf. zwischen die zu 
vergleichenden Verfahren Cy und @, das gelaufige Riesz- 
sche R,-Verfahren sowie ein damit eng zusammenhan- 
gendes neues §i,-Verfahren zur Limitierung von Funk- 
tionen ein ; die einzelnen Zwischenstufen C;—Rz, Re—Re, 
R~—C, werden gesondert betrachtet. Ausserdem werden 
beim Beweis zwei Erweiterungen des folgenden Satzes 
von Plancherel-Pélya verwendet: Ist f(z) €%,, so folgt 
aus limz,.. /(x)=O stets limz,,, /’(x)=0. Satz 3: Ist 
f(z) €%,., 80 folgt aus A-1[f(x+-h) —/(x) | Ax* (x00; h>0, 
k reell) stets /'(x)a:Ax* (x-00), sofern hy(+a)< 
(2/h) sin « gilt. Der Beweis dafiir folgt aus einer Darstellung 
der Hauptlésung f(z) der Differenzengleichung /(z+-h)— 
f{(z)=g(z). Satz 4: Ist f(z) €%,, so folgt aus f(x)@Ax* 
(x->-co; kR>—1) stets D™f(x)=0(x*) (x00), wenn D™ 
den iiblichen fiir m>0 erklarten Differentialoperator be- 
zeichnet. Fiir weitere Untersuchungen zu dem Satz von 
Plancherel-Pélya vergleiche man Boas [ #3276]. 

D. Gaier (Stuttgart) 


3278: 

Vincze, I. Bemerkungen iiber den Maximum-Modul 
ganzer transzendenter Funktionen. Acta Sci. Math. 
Szeged 19 (1958), 129-140. 

Let f(z) = Xf 4nz" be an integral function and M(r) its 
maximum modulus. Using mainly elementary results 
such as the convexity of log M(r) as a function of log r 
and Cauchy’s inequality |a,|Sr-"M(r), the author 
deduces a number of other results about the relationship 
between a, and M(r). Let 

Me= ing MO) MGe) 
0<r<co 7” %n™ 

To show that |a,| cannot always be much smaller than 
M, the author proves theorem 2: The series 5} |an|/Ma 
diverges. He also proves the following, theorem 3: If, for 
a pair of positive integers m, s (where s>m) we have 
%s=5rn, then at least one of the coefficients a, for n—2< 
vss is different from zero. 

Various inequalities for the moments za=/Pr*dr/M(r 
are also proved. W. K. Hayman (Londons 
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3279: 

Rényi, Catherine. Uber einige Fragen, die mit Liicken- 
sitzen verkniipft sind. Ann. Acad. Sci. Fenn. Ser. A. I, 
no. 250/30 (1958), 7 pp. 

For a transcendental entire function f/ let Za(m) denote 
the number of zeros in the sequence f(a), f(a), -:-, 
{(™)(a). The author proved in an earlier paper that, for 
ab, 

lim inf {Z4(n)+Z»(n)}/n<1 

[Acta Math. Acad. Sci. Hungar. 7 (1956), 145-150; MR 
18, 201]. She now sharpens this result for entire functions 
f which are real on the real axis. For such a function and 
for real a, let Wa(m) and Pg(n) denote, respectively, the 
number of changes of sign and the number of permanences 
of sign in the sequence f(a), /’(a), ---, f(a). The author 
shows that for real a and }, a<b, 


lim inf {Z,(n)+Pa(n)+Z.(n) + Wo(n)}/nS1. 


Hence, if the power series of / at a has Fabry gaps, then 
the coefficients of the power series at >a must have 
many permanences of sign, and at c<a, there must be 
many changes of sign. An application is made to power 
series of periodic functions. j. Korevaar (Madison, Wis.) 


3280: 

Levin, B. Ya. Generalization of a theorem of Cart- 
wright concerning an entire function of finite degree 
bounded on a sequence of points. Izv. Akad. Nauk SSSR. 
Ser. Mat. 21 (1957), 549-558. (Russian) 

The author proves two theorems on estimating the 
growth of an entire function of exponential type from its 
growth on a sequence of points. Let w(z) be of class P, 
1.e., an entire function of exponential type with all its 
zeros in y20O and A,(2/2)Sh,.(—2/2). Write w(z)= 
P(z)+-4Q(z), where P and Q are real on the real axis; then 
it is known that 


Q(z)/P(z) =az+b+ Aoz+ 2 Ax { 





] l 
2—Ohk + ak } 
where a, are the zeros of P(z). Suppose that a=0. Then 
if /(z) is an entire function of exponential type such that 
l(t) /o(—iy)|=O(e*'#") and |f(ax)|S|o(ax)| for every 
zero ag Of P(z), then |f(x)|\SCal@(x—7h)| for all real x. 
Cartwright’s theorem is the case w(z)=e"@+). If in 
addition the zeros y,-+-16, of w(z) are such that d,2p>0 
and the partial sums of > dx/{(x—yx)?+6,?} are bounded, 
the conclusion becomes |/(x)|SC(e, p, M)|\w(x)|, where M 
is a bound for the partial sums. 

R. P. Boas, Jr. (Evanston, II.) 
3281 : 

Verblunsky,S. On aclassofintegralfunctions. Quart. 
J. Math. Oxford Ser. (2) 8 (1957), 312-320. 

Let k(u) be a function of bounded variation, possibly 
complex, defined in the interval (0,1). Consider the 
integral function D(z) =1—K(z) where K(z)=/} k(u)e**du 
and k(1—) 0. Then, (theorem 1) given a positive 6, there 
is a positive »(=7(6)) such that, if each zero of D(z) is 
the centre of a disk of radius 6, then, for z outside the 
disks, |D(z)|>»7. 

Now let the zeros of D(z) be simple. Let OS|m|S 
\wels---, 


po()—emt | *  Rulontdu (y=I, 2, --+), 


and for a function /(w)¢#(0,1), put 
ay = K "(2 * fu) pod 
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Then, (theorem 2) if f(é) is of bounded variation in 
(0, 1), then as m->00, 


ees 1 fi sin n(¢—v) 
x Oye a f(v) ~~ dv 


converges to zero boundedly in any open interval (f, 1), 
where 0<£<1. Substantially, theorem 2 was proved by 
G. Herglotz [Math. Ann. 65 (1908), 87-106] on the as- 
sumption that A(#) is real, an assumption essential in his 
proof. E. Folner (Copenhagen) 


3282: 

Lehto, Olli. Distribution of values and singularities of 
analytic functions. Ann. Acad. Sci. Fenn. Ser. A. I. no. 
249/3 (1957), 16 pp. 

This is a beautiful survey on the theory of the distri- 
bution of values and the singularities of analytic func- 
tions. First, the author states the classical Nevanlinna 
theory. It is known that there exist today numerous 
proofs to Nevanlinna’s second main theorem, but none 
offers an easy approach to the final result. The author 
gives here a brief account of the nature of the difficulties 
involved and points out the importance of certain 
improvements or modifications of the proof. The author 
explains an open problem related to the so-called deficient 
relation of Nevanlinna. Discussing mutual relations be- 
tween deficient values and asymptotic values, the author 
points out that, in spite of its great naturalness, the 
classical concept of deficiency 


6(a)=1—lim sup N(r, a)/T(r) 


contains serious drawbacks, which are due to the 
special exhaustion process. Secondly, the author explains 
his theory of meromorphic functions of bounded charac- 
teristic, based on the subharmonicity of the counting 
function N(r, a) of the variable a. His theory contains 
classical results of Seidel and Frostman on functions of 
class (U). Here the author introduces a natural definition 
of deficiency. In contrast to the classical theory, a de- 
ficient value (as defined by the author) is always asymp- 
totic. Thirdly, the author discusses the theory of normal 
meromorphic functions based on Montel’s theory of 
normal families and closely related to Ahlfors’ elegant 
theory of covering surfaces. Finally, the author treats 
briefly functions meromorphic in general domains of 
existence. In particular, the author states an interesting 
result of Dugué [Ann. Sci. Ecole Norm. Sup. (3) 69 (1952), 
65-81; MR 14, 741] and a conjecture. Suppose that the 
essential singularities of f(z) constitute a compact set of 
capacity zero. Then, it is conjectured that the set omitted 
is at most countable, and perhaps even that Picard’s 
theorem is valid. K. Noshiro (Nagoya) 


3283 : 

Singh, S. K.; and Shankar, Hari. A note on mero- 
morphic functions in the unit circle. Téhoku Math. J. 
(2) 9 (1957), 264-266. 

The authors prove that, if /(z) is a meromorphic fune- 
tion of order « in |z| <1, then 


(1— Tee) <o4 +. 


Here the order, 7, and N=N—N, have the usual 
meanings [R. Nevanlinna, Eindeutige analytische Funk- 
tionen, 2te Aufl., Springer, Berlin-Géttingen-Heidelberg, 
1953; MR 15, 208}. K. Oikawa (Los Angeles, Calif.) 
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3284: 

Ou, So-Mo. Some properties of analytic function 
omitting two values. Kev. Math. Pures Appl. 2 (1957), 
145-150. 

The paper deals with the boundary behavior of func- 
tions e defined in a sector A(g, p)={z; |arg z|<g, 
0<|z|<p} and omitting two values, say 1 and 2. 

The author proves that if |f(z,)|Sk for a sequence {zp} 
such that limg....z,=0, lim infp_,.. |zn41/zn|>0, and 
larg 2n|<y—d<g, then |/(z)| is bounded in A(g—e, p—e’) 
by a constant depending merely on &, e, and e’. This 
result implies well-known theorems of the Lindeléf- 
Hardy-Littlewood type. 

Consider a sequence of functions {fm} in A(y, p) omitting 
values | and 2 which converges at each point of the se- 
quence {z,} with the additional property > |za|*/*=o0. 
The author shows that {f/m} converges uniformly on each 
compact set in A(9, p). 

Furthermore, for harmonic functions, he obtains a 
theorem analogous to the first result. 

K. Otkawa (Los Angeles, Calif.) 
3285 : 

Tumarkin, G. C.; and Havinson, S. Ya. An expansion 
theorem for analytic functions of class E, in multiply 
connected domains. Uspehi Mat. Nauk (N.S.) 13 (1958), 
no. 2(80), 223-228. (Russian) 

Let G be a bounded domain of finite connectivity whose 
frontier elements are Jordan curves y. Let G, be the 
simply connected domain containing G whose frontier is 
yi. Supplementing their recent work [same Uspehi 13 
(1958), no. 1(79), 201-206; MR 20 #114), the authors 
prove the following statement. If f(z) is of class Ey(G) 
and the y; are rectifiable, then /(z)=/1(z)+---+/a(z), 
where /;(z) is of class Ey(G;). Conversely, if every function 
of class Ey(G) can be exhibited in this manner, the 7, 
must be rectifiable. A. J. Macintyre (Cincinnati, Ohio) 


3286 : 

Tumarkin, G. C.; and Havinson, S. Ya. Classes of 
analytic functions in multiply connected regions represent- 
ed by Cauchy-Green formulas. Uspehi Mat. Nauk (N.S.) 
13 (1958), no. 2(80), 215-221. (Russian) 

Eight theorems are stated regarding the equivalence 
between classes of functions regular in a schlicht domain 
bounded by m Jordan curves. The classes are character- 
ised by: (i) /(z) has a representation by means of a Cauchy 
integral, or Green’s formula in terms of its boundary 
values; (ii) |/(z)| has a harmonic majorant; (iii) there 
exist rectifiable curves arbitrarily near the boundary 
along which the integral of |/(z)||dz| is bounded; (iv) /(z) 
can be exhibited as a sum of functions, each in one of the 
above classes, with regard to a simply connected domain. 
asin A. J]. Macintyre (Cincinnati, Ohio) 


Piranian, George. Construction of functions with 
prescribed boun behavior. Ann. Acad. Sci. Fenn. 
Ser. A. I. no. 250/26 (1958), 8 pp. 

Let { be holomorphic in the unit disk D. Let B denote 
a convex boundary domain in D, that is, a convex domain 
in D such that the boundary of B is internally tangent to 
the unit circle C at z=1, and interior to D everywhere 
else ; and let B(#) denote the domain which is obtained by 
rotating B through an angle @ about the origin. We say 
that ¢? is a Lusin point for /, relative to B, provided that 
f maps the domain B(#) onto a Riemann domain of 
infinite area. Let E be a preassigned set of type Gg on C. 
Using a skillful technique, the author proves: Let B; and 
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Bz be convex boundary domains in D. Then there exists a 
function / which is holomorphic in D and continuous in D, 
and for which every point of E is a Lusin point relative 
to B,, and no point of C—E is a Lusin point relative to 
Be. Furthermore, the author proves: There exists a 
function / which is holomorphic in D and maps the radius 
of e onto a curve of infinite spherical length if ee E, 
and onto a curve of finite Euclidean length if e « C—E. 

K. Noshiro (Nagoya) 
3288 : 

%Jenkins, James A. Univalent functions and con- 
formal mapping. Ergebnisse der Mathematik und ihrer 
Grenzgebiete. Neue Folge, Heft 18. Reihe: Moderne 
Funktionentheorie. Springer-Verlag, Berlin-Géttingen- 
Heidelberg, 1958. vi+169 pp. DM 34.00. 

The methods of extremal length and of quadratic 
differentials on a Riemann surface are combined in order 
to develop a unified and comprehensive theory of uni- 
valent functions which are regular or meromorphic in 
subdomains of finite oriented Riemann surfaces. The book 
starts with a brief historical survey in which classical 
results are enumerated, fundamental concepts defined and 
various general methods of the theory critically dis- 
cussed. An elegant development of the technique of 
extremal metrics follows and, in particular, the two 
Grétzsch lemmas are derived which form the basis for 
the classic method of strips. Next, a theory of quadratic 
differentials and of their trajectories on oriented Riemann 
surfaces is developed; the global character of a system of 
trajectories to a given quadratic differential is described 
in a very general structure theorem. The method of 
extremal length is now applied together with the differ- 
ential geometry of trajectories in order to establish the 
“general coefficient theorem’’, due to the author [Trans. 
Amer. Math. Soc. 77 (1954), 262-280; MR 16, 232]. This 
theorem deals with a set of univalent functions /, defined 
in non-overlapping subdomains A; of a Riemann surface 
& and mapping these domains onto mutually exclusive 
subdomains of #. The domains A, are supposed bounded 
by trajectories of a quadratic differential @Q on @. Then 
an inequality for the Taylor coefficients of the /; at the 
poles of Q is asserted. This rather involved theorem is so 
general that it contains not only most of the coefficient 
inequalities for various families of univalent functions in 
the complex plane and on Riemann surfaces, but also 
most results on sets of functions univalent in non- 
overlapping domains and having mutually exclusive 
image domains. The idea of proof and part of content of 
the theorem go back to Teichmiiller; but the precision 
and clarity of the proof and the generality of the result 
represent a considerable advance beyond Teichmiiller’s 
work. From the general coefficient theorem many special 
results on univalent functions and conformal mapping are 
now obtained with great ease. By selecting proper ex- 
tremum problems for univalent functions, the existence 
and uniqueness of the various classical canonical mappings 
are established for domains with finite connectivity. The 
case of domains with infinite connectivity is considered 
only briefly and with special attention to the problems of 
parallel slit mapping. Inequalities and distortion theorems 
for functions univalent inside or outside of the unit 
circle and having various normalizations are proved, the 
region of values of such functions and their derivatives 
are studied and numerous classical results are obtained in 
a systematic manner. A particularly interesting conse- 
quence of the central theorem is Teichmiiller’s important 
result that every function which is univalent in the unit 
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circle and maps it onto a domain bounded by a trajectory 
of a quadratic differential is always the extremum func- 
tion for some coefficient problem. Results of Lavrentieff, 
Golusin and Bieberbach-Eilenberg on sets of univalent 
functions with non-overlapping image domains are proved, 
and various more general problems are investigated. The 
book ends with a chapter on symmetrization and on 
applications to multivalent and mean #-valent functions. 
The author gives in a limited space a clear and consistent 
exposition of an extensive branch of function theory. 

M. Schiffer (Stanford, Calif.) 
3289: 

Kubo, Tadao. Theory and applications of symmetri- 
zation. Sfgaku 9 (1957/58),45-55. (Japanese) 

The paper is a survey on the method of circular 
symmetrization and its applications to conformal mapping 
of a circle or an annulus. Several results obtained by G. 
Pélya, G. Szegé, J. A. Jenkins, W. K. Hayman, the 
author himself and others are expositorily introduced. 

Y. Komatu (Tokyo) 
3290: 

Kung, Sun. On the coefficients of schlicht functions. 
il. Acta Math. Sinica 6 (1956), 490-499. (Chinese. 
English summary) 

Let the function /(z)=z+Yn22cnz" be regular and 
schlicht in the unit circle |z|<1. The main theorem in this 
note runs that if » is greater than an absolute number N, 
then |c_|<}e(n—nt). Author's summary 


3291: 

Charzyfiski, Z. Méthodes variationelles dans la théorie 
des fonctions univalentes. Bull. Math. Soc. Sci. Math. 
Phys. R. P. Roumaine (N.S.) 1 (49) (1957), 259-264. 

The author surveys some of the published results by 
Janowski and himself concerning bounded univalent 
functions. In the last part of the paper, he ann-ances two 
theorems about algebraic univalent functions. Let (1) 
P(w)=w+Cow?+ ---+Czw" and let » be the component 
of the set {w:|P(w)|<1} containing w=0. Then in order 
that there exist an algebraic univalent fynction (2) 
A(z)=z+ae2z2+--- satisfying (3) P(A(z))=z mapping 
|z|<1 onto yg, it is necessary and sufficient that the 
roots of P(w) (except 0) and all the roots of P’(w) be 
located exterior to or on the boundary of yw. He then states 
two conditions satisfied by an extremal in the class of 
algebraic univalent functions of the form (2) satisfying an 
equation of the form (3) where LSS in (1). 

G. Springer (Lawrence, Kan.) 
3292: 

Hayman, W. K. Bounds for the large coefficients of 
univalent functions. Ann. Acad. Sci. Fenn. Ser. A. I, 
no. 250/13 (1958), 13 pp. 

Let © be the class of functions f(z) =z+ D229 an2z” 
which are regular and univalent in |z|<1. The author is 
concerned with the conjecture that |a,|Sm and in this 
direction he introduces the class § of functions ¢(Z), 
Z=X-+iY, which are regular and univalent for X>0 
and for which lim supy_,+,. X2\g(X)|=AS1. Set 

| [X+te 
T(P)= Sz S xHteo (F742, 
and let Ko=max |7T(9)| for y(Z) € H. Then 1S Ko<e/2. 

Theorem. Let Ajn=sup |a,| for f(z) in 6. Then 
limy.. An/m=Ko. Since Ko<e/2, this already represents 
a slight improvement over the inequality A,<} en +1.51 
due to Bazilevié [Mat. Sb. N.S. 28(70) (1951), 147-164; 
MR 12, 600}. A. W. Goodman (Lexington, Ky.) 
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3293: 
Goodman, A. W. Variation formulas for multivalent 
functions. Trans. Amer. Math. Soc. 89 (1958), 129-148. 
Let R(~, g) be the class of functions of the form 


f2)=2t+ Sane (1<g<p) 
n=q+1 


which are regular and f-valent in |z|<1 and are such that 
f(z) has only a finite number of zeros there. The author 
develops, in the class, a general variation formula which 
contains one developed by Schiffer [Amer. J. Math. 65 
(1943), 341-360; MR 4, 215] when g=1, except that 
Schiffer needed to make no assumption about the zeros 
of /’(z). The author’s formula also generalises one ob- 
tained by Schaeffer and Spencer [Coefficient regions for 
schlicht functions, Amer. Math. Soc. Colloq. Publ., 
New York, 1950; MR 12, 326] in the case p=g=1. No 
applications of the formulae are made. 

W. K. Hayman (London) 
3294: 

Abe, Hitoshi. On some analytic functions in an 
annulus. Kédai Math. Sem. Rep. 10 (1958), 38-45. 

Let f(z) be typically-real and meromorphic in the ring 
domain D:g<|z|<1, and let a be any point in D not on 
the real axis. The author determines the sharp upper 
bound for |/’(a)/f(a)|. Further, the author finds sharp 
upper and lower bounds for |/(a)| and the sharp upper 
bound for |/’(a)| when f(z) is subject to the normalizing 
condition f(#(1-+-¢)/2)=7. 

Let f(z), subject to this same normalizing condition, be 
regular with Ri/(z)>0O in D. The author finds sharp upper 
and lower bounds for |/(z)| and the sharp upper bound for 
|f’(z)|. These results are applied to functions which map D 
onto starlike and convex ring domains. 

A. W. Goodman (Lexington, Ky.) 
3295: 

Nassif, M. On the convergence of the product series of 
simple sets of polynomials in a general region. Neder. 
Akad. Wetensch. Proc. Ser. A 60=Indag. Math. 19 (1957), 
598-607. 

Let D(C) be the interior of a simple closed regular curve 
C; Cy is the level curve corresponding to |z|=7 when 
z=y(t)=c/t+¢4(f) maps the unit disk on the exterior of C. 
The main theorem is that if {p,} and {p,°} are simple 
absolutely monic (leading coefficient of modulus 1) sets of 
polynomials which are effective in the closure of D(C), 
then their product set (4 la Whittaker) will represent in 
the closure of D(C) every function regular in the closure 
of D(Cia), where A=1/B+y/y, y=|c|, Maxye1 |P(4)|=s, 
and S=min|r(6)|, where 7(@) is the root closest to 0 of y(é) 
—z=0, z=ye. The result is best possible in general, but 
can be improved when C is an ellipse or a Cassinian oval. 
The result in the latter case is that if C is |z2—1|=a%, 
a>1, the product set represents in the closure of D(C) 
every function which is regular in the closed region 
bounded by |z2—1|—a?+2, and this is best possible. 

R. P. Boas, Jr. (Evanston, Ill) 
3296: 

Mikhail, N. M. [Mikhail, M. N.] The transformation 
of basic sets of polynomials. Proc. Amer. Math. Soc. 9 
(1958), 576-580. 

A polynomial set {py} is said to be effective in the circle 
|z|SR if every function analytic on |z|SR can be ex- 
panded into a convergent basic series {(z)= Capa(z) in 
the circle. In the present note, the author proposes to 
study the relative effectiveness of a polynomial set 


{pn(z)} and the related set {p,(Az+H)}. {Unfortunately, 















y, 








the set pa(z)=z"*+-1 provides a counterexample to the 
main theorem; this set is effective in every disc |z|SR for 
R21, but its translates are effective in no disc, no matter 
how small H<O is.} R. C. Buck (Stanford, Calif.) 


3297: 

DérbaSyan,M.M. On expansion of analytic functions in 
rational functions with preassigned poles. Izv. Akad. 
Nauk Armyan. SSR. Ser. Fiz.-Mat. Nauk 10 (1957), no. 1, 
21-29. (Russian. Armenian summary) 

Corresponding to a simply connected bounded domain 
9 and a given sequence w, of points outside Z, the 
author constructs a sequence of rational functions M,(z) 
with poles in the given points w,, in generalisation of the 
Faber polynomials. (The Faber polynomials arise from 
the case @,=0co.) Subject to certain conditions on the 
boundary of 9 and on the sequence w, (which must not 
cluster too closely to 9), every function f(z) regular in 9 
and continuous in 9 can be expanded in a series uni- 
formly convergent in 9. 

A. J. Macintyre (Cincinnati, Ohio) 


3298: 

Walsh, J. L. On approximation by bounded analytic 
functions. Trans. Amer. Math. Soc. 87 (1958), 467-484. 

Utilisant certains de ses résultats antérieurs [Trans. 
Amer. Math. Soc. 82 (1956), 128-146; Ann. Mat. Pura 
Appl. (4) 39 (1955), 267-277; MR 18, 290; 17, 1077] 
lauteur traite du probléme suivant: soit B et C des 
contours, formés de courbes de Jordan disjointes deux a 
deux, limitant un domaine D, et /,(z) une suite de fonc- 
tions analytiques dans D, continues sur B, convergeant 
sur B vers f(z); quelles relations y a-t-il entre les proprié- 
tés de f(z), %1,,=sup |fa(z)| quand zeD et xo,= 
sup |/n(z)—/(z)| quand ze B? Théoréme principal: si / 
est prolongeable en une fonction analytique dans un do- 
maine D,, limité par B et par une ligne de niveau I’, de la 
fonction harmonique égale a O sur B et a 1 sur C, et si la 
dérivée p-iéme de / est lipschitzienne d’ordre « (0<«<1) 
sur [’,, on peut choisir les /, de fagon que 


(*) X4,n <Ay exp(—no;)n-?- j= ¥ 2), 


a) et og étant des fonctions explicites de D et I’,; inver- 
sement, (*) entraine que / satisfait les hypothéses ci- 
dessus, ot l’on remplace la dérivée p-iéme par la 
dérivée (p—1)-iéme. Des raffinements sont indiqués 
pour le cas a=1, et pour la convergence des dérivées et 
primitives des f(z). J. P. Kahane (Montpellier) 


3299: 

Wermer, John. Rings of analytic functions. Ann. of 
Math. (2) 67 (1958), 497-516. 

Let Ip be a simple closed analytic curve on the Riemann 
surface S, such that Ip is the boundary of a region Do on 
S, with DovI'p compact. Let A(Dpo) be the ring of all func- 
tions which are analyticon DoT. The author considers a 
pair of non-constant functions in A(Do), ¢ and /, and 
makes the standing assumption that d$0 on Ip. The 
symbol [¢, f] denotes the ring of all polynomials in ¢ 
and /, including the constants. There are two main 
theorems. 

_ Theorem 1.1. If ¢ and / separate points on DoVI'p and 
if df and df have no common zero in Do, then every 
function in A(Do) can be uniformly approximated on 
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one Ip by functions in [¢, f]; the converse obviously also 
olds. 

Theorem 1.2. If ¢ and f separate points on Ip, there 
exists a finite subset T of Do and an integer such that 
every g in A(Do) which has a zero of order at least » at 
every point of T can be uniformly approximated on 
DoT by functions in [¢, f). 

The exceptional set JT and the integer m arise in the 
following manner. A simple closed curve [; is chosen 
which bounds a domain D, containing DovIp (Tf; is 
subject to some additional requirements), and a point p 
in D, is called ¢-singular if (a) for some g in D; we have 
¢(p)=¢4(¢g) and d¢(q)=0, or if (b) there are two distinct 
points g; and gg in D, such that ¢(p)=¢4(9¢1)=¢(¢2) and 
f(¢1)=/(¢2). One can construct I’; in such a way that there 
are only finitely many ¢-singular points, and such that all 
of them lie in DovIo. The set T then consists of ¢- 
singular points. The integer is obtained as the maximal 
order of the zeros of a certain auxiliary function, all of 
whose zeros lie in T. 

The proof uses both the methods and results of one of 
the author’s earlier papers [Ann. of Math. 67 (1958), 45- 
71; MR 20109). The conclusion of theorem 1.2 is 
similar to that of corollary 1 of the paper by Bishop 
which is reviewed below. It may be noted, in this con- 
nection, that no maximum modulus condition needs to be 
included in the hypotheses of theorem 1.2, due to the 
fact that there is only a single boundary curve involved. 

W. Rudin (New Haven, Conn.) 
3300: 


Bishop, Errett. Su of functions on a Riemann 
surface. Pacific J. Math. 8 (1958), 29-50. 

Let C be a compact subset of a Riemann surface, and 
let R’ be an algebra of analytic functions on this surface, 
subject to the following three conditions: (1) R’ contains 
the constants; (2) R’ has a maximum modulus property: 
for each # not in C, there is an f in R’ such that |/(p)|>|/(g)| 
for all g in C; (3) the set S of all singular points is finite 
(a point # in C is said to be singular either if /(p)=/(¢) for 
all f in R’ and some g in C, g#, or if no function in R’ is 
one-to-one in any neighborhood of #). 

Let ®(C) be the set of all continuous functions on C 
which are analytic at all interior points of C, and let R’(C) 
be the uniform closure of R’ on C. The main theorem of 
the paper is a description of the linear functionals on 
®(C) which are orthogonal to R’(C). Since rather lengthy 
definitions are required for the enunciation of the theorem, 
we content ourselves with a statement of the corollaries: 
1: There exists a positive integer N such that R’(C) 
contains every / in ®(C) which vanishes at every point of 
S and which has a zero of order at least N at the points of 
S which lie in the interior of C. (This should be compared 
with Theorem 1.2 in the paper by Wermer which is re- 
viewed above.) 2: If S is a then R’(C)=®(C). 
3: If C has no interior, then R’(C) contains every / in 
(C) such that /(¢)=/(¢) whenever 4(p)=A(q) for all A in 
R’ (p, gin C). 

ese results are extensions of Mergelyan’s theorem on 
uniform approximation by polynomials on compact 
subsets of the plane [Dokl. Akad. Nauk SSSR (N.S.) 78 
(1951), 405-408; Amer. Math. Soc. Transl. Ser. I, no. 85, 
1953; MR 13, 23; 14, 858]; the maximum modulus 
condition (2) is the exact analogue of the hypothesis, in 
Mergelyan’s theorem, that C should not separate the 
plane. The proof of the main theorem depends on an 
investigation of those measures on C which annihilate 
@(C). W. Rudin (New Haven, Conn.) 
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FUNCTIONS OF SEVERAL COMPLEX VARIABLES, 
COMPLEX MANIFOLDS 
See also 3118, 3577. 


3301 : 

Taylor, J. G. A theorem of continuation for functions 
of several complex variables. Proc. Cambridge Philos. 
Soc. 54 (1958), 377-382. 

Within the |; st few years physicists reluctantly have 
begun to realize that the theory of analytic functions of 
several complex variables is a very useful mathematical 
tool in the theory of quantized fields. One of the im- 
portant problems in this field is the computation of the 
largest possible domain into which every function 
holomorphic in a given domain can be continued ana- 
lytically. This larger domain is called the holomorphy 
envelope of the given domain. Problems of this kind 
arise naturally in physical applications in connection with 
dispersion relations and general properties of vacuum 
expectation values of products of field operators. Very 
few methods suitable for practical applications exist so 
far. The author of the present paper presents a gener- 
alization of an idea originally proposed by Bremermann 
[Rev. Mat. Hisp.-Amer. (4) 17 (1957), 175-200; MR 19, 
880] for the computation of holomorphy envelopes for 
arbitrary domains. The author’s own summary of the 
method reads: ‘‘For any domain D in the space C* of n 
complex variables we denote by V(z) the largest pluri- 
subharmonic minorant of — log dp(z), where dp(z) is the 
Euclidean distance from the boundary of D. Then we 
may continue any function / from the domain D to the 
domain D’, where D’=Uyzep[z’ :||z’—z||<exp(—V/(z))]. It 
may be difficult to determine V(z) explicitly, except for 
very simple cases.’’ In spite of this last reservation, the 
author is able to make one application of his technique 
to a domain arising in the theory of dispersion relations 
and shows that his technique, even if it does not yield the 
final answer with a reasonable amount of work, yields a 
better result than do previously known methods. 

G. Kallén (Lund) 
3302: 

Sato, Kenkichi. On curvature and harmonic forms 
with values in analytic vector bundles. Osaka Math. J. 
10 (1958), 1-10. 

Let M be a compact Kaehler manifold of complex 
dimension m and let 7(M) be the tangent bundle over M. 
Let W be a holomorphic vector bundle over M whose 
fibre is the n-dimensional complex vector space. Reduce 
the structure group GL(n, C) of W to U(n), i.e., choose a 
positive definite hermitian inner product on each fibre 
of W. Let Ty be the connection in the bundle W charac- 
terized by the following two properties: (1) Ty is of type 
(1, 0), i.e., the connection form a is of type (1, 0); (2) the 
hermitian product is parallel with respect to [), 1.e., T'; is 
a connection in the reduced bundle (with structure group 
U(n)). Let I'g be the Kaehler connection of M. Let T' be 
the connection in the Whitney sum W@T7(M) induced 
from I; and Ig. For each point x of M, let Dz®@ be 
the space of forms of type (f,g) at x so that a cross- 
section of the bundle Uzgey (Dz?@W,) is a differential 
form of type (p,q) with coefficients in W. Using the 
curvature of the connection I’, the author defines a 
certain symmetric bilinear form Rz on the vector space 
D,z”%QW,. The main theorem states that if Rz is positive 
definite for all x, then there exist no non-zero harmonic 
forms of type (p, g) with coefficients in W. {Remark: the 
author states, “if R is negative definite...’’, since his 
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definition of the curvature differs in sign from 
the standard one.} This generalizes the theorem of 
Bochner-Lichnerowicz-Yano (the case where W is a 


trivial line bundle) [S. Bochner, Ann. of Math. (2) 49° 


(1948), 379-390; MR 9, 618; A. Lichnerowicz, C. R. Acad. 
Sci. Paris 226 (1948), 1678-1680; MR 9, 618; K. Yano, 
Ann. of Math. (2) 55 (1952), 328-347; MR 14, 88] and 
the theorem of Kodaira (the case where W is an arbitrary 
line bundle) [Proc. Nat. Acad. Sci. U.S.A. 39 (1953), 
1268-1273; MR 16, 618). Although the author uses 
connection theory in fibre bundles, his method is similar 
to the one initiated by Bochner. 

S. Kobayashi (Cambridge, Mass.) 


SPECIAL FUNCTIONS 
See also 3429, 3611. 
3303: 

Davis, H. T. The approximation of logarithmic num- 
bers. Amer. Math. Monthly 64 (1957), no. 8, part II, 
11-18. 

Logarithmic numbers {L,} defined by x/log(1+*)= 

ms (—1)s4 
1+ D9. Lax® are known to be asymptotic toS,= n log? n’ 
however, the ratio L,/S, converges very slowly toward 1. 
By using an integral representation for L,, the author 
establishes that L,~ (—1)a*he+1) where 0<é<1 ; and 
*" n(log? n+-22) ’ 7 rs 
by employing the extreme values of ['(é+1) obtains 
upper and lower bounds for L,. He also establishes the 
inequalities 
n n(n—1) 
—|L L 
Using the integral representation 


[ie f 1 r'(s+1) 
w Jo T(n+1)P(s—n+1) 
the author defines a logarithmic number function L(x) for 
the continuous variable x, and obtains the following: 








\Lal- 


ds, 





Lix)~ SIN 7X 





1 
f; cosas I"(s+ 1 )e-#l082ds — 





cos 2x {1 . 
—sl ; 
[jsinasr(s+1)e slogz ds ; 


and, in particular, if m is an integer, 
L(m+-})~(—1)™a[(m+-}4)a(a?+27))-1, 


where a=log(m-+ }). D. Moskovitz (Pittsburgh, Pa.) 
3304: 

Legendre, Robert. Fonctions thétaelliptiques et dzéta- 
elliptiques: application au calcul de |’écoulement autour 
de Vaile conique. O.N.E.R.A. Publ. no. 91 (1958), 73 pp. 

The definition and investigation of the properties of 
elliptic functions and integrals are carried out without 
having recourse to the functions of Jacobi and Weier- 
strass in order to model the calculations on those for 
rational integrals. (From author’s summary.) 

D. J]. Hofsommer (Amsterdam) 
3305 : 

Schmidt, Hermann. Eine Bemer zum Aufbau 
der Lehre von der l'-Funktion. Arch. Math. 9 (1958), 
297-299. 

The following characterization of I'(z) is given: If (1) fis 
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analytic in the strip 0<x9Sx%<xo9+1, (2) zf(z)=/(z+1), 
(3) f(z) =O(e*'w') as |y|—oo with a<3x/2, then g(z)= 
{(z)-Fe(z) is a constant, where Fe(z) denotes the Weier- 
strass product. N. D. Kazarinoff (Ann Arbor, Mich.) 


3306: 

Bhonsle, B. R. Some integrals involving associated 
Legendre functions. Bull. Calcutta Math. Soc. 49 (1957), 
89-93. 

Using term by term integration, the author evaluates 
such integrals as /} x°(1—x®)-“/2P,»(x) ] ,(2xt)dx, Ru<l, 
Ro>—l1. N. D. Kazarinoff (Ann Arbor, Mich.) 


3307: 
Bhonsle, B. R. Some infinite integrals involving the 
product of Whittaker functions and generalised hypergeo- 
metric functions. Bull. Calcutta Math. Soc. 49 (1957), 
83-88. 

The evaluation of an integral due to Sinha [J. Indian 
Math. Soc. (N.S.) 8 (1944), 21-26; MR 6, 213) is com- 
pleted in certain cases by summing well-poised hyper- 
geometric series with unit argument. The specializations 
are numerous. N. D. Kazarinoff (Ann Arbor, Mich.) 


3308 : 
ee, C. K. On Bessel polynomials. I. Bull. 
Calcutta Math. Soc. 49 (1957), 67-70. 

If n21, then the Bessel polynomials y, and y”-; have 
no common zero. If m>1, y,’ and y,-1’ have no common 
zero. Relations of the type (x9d/dx)*[x™e-V/*y,_1)=— 
getke-Uty,.2 1, R=1, 2, ---, are considered along with 
some inequalities for products of y's. 


N. D. Kazarinoff (Ann Arbor. Mich.) 
3309: 
Bhonsle, B.R. Ona problem of Grosswald for Legendre 
sp ray Bull. Calcutta Math. Soc. 49 (1957), 33-36. 
litz [Bull. Calcutta Math. Soc. 46 (1954), 93-95; MR 
16, 694) obtained the formula 


ar 7 _ (n+a+B+ 1)r("+a)¢ 
[ dxf Pr‘ (x) | — 2r(n—r)! : 


where P,(@P)(x) is the Jacobi polynomial. This gener- 
alized a formula of Grosswald [Proc. Amer. Math. Soc. 








1 (1950), 553-554; MR 12, 178] which gave the value of ° 


the derivatives of the Legendre polynomials at x=}. 

The author generalizes Carlitz’s formula by finding the 
corresponding formula when » is no longer an integer. He 
also proves a number of other formulae of the same type 
involving Laguerre polynomials, hypergeometric func- 
tions, etc. P. G. Rooney (Toronto, Ont.) 
3310: 

Carlitz, L. Some arithmetic properties of the Legendre 
polynomials. Acta Arith. 4 (1958), 99-107. 


Si p=2m-+-1 et si Wm (x)= > ( > ) 27, ona 


Wan(#)=(1—2)"Pm (7+*) =P p(1—2x) (mod 9), 


P(x) désignant le polynome de Legendre de degré m. 
En se servant alors des formules de Catalan et Good: 


P(x) =t eo 3 x+(x?— 1)tcos =" (¢>m) ; 


P(x) =t-") =, {(1 +cos a) x++4 sin =" (¢>m), 
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l’auteur établit la formule 
p-1 
—Pm(@)=y(—2a) 2 y(a%s*—1)y(s+1) (mod p), 


ot y(a) =a™ (mod #), qui contient comme cas particuliers 
les résultats d’un de ses précédents mémoires. Plus géné- 
ralement, il montre 


m+ PEK (x) a= (—1)m+a (#1) 


x 7 (s?x2— 1)™(s+-1)™-* (mod 9), 


ot Pt;-*, désigne comme d’habitude le polynome ultra- 
sphérique. La formule est étendue aux polynomes de 
Jacobi. Enfin la factorisation de W(x) (mod #) qui avait 
été obtenue jusqu’ici pour $23 est ici obtenue pour 
p=29 et p=3). R. Campbell (Caen) 


3311: . 
Carlitz, L. Some orthogonal functions in several 
variables related to theta functions. Duke Math. J. 25 
(1958), 311-319. 

In a former paper [Ann. Mat. Pura Appl. (4) 41 (1956), 
359-373; MR 17, 1205] the author studied certain ‘‘basic’”’ 
analogues of Hermite polynomials. In the present paper 
he extends his investigations to basic analogues of Her- 
mite polynomials of several variables. He obtains two 
systems of polynomials which are biorthogonal with re- 
spect to a weight function which is an »-dimensional theta 
function, and two systems biorthogonal with respect to a 
weight function which depends on a quadratic form in 


log %1, -*-, log xq. A. Erdélyi (Pasadena, Calif.) 
ORDINARY DIFFERENTIAL EQUATIONS 
See also 3246, 3466, 3656, 3715. 
3312: 


Corduneanu, Constantin. Equazioni differenziali negli 
spazi di Banach, teoremi di esistenza e di ta. 
Atti Accad. Naz. Lincei. Rend. Cl. Sci. Fis. Mat. Nat. (8) 
23 (1957), 226-230. 

Consider the equation (1) y’=/(x,y) with initial 
conditions y(%o) =o. If y, / are »-dimensional vectors, the 
classical theorem of Peano assures the existence of a 
solution of (1) through the point (xo, yo) if f(x,y) is 
continuous at (xo, yo). Bourbaki [Eléments de mathéma- 
tique ; functions d’une variable reele, Chap IV, Hermann, 
Paris, 1951; MR 13, 631; p. 25) has shown by an example 
that continuity is not sufficient te insure the existence of a 
solution if / belongs to a genera! Banach space, #. Using 
the Schauder-Tychonov fixed point theorem, an existence 
theorem analogous to the theorem of Peano is proved for 
the case where / €¢ #@. Further theorems on the extension 
of a solution are given; in particular, a generalization of a 
theorem of R. Conti [Boll. Un. Mat. Ital. (3) 11 (1956), 
510-514; MR 18, 736). J. K. Hale (Baltimore, Md.) 


3313: 

ESukov, L. N. On a functional problem for ordinary 
differential equations. Uspehi Mat. Nauk (N.S.) 13 
(1958), no. 3(81), 191-196. (Russian) 

Let E, be the space of the m-vector function €(é), 
te A=[to, to+h), Ra the subspace of constant »-vectors, 
and consider the #-vector equation (1) = F(x; ¢) with the 


3314-3320 





“boundary condition” (2) ®x=a, where ® is a functional 
E,->R, which is linear and bounded. The author proves 
the standard existence and unicity theorems for this 
problem. Theorem |: In some bounded region ||x—@9-1a]| 
<I, te A, let the Caratheodory conditions hold, namely: 
(a) F(x; 2) is continuous in x for fixed ¢ and measurable 
(component for component) for fixed x; (b) ||F(x; #|\|Sm(?), 
where m/(t) is a positive summable function in A; 


teth r 
= J mes aay 


Then the problem has a solution x(¢) almost everywhere in 
A and it is given by the usual integral equation. Theorem 
2: Under the same conditions, but with (c) replaced by 
\|F (x; £)\|=ollx|| as |\x||-+co, there is at least one solution. 
Theorem 3: If in some region G for x and with te A we 
have 

F(x; )—F(x’ ; )isdx—z', 


(1+-||@o-?®||) <1/Lh, 


then in G the solution is unique. Two further theorems 
describe successive approximations for th. 3, and deri- 
vation as to w, where D=@(y), a=a(y). 

The only theorems proved are 2 and 3. [References: 
Cacciopoli, Atti. Accad. Naz. Lincei Rend. Adunanze Gen. 
11 (1930), 794-799; NaiSul, Dokl. Akad. Nauk SSSR (N.S.) 
67 (1949), 969-972; 102 (1955), 21-23; MR 11, 32; 17, 
35; Corduneanu, An. $ti. Univ. “Al. I. Cuza” Iasi. Sect. 
II (N.S.) 1 (1955), 11-15; MR 18, 737; Nemytzki, Uspehi 
Mat. Nauk 1 (1936), 141-174). 


S. Lefschetz (Princeton, N.J.) 
3314: 

Hronec, J. Sur la théorie du systéme différentiel 
général a coefficients variables. Acta Fac. Nat. Univ. 
Comenian. Math. 1 (1956), 3-20. (Slovak and Russian 
summaries) 


3315: 

Hronec, J. Sur la théorie du systéme différentiel général 
4 coefficients variables. Acta Fac. Nat. Univ. Comenian. 
Math. 2 (1957), 1-13. (Slovak and Russian summaries) 


3316: 

Borivka, 0. Uber eine Verallgemeinerung der Ein- 
deutigkeitssatze fiir Integrale der Differentialgleichung 
y’=f(x, y). Acta Fac. Nat. Univ. Comenian. Math. 1 
(1956), 155-167. (Czech and Russian summaries) 

3317: 

Rakovstik,L. S. On a condition for unlimited applica- 
bility of Caplygin’ s theorem on inequalities to systems of 
first order differentialequations. Dokl. Akad. Nauk SSSR 
(N.S.) 117 (1957), 378-379. (Russian) 

The author considers the system of equations (1) 
ys’ =fi(%, V1, Ya, ***, Yn) With the initial conditions (2) 
ys(%o)=Yeo, where the functions /;(x, y1, ye, --*, Yn) are 
continuous, and satisfying the Lipschitz condition with a 
constant K with respect to yj, ya, -*-, Yn. 

The following theorem represents the result contained 
in the paper. 

Let functions #;=(x) (¢=1, 2, ---, m) satisfy the con- 
ditions (2) and the inequalities t#’—/;(x, #1, #2, «++, #n)20 
for x € [xo, x1]. Let 0;=m-+-, where are the solutions 
of the system m’—K YP. me [M4 —fi(%, #1, M2, ***, tal, 
vanishing for x=xo, and ¥j, ye, ***, ¥x are the solutions of 
the system (1)—(2). Then, if |0;’ tee 61, 02, «++, On)|S 
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|t6q’ —fa(x, 061, a, --*, Un)|, 


“= in the entire interval 
[xo, *1]. S. 


Kulik (Logan, Utah) 


3318: 

Ivanov, V. N. On the determination of exponential 
factors of integral matrices of almost periodic differential 
systems. Uspehi Mat. Nauk (N.S.) 13 (1958), no. 2(80), 
181-188. (Russian) 

The Xn matrix equation dX/dt=P(z)-X is studied, 
where P(z) is of the form > Axz** and is analytic on the 
universal covering surface S of 71S|z|/S72. The solution 
X(z/zo), which for z=z reduces to the identity matrix, is 
shown to be of the form X(z)-X~-1(zo), and X(z)= Ofzat, 
where (Q(z) is almost periodic and analytic on S and H is 
constant matrix. This result enables the author to =i 
more precise one of his previous results [Dokl. Akad. Nauk 
SSSR (N.S.) 109 (1956), 902-905; MR 18, 389] concerning 
a system dX/dt=P(t)-X considered in the real domain. 


Frantisek Wolf (Berkeley, Calif.) 


3319: 

Matuda, Tizuko. Sur les points singuliers des équations 
différentielles ordinaires du premier ordre. V. Nat. 
Sci. Rep. Ochanomizu Univ. 8 (1957), 1-6. 

Let P(x, y) and Q(x, y) be two polynomials in y without 
common factors, and with coefficients holomorphic in # 
for |x| <6. The equation dy/ds=P(0, »)/9(0, y) is assumed 
to have a solution ¢ such that a branch of ¢, say ¢, satis- 
fies the conditions: (i) ¢ is periodic of period w for Os 
Im sSr; (ii) $(0)=0; (ii) PO, F(s)) #0, Q(0, F(s)) AO for 
O<Im ssr. The matter of main concern is the set of all 
initial values of the solutions of dy/dt=P(et, y)/yQ(e, 9) 
which approach the periodic solution given above as 
t-»—oo along the real axis. The conditions under which 
this set is closed or open in a certain domain are given b 
making use of the results obtained by the author in previ- 
ous papers [same Rep. 4(1953), 36-39; 5 (1954), 1-4, 
175-177; MR 15, 126, 1023; 17, 847. Note: Mrs. Matuda 
was formerly Miss T. Kat6]. 

The equation of the type 


dy/dt= P(e, y)/y(y—B(e)) Qe, y), B(O) #0, 
is also investigated under the assumption that the 


equation 
dy/ds=P(0, y)/y(y—B(0)Q(0, y) 


has a solution whose branch ¢ satisfies (i) ¢ is periodic of 
period w for O<Im s<r, (ii) ¢(0)=0, $(71)=8(0) (—w< 
71<0), (iii) P(0, $(s)) 40, Q(0, d(s)) #0 for O<Im ssyv. 
Analogous results are given. 

Y. Sibwya (Los Angeles, Calif.) 
3320: 

Iwano, Masahiro. Intégration analytique d’un systéme 
d’équations différentielles non linéaires dans le voisinage 
d’un point singulier. I. Ann. Mat. Pura Appl. (4) 4 
(1957), 261-292. 

The author considers the system of equations 

d , 

wot Mb myx, ya, +++, Ym) GI, “om, 
where the functions f; are holomorphic in the domain 
|x|<r, |yil<n, -:*, |¥nl<m, and applies methods of 


Hukuhara [same hon, 19 (1940), 35-44; Mem. Fac. Sci. 

Kyiisyi Univ. A. 2 (1942), 125-137; 4 (1949), 9-21; 5 
(1950), 61-63; MR 2, 49; 9, 92; 11, 247; 15, 244] to the 
study of solutions in the neighborhood of x=0. The re- 
sults generalize and sharpen results obtained previously, 
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for the same or closely related systems of equations, by 
Hukuhara and by Malmquist [J. Malmquist, Acta Math. 
73 (1940), 87-129; 74 (1941), 1-64, 109-128; MR 2, 289; 
3, 240]. The analysis is extremely complicated, and not 
even the results can be detailed here. If the y’s are written 
as suitable formal power series in x and new dependent 
variables 23, ---, Zn, the system of equations is reduced to 
a form such that solutions belonging to a certain class can 
be obtained by quadratures. Thus there is determined a 
class of formal solutions of the original system, each of 
these solutions being a set of formal infinite series in- 
volving certain auxiliary functions of x and arbitrary 
constants. The principal novel problem considered by the 
author is that of determining sufficient conditions under 
which the formal series converge and yield actual so- 
lutions. It is shown that the series do converge provided 
the initial values of the y’s are suitably restricted in 
absolute magnitude, and provided that x is restricted to a 
simply-connected region bounded by two rays from the 
origin and by an arc of a certain auxiliary curve. The 
proof as given involves some undesirable restrictive as- 
sumptions. The author indicates that these restrictions 
will be removed in another paper. 

L. A. MacColl (New York, N.Y.) 
3321: 

Pozharitskii, G. K. On a property of the first approxi- 
mation system. J. Appl. Math. Mech. 22 (1958), 198-200 
(143-144 Prikl. Mat. Meh.). 

Consider the quadratic form W= Df. Dfas pisxery 
(py=Py constants) and the linear system of equations 
(1) dxg/dt=SP_5 piyxy (¢=1, 2, ---, m). Results are ob- 
tained concerning the solutions of (1) in case dW/dt<0O 
always and the ranks of the two forms W and dW/dt are 
equal. In particular, it is shown that if, under these as- 
sumptions, W can be negative, then the system (1) has a 
negative characteristic number. 

C. R. Putnam (Lafayette, Ind.) 
3322: 

Bailey, H. R.; and Cesari, Lamberto. Boundedness of 
solutions of linear differential systems with periodic 
ee Arch. Rational Mech. Anal. 1 (1958), 246— 

l. 

Consider the system of differential equations 


(1) x’ =Ax+eP(t)x, 


where x is an n-vector, A is a constant xn matrix, 
O)=O(+T7), T=2n/m, is an mxXm matrix whose 
elements are L-integrable in [0, T], and ¢ is a small para- 
meter. Let pi(e), «++, px(e) be the characteristic multipliers 
of (1). Using a method of successive approximations 
introduced by L. Cesari [Atti. Accad. Italia. Mem. CI. 
Sci. Fis. Mat. Nat. 11 (1941), 633-695; MR 8, 208], 
theorems of boundedness and criteria for unboundedness 
of the solutions of (1) for OS¢<--0o have been previously 
given by L. Cesari, R. A. Gambill and the reviewer [for 
further references, see review of Hale, Illinois J. Math. 
1 (1957), 98-104; MR 19, 276] for the case where the 
p;(0), 7=1, 2, «++, m, are distinct, non-real and have unit 
modulus. The present paper applies the same method to 
give both boundedness theorems for 0<#<-+oo for the 
case where some of the p;(0) have modulus less than one 
and the remaining p;(0) are distinct and have unit modu- 
lus. One of the p;(0) may be equal to one. This case is 
very important for studying the stability of a periodic 
solution of a weakly nonlinear autonomous differential 
system. If ps(e)—e%s)T, then the coefficients of the 
7,(e), through terms of order e, are given in explicit and 
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easily computable form. Numerous interesting examples 
are given illustrating the surprising effect of the multi- 
pliers with modulus less than one. 


]. K. Hale (Baltimore, Md.) 


3323: 

Hale, J. K. Linear systems of first and second order 
differential equations with periodic coefficients. [Illinois 
J. Math. 2 (1958), 586-592. 

The author gives a new general theorem for bounded- 
ness of the solutions of real linear systems of » first and 
second order differential equations with periodic coef- 
ficients containing a small real parameter A. The theorem 
is remarkable since it concerns a situation where the 
“unperturbed” linear system (with constant coefficients) 
is highly degenerate, having the zero characteristic root 
with arbitrary multiplicity. The theorem can be applied 
to the stability problem of cycles of nonlinear systems. 
The system, of order »+-y, can be written in the eompact 
form (*) #”’+A,(A)=Af1; v"+A2(A)=Afe; w'=Afs, where 


U=(Y1, ***, Yo)s V=(Yosa, °° *> Yu); W=(Ypsa, ** > Ya); 
OS<vSpsn; Ax(d)=diag(ax2, ---, 05%); Aa(d)=diag(oy423, 
*=*, Op®); fi=(fA*, *-*, fe*); fe=Voni*, «°°, fe*)s a= 


(fu+i*, +++, fn*); and all f;*(w, v, w, w’, v', t,A),g=1,---,m, 
are linear functions of u, v, w, w’, v’ (i.e., Of V1, ++, Ya, 
yi’, ***, Yp'), having coefficients periodic in ¢ of period 
T=2n/m, L integrable in (0, 7], and analytic in A. The 
o,(A), j=1, +++, w, are sup to be analytic and po- 
sitive with (C) o;(0)+o,(0)4mw; 20,(0)mwm, for all 
1+h; 7, h=1, +++, 4;m=1, 2, -+-. The author proves that 
if f; is even in (v, #’, é), i.e., fi(u, —v, w, —w’, v', —t, A)— 
fi(u, v, w, uw’, v’, t, A), and fe, fs are odd in (v, #’, #), then, 
for |A| sufficiently small, all AC solutions of (*) are 
bounded in (—oo, +00). For the proof the author uses the 
method previously developed by L. Cesari, J. K. Hale, 
R. A. Gambill [see Hale, same J. 1 (1957), 98-104; MR 19, 
3) for the study of both linear and nonlinear systems. The 
non-degenerate case «=m is known and can be handled by 
elementary considerations. {In condition (C), 2a (0) 
replaces (0), obviously a misprint in the paper.} 


L. Cesari (Baltimore, Md.) 


3324: 

Swartz, William J. An iterative procedure for certain 
nonlinear circuits. Proc. Amer. Math. Soc. 9 (1958), 
533-540. 

The author proves the existence of a periodic solution 
for the nonlinear differential equation (1) Ld*x/dé®+ 
dh(x)/dt+-C-1x=dE(t)/dt, where L, C>0O are constants, 
E(t) (—co<t<-+ 00) is real periodic absolutely continuous 
with E’(#) of class L*, and h(x) (—co<x<-+-00) is continu- 
ous with its derivative and (2) Oceah What ton IY 
the transformation h(x)=b/(x), p=a/b, «e=b/L, B=1/LC, 
y=a(p—1), g(x)=(1—p)-*(x—/(x)), equation (1) is re- 
duced to (3) d®x/dt®+-adx/dt+- Bx=(d/dt)(E(t)—yg(x)), and 
ly|<a. By treating y in (3) as a “small” parameter, the 
usual process of successive approximations is applied to 
(3) with which each successive approximation yields a 
periodic function. The proof of convergence is based on 
known properties of Fourier series of class L*. The con- 
vergence is assured for all |y| <a and thus without further 
restrictions beyond (2). The method of successive ap- 
proximations is not new. (It is contained, e.g., in the more 
refined one used by the reviewer, J. K. Hale, et al. [Hale, 
Illinois J. Math. 1 (1957), 98-104; MR 19, 276; and #3323 
above] for systems of order m, in class L, presenting 
secular terms.) - L. Cesari (Baltimore, Md.) 
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3325: 

Yakubovit, V. A. Structure of the group of symplectic 
matrices and of the set of unstable canonical systems with 
periodic coefficients. Mat. Sb. N.S. 44(86) (1958), 313- 
352. (Russian) 

This paper completes and generalizes previous results of 
Krein [cf. e.g., Pamyati Aleksandra Aleksandrovita An- 
dronova, pp. 414-498, Izdat. Akad. Nauk SSSR, Moscow, 
1955; MR 17, 738], Gelfand-Lidskii [Uspehi Mat. Nauk 
(N.S.) 10 (1955), no. 1 (63), 3-40; MR 17, 482] and the 
author (cf. e.g., Mat. Sb. N.S. 37(79) (1955), 21-68; Dokl. 
Akad. Nauk SSSR (N.S.) 103 (1955), 981-984; MR 17, 
483, 615]. Consider (1) #=JH(t)x, x being a 2k-vector, 
A a real symmetric matrix which is a piecewise continu- 


ous periodic function of period 1, t=(, Ms) Ex 


the unit matrix ; the matrix solution X(¢) of (1) satisfying 
X(0)=E, is called the matrizant and then X(1) is the 
matrix of monodromy, the characteristic roots (ch. r.) of 
which are the multipliers. Let @ be the group of all 
symplectic matrices, i.e., X*]X =X. A simple ch.r. e of 
a symplectic matrix (with a corresponding eigenvector a) 
is said to be of the first [second] kind if (Ja, a) <0 [>0]; 
if &* is a multiple root and the Hermitian form (Ix, x), x 
in the corresponding eigenspace, may be reduced to the 
sum of m, negative and mg positive squares, we shall say 
that there are m, [mz] roots of the first [second] kind which 
coincide with e*; if the ch.r. p satisfies |p| <1 [>1] we 
shall also say that it is of the first [second] kind. (1) is 
said to be stable if all its solutions are bounded in 
(—0oo, +-co) ; strongly stable if the same thing is true for any 
similar system with a matrix Hy in a neighborhood of H 
in the space § of real, symmetric, piecewise continuous 
periodic matrices with the norm of convergence in the 
mean; unstable if it is not stable; strongly unstable if it 
remains unstable for any H; in the neighborhood of H. 
The set of H € § for which (1) is strongly stable [strongly 
unstable} is denoted 0 [3]; they are open sets with a 
common boundary Ip. Between § and @(?) (i.e., the set of 
all piecewise continuously differentiable paths X() € G, 
Osts1, X(0)=Ezx, with a suitable topology) there is a 
homeomorphism given by the matrizant; the i images of 0, 


#, To are denoted by the same letters, and by 6, #, 


TCG, the corresponding sets of matrices of monodromy 
X(1). Let & be the set of all elements ¢ which are 2k-ples 
of complex numbers with the following conditions and 
identifications: (i) the last k numbers in ¢ are the inverses 
of the first 2; (ii) the complex conjugate of any one of the 
first k numbers which is numerically <1 also belongs to 
the first k numbers; (iii) two 2k-ples are identified modulo 
permutations of the first (last) & numbers. A suitable 
topology being assigned to Z, the mapping @— ZX which 
maps X € & on the ¢(X) formed by the & ch.r. of the first 
kind and the & ch.r. of the second kind is onto, continuous 
and weakly open (i.e., for each {€ there is an X € G, 
¢(X)=¢, such that ¢ is interior to the image of any neigh- 
borhood of X); the inverse image of any point in & is 
arcwise connected; @ is arcwise connected; if Arg X= 
Arg ¢(X) is defined as the sum of the arguments of the 
elements of first kind, a necessary and sufficient con- 
dition for the homotopy in © of two arcs with common 
endpoints (which remain fixed during the homotopy) is 
that the variation of the arguments along both arcs be 


the same. Main theorems on the structure of ©: (3.1) 6 is 
the union of 2* disjoint simply connected domains; (3.2) if 


k>1, # is arcwise connected; (3.3) if PT is the set of Xe @ 
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having multiple ch.r. of different types, #™ TI is the union 


of 2(2*—1) disjoint simply connected domains FH), each 
one consisting of those matrices having one and the same 
“type” (two matrices have the same type if, the ch.r. 
of each one lying on the unit circle being numbered in the 
counterclockwise order starting from 1, the roots having 
the same number are of the same type, and moreover 
the number of real positive [negative] ch.r. has the same 
parity for both matrices) ; (3.4) the sets mq (all the ch.r. are 
numerically <e*, «>0) and M, (there are ch.r. numerical- 
ly >e*) are arcwise connected domains if k>1; if k=1, 
m,,is a domain, M, is the union of two disjoint domains. 
Main theorem on the structure of $: m, for any k and #, 
M, for k>1, are domains; if k=1, # and M, are unions of 
domains # y+, Ma,n*, n=O, +1, --+; 0+; M+ [(3#?-, M-] 
correspond to matrices having real positive [negative] 
ch.r.; 0 is the union of domains 0,), uw=y1, -**, po 
(different p correspond to different types), m=O, +1, +--; 
#NT is the union of domains #,), v=, «++, v2¢2*-» 
(vy: different types), n=O, +1, --+; amy two of the above 
domains which differ only by the index m are homeo- 
morphic. J. L. Massera (Montevideo) 


3326: 

Gregus, M. Die Differentialgleichung der dritten Ord- 
nung y’’-+2Ay’+(A’+5)y=0, mit allen oszillatorischen 
Lésungen. Acta Fac. Nat. Univ. Comenian. Math. 1 
(1956),41-47. (Czech. Russian and German summaries) 

In dieser Arbeit wird das Problem gelést, unter welchen 
Bedingungen jede Lésung der Differentialgleichung 


y’" +2Ay’+(A’+b)y=0 


im Interva] (—oco, co) unendlich viele Nullstellen hat. 
Aus der Zusammenfassung des Autors 
3327: 
Gregus, M. Das homogene Randwertproblem fir die 
Lésungen einer linearen Differentialgleichung dritter 


Ordnung. Acta Fac. Nat. Univ. Comenian. Math. 2 
(1958), 219-228. (Slovak. Russian and German sum- 
maries) 


In der Arbeit sind zwei Randwertprobleme fiir die 
Lésungen der Differentialgleichung 


y" +2A(x, Aly’ +[A'(x, A)+b(x, a)]y=0 


gelést. Aus der Zusammenfassung des Autors 
3328: 
_Mohr, Ernst. Periodische und halbperiodische Randbe- 
en beim Sturm-Liouvilleschen Eigenwertproblem. 
Math. Nachr. 18 (1958), 333-345. 

The author considers the two eigenvalue problems 
associated with the equation —(pu’)’+qu=Aru on OSxS1 
and the boundary conditions (i) u(1)=4(0), p(1)e’(1)= 
P(O)u'(0); (ii) w(1)—=—1(0), p(1)u’(1)=—p(0)u’(0). He 
establishes the known results concerning the eigenvalues, 
and the zeros of the eigenfunctions, by treating the 
problems as variational ones. Together with the conditions 
(i) and ) are considered the boundary conditions 
(iti) #(0) =O, (1) =O; (iv) p(O)u’(0) =O, p(1)u’(1)=0. It is 
further shown that an eigenvalue for (i) or (ii) is twofold if 
and only if it is an eigenvalue for. both (iii) and (iv). 

E. A. Coddington (Los Angeles, Calif.) 
3329: 


Brauer, Fred. Singular self-adjoint boundary value 
problems for the differential 
Amer. Math. Soc. 88 (1958), 331-345. 
The author first considers eigenvalue problems on a 


Lx=AMx. Trans. 
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finite closed real interval J: aSt<b of the form Lx=AMx 
together with a set of » independent linear homogeneous 
boundary conditions Ux=0. Here L=Df.9p,D**, M= 
Si20G%D™+* (D=d/dt) are formally self-adjoint with 
pe C*4, ge C™-4, and po, go do not vanish on J. It is 
assumed that O<msn—2, (Lu, v)=(u, Lv), (Mu, v)= 
(wu, Mv), and that there exist real constants d>0 and K 
such that (Mu, u)2d(u, u), (Lu, u)=K(u, uw) for all 
u,veEC*® which satisfy Ux=0. After improving some 
results due to Kamke [Math. Z. 46 (1940), 231-286; MR 
2, 52] the author goes on to consider the eigenvalue 

roblem on an infinite interval. Here he establishes a 
Pssenl equality and an expansion theorem, making use 
of the Friedrichs extension of a semi-bounded operator 
and the methods used by Coddington and Levinson 
[Theory of ordinary differential equations, McGraw-Hill, 
New York-Toronto-London, 1955; MR 16, 1022] for the 
case Lx=Ax. E. A. Coddington (Los Angeles, Calif.) 


3330: 

Brauer, Fred. Spectral theory for the differential 
equation Lu=AMu. Canad. J. Math. 10 (1958), 431-446. 

The existence of eigenfunction expansions connected 
with the ordinary differential equation Lx=AMx (no- 
tation same as in preceding reviéw) is proved in a differ- 
ent way. It is assumed that M-1L has a self-adjoint ex- 
tension in the Hilbert space generated by the inner 
product [/, g)=(Mf, g). Corresponding to any such ex- 
tension an expansion result is obtained, the proof of which 
is based on the von Neumann theory of direct integrals 
and the spectral theorem. This method was used by L. 
Garding to obtain similar results for elliptic partial 
differential operators [Inst. Fluid Dynamics and Appl. 
Math., Lecture series no. 11, Univ. of Maryland, 1954; 
MR 17, 159]. The existence of a Green’s function is shown, 
and the relation between this function and the spectral 
matrix is obtained. The self-adjoint extensions of M-1L 
are characterized by boundary conditions. 

E. A. Coddington (Los Angeles, Calif.) 
3331: 

Reid, William T. A class of two-point boundary 
problems. Illinois J. Math. 2 (1958), 434-453. 

Let Ao(x), A1(x), B(x) be »xm matrices of complex- 
valued functions of x on aSx*<b and suppose that Ao and 
B(x) are continuous, B(x) #40, and A;(x) is non-singular 
and of class C1. In addition, let M, N be (constant) nxn 
matrices, with complex elements, such that the x 2n 
me ||MN\| has rank n. The following system is con- 
sidered. 


(1) Ai(x)y’-+Ao(x)y=AB(a)y, aSx<b; My(a) +Ny(b) =0. 


For a non-singular transformation (2) 2z(x)=T(x)y(x) 
(y, z vectors), the conditions for (1) are enumerated which 
correspond to those considered by Bliss [Trans. Amer. 
Math. Soc. 44 (1938), 413-428]: (i) (1) is equivalent to its 
adjoint under (2); (ii) S(x)=7*(x)B(x) is Hermitian on 
(a, b); (iii) S(x)2O on [a, 5); (iv) if Ary’ +Aoy=0, My(a)+ 
Ny(b)=0, and By =0, then y=0 on [a, b}. The conditions 
corresponding to those considered by the author [ibid. 
52 (1942), 381-425; MR 4, 100] are (i), (ii), (iv), with (iii) 
replaced by /2 y*T*(A1y’+Aoy)dx>0 for arbitrary y(x) 
satisfying My(a)+-Ny(b)=0, By 0, and such that there 
is a vector function g(x) satisfying A1y’+Aoy=Bg. The 
paper contains, in particular, results dealing with the 
equivalence of systems of type (1) under non-singular 
linear transformations; results on systems (1) satisfying 
(i) and (ii); and discussions of the various conditions (i) 
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through (iv). One of the theorems (section 5) is that if (1) 
satisfies (i) under (2), then there is another transformation 
z==T}(x)y for which (1) satisfies both (i) and (ii), Ay*7) is 
skew-Hermitian on [a, 5], and the a system 
T1*(A1y’+Aoy)=AT1* By, My(a)+Ny(b)=0 is self-ad- 
joint. In addition, if (1), (2) satisfy (i) and (ii), then there 
exists a real constant ; such that 7;*B=k,7*B on [a, 5}. 

C. R. Putnam (Lafayette, Ind.) 
3332: 

Levinson, N. Transform and inverse transform expan- 
sions for sin self-adjoint differential operators. 
Illinois J. Math. 2 (1958), 224-235. 

Let D=d/dt and L=fpoD*+,D*""'+ - ° *+Pa, where 
the p, are complex-valued functions of class C*-* on an 
open real interval a<t<b, po(t) 40, and L coincides with 
its formal adjoint. Corresponding to every self-adjoint 
eigenvalue problem associated with L in L%(a, 6) there 
exists an » by m matrix p, called the spectral matrix, and 
an isometry of L2(a, 6) into L*(p). It is shown here that 
this mapping is actually onto all of L#(p). In the process 
another proof of the expansion theorem is given. The meth- 
od used combines the procedure used by the author in a 
previous paper [Ann. of Math. (2) 59 (1954), 300-315; 
MR 15, 709] with the boundary conditions obtained by the 
reviewer [Math. Scand. 4 (1956), 9-21; MR 18, 915) which 
describe the problem. 

E. A. Coddington (Los Angeles, Calif.) 
3333: 

Everitt, W.N. The Sturm-Liouville problem for fourth- 
order differential equations. Quart. J. Math. Oxford Ser. 
(2) 8 (1957), 146-160. 

The author extends the work of E. C. Titchmarsh 
[Eigenfunction expansions associated with second-order 
differential equations, Clarendon Press, Oxford, 1946; 
MR 8, 458] on the Sturm-Liouville problem to fourth- 
order equations of the form 


y¥—[9r(x)y)] +-G0(x)y=Ay 
with Sturmian boundary conditions 


Z,(—Mittad4y(a)—0 (i=1, 2), 


Z (Ppt) —0, (=I, 2), 


where y) denotes the differential coefficient of order r 
with respect to x, and go(x), 91(x), g1(x) are real valued 
and continuous in the closed finite interval [a, 6]. The 
real row vectors (a;/) and (af) are assumed linearly 
independent, satisfying g1(4@){a12a2g!—a,1a9%}+ {a;4ag!— 
gta; 1+ a1 2x23—a3a92}—0, with similar conditions on 
the f. 

The eigenvalues are shown to be roots of a functional 
determinant having zeros of at most the second order, 
simple zeros having one linearly independent eigenfunction, 
double zeros having two. The main feature is the explicit 
construction of the eigenfunction. The method employs a 
new representation of Green’s function together with 
ideas of K. Kodaira [Amer. J. Math. 72 (1950), 502-544; 
MR 12, 103}. M. Schechter (New York, N.Y.) 


3334: 

Rota, G. C. Extension theory of differential operators. 
I. Comm. Pure Appl. Math. 11 (1958), 23-65. 

This paper discusses linear operators on L,(Z) (J an 
open or closed interval, |1SpSoo) generated by differ- 
ential expressions of the form r= D}.0 @;(¢)D! (D=d/dt). 
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The coefficients are assumed to be complex-valued and 
C” on I, and r* denotes the complex conjugate of the 
usual Lagrange adjoint of r. If A,(Z) is the space of all 
(n—1) times differentiable functions on J with the 
n—1)th derivative absolutely continuous, then D,(r, p)= 
He Ag(I) ALp(1)\7f € Lp(J)}, and Ti(r, p) is the operator 
on L,(Z) defined for fe Di(r, p) by T1(r, p)f=7f. The 
operator To(r,~) is defined to be 7 (r*, q)*, where 
q=p/(p—1) and the adjoint of an operator on L,(J) is 
defined in L;(J). 

A closed linear operator T on L»y(J) is a D-operator, or 
an extension of 7, if To(r, #)CTC7i(r7, p). The domain of 
such a D-operator can be defined by adding to Do(r, p) 
the span of certain elements of D,(r, p), or by restricting 
D,(r, ~) via boundary conditions. Since Dj(r, p) is a 
Banach space under the norm |irf||p+||/\|p, this induces a 
norm on D;(r, ~)/Do(r, #), and a linear functional on the 
latter space which is continuous in this norm is a boundary 
condition. The adjoint of a D-operator is also a D-operator 
(an extension of r*). 

The essential spectrum of an operator A is o,(A)= 
{Ae C|R(AI—A) is not closed}. Most of the later results 
require that o,(To(r, #)) be not the whole complex plane. 
With this condition the space of boundary conditions is of 
finite dimension equal to 


dim(D,(r, p)/Do(r, p))= 
dim[N (Al —Ti(r, p))]—dim[N (al —To(r, p))}+ 
dim[N(4l—Ti(r*, g))]—dim[(N(AI—To(r*, 9))].- 


This also shows that the space of boundary conditions for 
r* has the same dimension as that for 7. Another con- 
sequence of the above condition is that for any extension 
T of r we have o,(7)=«o¢(To(r, p)). 

An extension T of r is maximal at A if A¢ o(T). The 
main theorems concerning extensions are the following. 
(I) If Ao ¢ oe(To(r, p)) and Ap is not an eigenvalue of 
To(r, ~), there is an extension T of + which is maximal 
at Ao. (II) If w is in the same component of the comple- 
ment of o¢(To(r7, p)) as the Ao of (I), then either pw is an 
eigenvalue of 7 or p is in the resolvent set of JT. The spec- 
trum of 7 in this component consists of (at most) a se- 
quence of eigenvalues with limits in o¢(7o(r, )). (III) If 
{An} is a sequence of points satisfying the hypotheses of 
(I), and dim[N(A,J—T(r, ~))] is independent of », then 
there is an extension T of + which is maximal at each A,. 

There are also several theorems on the relations of the 
adjoints of extensions T and boundary conditions. 

R. R. Kemp (Kingston, Ont.) 


3335: 
Sternberg, Shlomo. Local contractions and a theorem of 
Poincaré. Amer. J. Math. 79 (1957), 809-824. 


The problem of linearization is considered for real non- 
analytic systems of differential equations or flows. If the 
group of orientation preserving homeomorphisms of the 
(n—1)-sphere is arcwise connected (which is true at least 
for 32) we have theorem |: If S and T are two orien- 
tation preserving homeomorphisms of a neighborhood of 0 
in Euclidean n-space, ||Sx||, ||7x||<|\x||, there is a homeo- 
morphism R, RO=0, with RSR-!1=T. If the transfor- 
mations are restricted to be smooth it is well known that 
this is no longer true. Theorem 2: Let T* be the class of 
orientation preserving homeomorphisms of class C* of 
some neighborhood of 0 (which is a fixed point) having 
a non-vanishing Jacobian; let T € T* be such that (I) the 
characteristic roots (ch.r.) sy of the Jacobian are simple and 
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numerically <1, and (II) sgs;™---sg™» for any non- 
negative integral m;, 5 my>1; let s, S be the smallest and 
largest of the absolute values of the ch.r.; and assume 
k>log s/log S; then there is an R e T* such that RTR-1 
is linear. Theorem 3: If 7; € T* is a one-parameter group 
(T:Ts=Te+s) such that 7, satisfies (1) and (II) and 
k>log s/log S, then there is an R € T* such that R7T,R-1 
is linear. Application of these results to the linearization 
of differential equations immediately yields Poincaré’s 
theorem and a generalization to the non-analytic case. 
If (I) is satisfied but not (II) and if k>log s/log S then 
any T e€ T* can be reduced to a transformation P given 
by polynomials of degree Sf (indeed, P may be obtained 
by “‘truncation”’ of T up to terms of degree k). Extensions 
to conditionally stable homeomorphisms (where (I) is 
partially violated) are also considered ; a generalization to 
the non-analytic case of Lyapunov’s theorem is thus 
obtained. J. L. Massera (Montevideo) 


3336: 

Sternberg, Shlomo. On the structure of local homeo- 
morphisms of euclidean m-space. II. Amer. J. Math. 
80 (1958), 623-631. 

In this second paper the following theorem is proved 
(using the notation of the preceding review, #3335): If 
TeT* satisfies (II) but not (I), there is a function 
A=A(s; k) such that T may be linearized by an Re T’; 
for fixed {s;}, Aco when k-co, and if k=oo, A may be 
chosen =oo. J. L. Massera (Montevideo) 


3337: 
Rabenstein, Albert L. Asymptotic solutions of 
ubv + 22(z06"’ + ats’ + Bu) =0 


for large |A|._ Arch. Rational Mech. Anal. 1 (1958), 418- 
435. 


The asymptotic theory of the differential equation in 
the title is very useful for the study of the Orr-Sommerfeld 
equation of hydrodynamic stability, which has a similar 
structure, but is more complicated. The special case 
a=Q0, B=1 was investigated by this reviewer [Ann. of 
Math. (2) 52 (1950), 350-361; MR 12, 261]. The present 
paper contains a more complete analysis of the general 
case by a similar technique, i.e., representation of so- 
lutions by Laplace contour integrals which are then ex- 
panded in asymptotic series by means of the method of 
steepest descent. The Stokes phenomenon for these 
asymptotic series is completely analyzed. The asymptotic 
series are not valid near the “‘turning point’ «=O, where 
convergent series are obtained directly from the integral 


representations. W. Wasow (Madison, Wis.) 
3338: 
Hukuhara, Masuo. Sur la solution bornée des équations 


différentielles ordinaires périodiques. Univ. e Politec. 
Torino. Rend. Sem. Mat. 15 (1955-56), 49-57. 

Dans cet article l’auteur donne certaines modifications 
et généralisations d’un théoréme de Y. Sibuya [J. Fac. 
Sci. Univ. Tokyo Sect. I 7 (1956), 333-341; MR 18, 38] 
concernant le systéme d’équations 


dx, 


qa ah, *1, ***, Xm) (¢=1, 2, 72°, #8), 


dont les seconds membres sont continus dans le domaine 
—oo<t<-+oo, |%|<6, holomorphes par rapport a 4%, 

‘+, 4m, périodiques par rapport a ¢ (la période m) et 
identiquement 


s’annulant pour %=x%g=-+++=%_=0. 
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Aprés cela, il donne les conséquences intéressantes qui 
viennent de ce théoréme concernant particuliérement 
l'équation dx/dt=f(t, x). T. Peyovitch (Belgrade) 


3339: 

Kazarinoff, Nicholas D. Asymptotic solutions with 
respect to a parameter of ordinary differential equations 
having a i point. Michigan Math. J. 4 
(1957), 207-220. 

The author examines the asymptotic behaviour for 
large complex A of solutions of the differential equation 


a 2 
Tr + &, hle)atw=0 


where the sum is assumed convergent for |A|>N, and 
f-a(z), zf-1(z), z*fs(z) (¢=0, 1, 2, ---) are analytic in a 
closed simply-connected region D containing the origin in 
its interior. The investigation generally follows the pattern 
established by R. E. Langer. The asymptotic forms of 
the solutions are expressed in terms of Bessel functions 
when =A/§ [f-2(¢)}#dt is bounded, and in terms of ele- 
mentary functions when é is large. The work is motivated 
partly by its potential applications to special functions, 
and partly by a desire to progress towards completion of 
the asymptotic theory of differential equations with 
turning points. A. Erdélyi (Pasadena, Calif.) 


3340: 
Kostomarov, D. P. On the asymptotic behavior of 
solutions of certain linear differential tions of second 





order containing a large parameter. Mat. Sb. N.S. 45(87) 
(1958), 17-30. (Russian) 
Differential equations of the form 
au, fw t(x) g(*) 
* = 
") dx? +{ zat nh ¥=0, 


a<x3b, are considered in which f and g are continuous and 
f does not vanish on [a, 6]. Asymptotic expansions to m 
terms for solutions of (*) are obtained which are uniform 
in x for a<x<b as w—>+ co. These results are more general 
than earlier ones of A. A. Dorodnicyn, who assumed 
g(x) =(x—a)g*(x) [Uspehi Mat. Nauk. 7 (1952), 3-96; MR 
14, 876}. A more general equation than (*) has recently 
been considered by the reviewer, uniform asymptotic 
expansions for its solutions being found over a domain in 
the complex plane [#3339 above]. 

The results are applied in three ways: (1) The asymp- 
totic form of the characteristic values of the boundary 
value problem 


¥ (¢-St)-[-F —ene)] w+ atu=o, 


\#(0)|<oo, u(Z)=0, is determined. (2) The above equation 
with the boundary conditions |u(0)|<oo and w’(/)+ 
Bu(!)=0 is considered as in (1). (3) Asymptotic repre- 
sentations as m->co for spherical harmonics P,™(cos 6) 
and Jacobi polynomials 2F1(p+, —n, g;x) are found. 


N. D. Kazarinoff (Ann Arbor, Mich.) 


3341: 

Bragg, L. R. Fundamental solutions of a linear 

d differential equation of the third order in the 
neighborhood of a simple second order turning point. 
Duke Math. J. 25 (1958), 239-264. 

The paper deals with the differential equation 


y'" +-Ahy(z, Aly” + A%ha(z, Ay’ +A%ha(z, A)y=0, 
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A being a large parameter, in a bounded region of the z- 
plane in which the roots of the auxiliary equation 


y3+hy(z, c0)y?+he(z, 00)y-+hg(z, 00) =0 


are distinct except at a single point (turning point). 
There, two roots become coincident in such a way that the 
discriminant vanishes to order two. Asymptotic forms for 
solutions are based upon explicit solutions of an “‘ap- 
proximate’ (related) equation, with error estimates ob- 
tained from the associated Fredholm integral equation. 
An idea of R. E. Langer’s [Trans. Amer. Math. Soc. 
81 (1956), 394-401 ; MR 18, 39] is employed to reduce the 
problem of constructing a related equation for the given 
third order equation with a second order turning point 
to the same problem for a second order equation with a 
second order turning point. A solution to this latter 
problem has been given by the reviewer [Trans. Amer. 
Math. Soc. 79 (1955), 103-123; MR 16, 1023). In the 
present paper a modified version is presented,. which 
appears advantageous for computation, Once a related 
equation has been obtained, the discussion turns to the 
detailed study of the relationships between its solutions 
and those of the given equation, with precise delimitation 
of the regions of (z, 4) in which various forms retain their 
significance. R. W. McKelvey (Boulder, Colo.) 


3342: 

Lakshmikanth, V. On the boundedness of solutions of 
nonlinear differential equations. Proc. Amer. Math. Soc. 
8 (1957), 1044-1048. 

The system of real differential equations considered is 
y’ =f(x, y), y(xo)=0, where y and /(x, y) are n-dimensional 
vectors, /(x, y) is continuous for x9$%<oo and |j}y||= 
Et-1 [ye] <oo. | , 

Let A(x, 7) be a non-negative real function measurable 
in x for each fixed r=0, continuous in 7 for each fixed x, 
xox <00, r20, and let r(x) be the maximal solution, in 
the sense of Kamke ([Differentialgleichungen reeller 
Funktionen, Akademische Verlag, Leipzig, 1930], of the 
differential equation r’=A(x, 7) passing through the point 
(xo, 0). Criteria for the boundedness and unboundedness 
of solutions of y’=/(x, y) and theorems comparing so- 
lutions of two such equations are given in terms of A(x, 7). 
For example, if ||/(x, y)||SA(z, |ly||), then if r(x)=O(1) as 
%-»oo, the norm of every solution of y’=/(x, y) tends to a 
finite limit as x->oo. If, in particular, 7(x)=o(1), then 
each component of every solution of y’=/(x, y) tends to 
zero as x->oo. This generalizes a theorem of Wintner 
[Amer. J. Math. 68 (1946), 125-132; MR 7, 297). 

W. R. Utz (Columbia, Mo.) 
3343: 

Sibuya, Yasutaka. Second order linear ordinary dif- 
ferential equations containing a large parameter. Proc. 
Japan Acad. 34 (1958), 229-234. 

Let d®y/dx®+-(42¢(x)+R(x, 4))y=O0 be a differential 
equation in the complex x-plane containing a large 
complex parameter 4. The analytic function ¢(x) is 
supposed to have a zero of order m at x=0, so that this 
point is a “turning point of order m” for the asymptotic 
behavior of the solution y(x, 4). The function R(x, A) is 
supposed to possess an asymptotic series in powers of 
4-1 as Aco in a certain sector of the A-plane. The coef- 
ficients of this series are assumed to be holomorphic at 
x=0. The asymptotic properties of such differential 
equations in a neighborhood of x=0 are still largely un- 
explored in the case when m>2. An obvious change of 
variables reduces this problem to a similar one with 
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¢(x) =x™. The author show that a further transformation 
of the dependent variable of the form y=A(x, A)u+ 
B(x, A)du/dx can be constructed such that the transformed 
equation is of the form d®u«/dx2+-(42x™+-S(x, 4))w=0, 
where S(x, 4) is a polynomial of degree m—2 in x. The 
functions A(x, 4), B(x, 4) possess asymptotic series in 
powers of 4~! in certain sectors of the x and 4-planes and 
are holomorphic in x. The method of proof is based on 
techniques introduced by M. Hukuhara in Mem. Fac. 
Engrg. Kyiishi' Univ. 8 (1937), 249-280 and in Jap. J. 
Math. 20 (1950), 1-4 [MR 13, 561]. 


W. Wasow (Madison, Wis.) 
3344: 

Corduneanu, C. Quelques problémes globaux concer- 
nant les équations différentielles du premier ordre. An. 
Sti. Univ. “Al. I. Cuza” Iasi. Sect. I. (N.S.) 2 (1956), 
33-52. (Romanian. Russian and French summaries) 

In this paper the author studies the behaviour of the 
solutions of the differential equation y’=/(x, y) for x20 
or for —co<x<oo. Typical assumptions on / are: f is 
continuous, fy exists, and O<m<fySM (or —Msfys—m 
<0) for x20 (or —co<%<oo) and all y, f(x, 0) bounded. 
The existence and uniqueness of bounded solutions, peri- 
odic, almost periodic, and asymptotically almost periodic 
solutions are investigated, as is also the relation of the 
solutions to those of an equation of the form y’=/(x, y)+ 
ah(x, y, «) containing a small parameter a. 

A. Erdélyi (Pasadena, Calif.) 
3345: 

Corduneanu,C. Quelques problémes globaux concernant 
les équations différentielles non-linéaires du second ordre. 
Acad. R. P. Romine. Fil. Iasi. Stud. Cerc. Sti. Mat. 
7 (1956), no. 1, 1-7. (Romanian. Russian and French 
summaries) 

If D is the half-plane x20, —co<y<oo, f(x,y) is 
continuous, /y exists and O<msj/ySM in D, and f(x, 0) is 
bounded on #20; then through every point of the y axis 
there passes a single bounded solution of the differential 
equation y’’=/(x, y), all these bounded solutions approach 
one another asymptotically, and all other solutions tend 
to infinity as x->oo. If 0<ms</y and fy is not bounded 
above, the solutions of the above differential equation 
need not exist for all x20 but the structure of bounded 
solutions remains the same. 

If conditions similar to those above are satisfied in the 
whole x, y plane, the differential equation y” =/(x, y) hasa 
single solution bounded for all x. Through every point of 
the y axis other than the intersection with the bounded 
solution there passes a unique solution bounded for x20 
but unbounded for xS0, and a unique solution bounded 
for x<0 but unbounded for x20. Those solutions bounded 
on a half-line approach asymptotically the solution 
bounded on the whole line. A. Erdélyi (Pasadena, Calif.) 


3346: 

Corduneanu, C. Quelques problémes concernant les 
équations différentielles du second ordre a petit paramétre. 
Acad. R. P. Romine. Bul. Sti. Sect. Sti. Mat. Fiz. 8 (1956), 
703-707. (Romanian. Russian and French summaries) 

The results established in the paper reviewed above are 
extended, under appropriate conditions, to the differential 
equation y” =/(x, y)+ah(x, y,«) in which « is a small 
parameter. The dependence on a@ of the bounded (or 
periodic or almost periodic) solutions of this differential 
equation is also investigated. 


A. Erdélyi (Pasadena, Calif.) 





3347: 

Corduneanu, C. Sur le comportement des solutions 
d’une classe d’équations différentielles non-linéaires du 
second ordre. Acad. R. P. Romine. Fil. lagi. Stud. Cere. 
Sti. Mat. 7 (1956), no. 2, I-11. (Romanian. Russian 
and French summaries) 

The author investigates the solutions of the differential 
equation y”’ =/(x, y, y’), assuming that /(x, y, z) is continu- 
ous and f/f, exists for x20, —co<y,z<oo, and that 
f(x, y, 0) =0. ; 

Among other results he proves that in the event that 
—Msf,S—m <0, all solutions are bounded and approach 
a limit monotonically as x->+-co; and that in the event 
that 0<ms/,SM, all solutions with the exception of the 
constant solutions increase or decrease indefinitely. 

A. Erdélyi (Pasadena, Calif.) 
3348: 

Corduneanu, C. L’existence des solutions bornées pour 
certaines équations différentielles du second ordre. Acad. 
R. P. Romine. Fil. Iasi. Stud. Cerc. Sti. Mat. 8 (1957), 
no. 2, 127-134. (Romanian. Russian and French sum- 
maries) 

The author continues the investigation of the differ- 
ential equation y’’=/(x, y, y’) under the following con- 
ditions: /(x, y, z) is continuous in D: x=0, lyisd, |als 
HMt; jy exists and O0<m<fy<M in D; |f(x, 0, z)|SmH 
in D. A. Erdélyi (Pasadena, Calif.) 


3349: 

Wintner, Aurel. On the comparison theorem of 
Kneser-Hille. Math. Scand. 5 (1957), 255-260. 

Using the Riccati equation, the author obtains com- 
parison theorems which enable him to deduce the oscil- 
latory behavior of the solutions of w’’+-/(é)y=0 from that 
of the solutions of «“’-+-g(t)w=O0, provided that f and g 
satisfy certain relations. 

R. Bellman (Santa Monica, Calif.) 
3350: 

Jones, John, Jr. 
Atkinson’s. 
306-309 


On the extension of a theorem of 
Quart. J. Math. Oxford Ser. (2) 7 (1956), 


The purpose of this note was to establish the following 
statement: If f;(x) is non-negative and continuous for 
x20 on [0, co), #=2, 3, ---, m, f(x) >O for some index &, 
and if /;'(x) is L-integrable in [0, oo), then all the solutions 
of (I) y’+D2.2 /y*=0 are oscillatory if and only if (I) 
S® Sto xfi(x)\dx=0c0. But that condition (II) is not suf | 
ficient can be seen from the following example: The so 
lution of y”+y?+y3+y4=0, y(0)=—1, y(O)=—1 is 
negative for all x20. The necessity of (II) is verified bya 
method used by F. V. Atkinson [Pacific J. Math. 5 (1955), 
643-647; MR 17, 264). If the equation (I) contains no 
even powers of y and if & is its highest power, then (II) is 
sufficient. Choy-tak Taam (Washington, D.C.) 


3351: 

Morimoto, Hiroshi. On the singular perturbation of the | 
linear with periodic coefficients. Math. Japon. 
4 (1956), 95-100. 

Let E(e) be the diagonal »xm matrix with (n—1)|'s 
down the diagonal and an e in the last place, F O be a 
continuously differentiable » x matrix of period T, and 
f(x, t, e) be a continuously differentiable »x1 matrix 
function of the »x1 matrix x, ¢, and e which is periodic 
of period T in ¢. If the entry faa(¢) of F(é) is <—m<0 and 
certain other conditions are satisfied, the author proves 
that if the system E(0)4=F(t)x has a solution # of period 
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T, then the system E(e)4—F(t)x-+-ef(x, t, 2) has a unique 
periodic solution g, for e20, which reduces to p when 
e=0. R. R. Kemp (Kingston, Ont.) 


3352: 

KuStev, B. I. A special case of the problem of stability 
of motion. Kazan. Gos. Univ. U¢. Zap. 112 (1952), no. 
10, 207-209. (Russian) 


3353: 

Germaidze, V. E.; and Krasovskii, N. N. On stability 
under constant perturbations. Prikl. Mat. Meh. 21 (1957), 
769-774. (Russian) 

Consider (1.1): #=X(x, t)+R(x, t) and (1.4): #=X(x, d), 
where X is continuous and satisfies a uniform Lipschitz 
condition with respect to x in ||x||<H, #20; X(0, #)=0; 
the function R is assumed to be bounded. The solution 
x=0 of (1.4) is said to be stable under constant pertur- 
bations bounded in the mean (scpbm) if given e>0, 
T>0, there are numbers 6>0, 9>0 such that, if 
IR(x, HiiSe(2), llxll<e, #20, /i*? p(E)\dE<n, #20, ||xol| <d, 
to>0, the solution of (1.1) through (xo, #9) satisfies ||x(t)||<e, 
t2to. Theorem 1.1: If x=0 is a uniformly asymptotically 
stable solution of (1.4) it is scpbm (in the periodic and 
autonomous cases the assumptions may be weakened). 
Definition and theorem may be extended to the case of 
differential-difference equations, where the perturbations 
bounded in the mean apply not only to the second mem- 
bers of the system but also to the time lags. Theorem 3.1: 
Assume X periodic in ¢, R bounded and Lipschitzian in 
\|x||SH, #20; if x=0 is an asymptotically stable solution 
of (1.4), given e>O there are numbers 6>0, r9>0 such 
that, if /{** R(x®, &)d&=0 for any fixed x® and any t2te=0, 
where 7 (period) is some number 0<1r<7po, then ||xol| <6 
implies that the solution of (1.1) through (xo, éo) satisfies 
\|x(t)\|<e, tte (the bound of R may be large, but if 7 is 
sufficiently small, i.e., the second member is submitted to 
comparatively large but very rapid oscillations, the 
perturbation of the solution is then arbitrarily small). 

J. L. Massera (Montevideo) 
3354: 

Moser, Jiirgen. New aspects in the theory of stability 
of Hamiltonian systems. Comm. Pure Appl. Math. 11 
(1958), 81-114. 

For linear systems of differential equations with 
periodic coefficients, Floquet’s theory shows that a 
fundamental set of solutions of simple form can be de- 
termined via the reduction of a certain linear transfor- 
mation to the Jordan normal form; and for Hamiltonian 
systems it is well known that the roots (eigenvalues) of the 
characteristic equation occur in reciprocal pairs A, 4-1, 
and that the sets of elementary divisors associated with 
multiple 4, A-! (when these are unequal) have the same 
multiplicities. 

In the present paper the special concern is with real 
linear Hamiltonian systems and with the case where each 
|A|=1 (so that A-1=A) but no A=+1. The leading idea is 
to give a criterion for ordering each pair, 4, A~! so that it 
is determined which of them shall be given primacy and 
called 4,, the other then being, of course, 4,. In terms of 
this ordering: (1) a sufficient condition for the non- 
occurrence of secular terms in the general solution, i.e., 
for all the elementary divisors to be linear, is given as 
4, #h, for y, w=1, 2, -+-, m, where 2n is the order of the 
system; and (2) the same condition secures ‘parametric 
stability’, i.e., the persistence, under small real variations 
of a parameter in the differential equations, of the proper- 





3352-3357 


+ that each |4|=1 and that the elementary divisors be 
inear. 

In a concluding section non-linear Hamiltonian systems 
with periodic coefficients are considered, for which, in the 
linear approximation, the origin is a position of stable 
equilibrium. It is shown (3) that, if []?, 4,41 for all 
sets of non-negative integers g, (except of course the all- 
zero set), then the system has a formal series integral 
whose leading terms form a positive-definite quadratic — 
the origin then being called ‘almost stable’; and (4) that, 
whenever the stated condition on the linear terms is 
violated, the non-linear terms can be so chosen that 
the origin is unstable. 

The reviewer has found this a difficult paper to assess, 
and considers that its essential content (as regards real 
linear Hamiltonian systems with periodic coefficients) 
may be expressed as follows. (1) The concern is with the 
reduction of such systems to a normal form by means of 
real canonical transformations. (2) Corresponding to a 
pair of eigenvalues e*2*#8, where f is real and #0, } 
(mod. 1) and the associated elementary divisors are of 
degree s, the normalized Hamiltonian has a constituent of 
the form 


iB E(x p%s+1—pt+Yp¥eti—p) + a (xpter2-ot¥p-eri-2) ' 


in which xp, yp are canonical conjugates and are real 
functions of the original coordinates. Here a is real and 
#0, but otherwise arbitrary; but £ is determinate (mod 1), 
and cannot be replaced by —f under a real canonical 
transformation. Also, the quadratic forms shown in z, 
y have the signature 0 or +1 according as s is even or odd; 
to this answers the definition in the paper, whereby of a 
group of equal /’s half are assigned the notation A, and the 
remainder the notation 4,. | 7. M. Cherry (Melbourne) 


3355: 

Murav’ev, P. A. Solution by an operational method of 
certain differential equations and systems of differential 
equations with retarded argument. Mat. Sb. N.S. 44(86) 
(1958), 157-178. (Russian) 

An exposition is given of the use of operational methods 
for the solution of linear difference-differential equations 
with constant coefficients. The iterative scheme used for 
the step-by-step extension of the solution and the 
formulas necessary for computation are described in 
detail. The most general system considered is of the form 


#(t)=Ax(t)+Bx(t—7) +70), 


where A and B are constant (mx) matrices. 
J. P. LaSalle (Baltimore, Md.) 
3356: 
Yablokov, V. A. A class of differential equations of 
second order. Kazan. Gos. Univ. Ut. Zap. 112 (1952), 
no. 10, 117-122. (Russian) 


PARTIAL DIFFERENTIAL EQUATIONS 
See also 3389, 3395, 3440a-b. 


3357: 

Sargsyan, I. S. Convergence of a differentiated expan- 
sion in eigenfunctions of the i operator on the 
plane. Akad. Nauk Armyan. SSR Dokl. 25 (1957), no 4, 
163-169. (Russian. Armenian summary) 

Let g be a real-valued continuous function defined on a 
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3358-3364 


finite domain D, of euclidean two-space, with boundary 
I’. The problem —Au-+-gu=Au, du/82n=0 on I, is consider- 
ed. It is assumed that the spectrum is non-negative, 
consisting of eigenvalues yu”, ug”, - --, with corresponding 
eigenfunctions 91, 2, ---. Suppose / is a function on D 
having second partial derivatives, satisfying the above 
boundary condition, and —A/+gqfeLl2(D). Further, 
assume that in the neighborhood of an interior point 
xq € D, the functions g and / have bounded first and second 
partial derivatives, respectively. Then the author shows 


that 
, . Opn of 
i c xo) = —— (xo), 
os n Ox, ( 0) ax, ( 0) 
for i=1, 2, where Ca=/p fn. If the conditions on g and / 
are valid in a closed subdomain d of D, then this result is 
true uniformly in d. 
E. A. Coddington (Los Angeles, Calif.) 





3358: 

Sargsyan,1I.S. On differentiation of a spectral function 
of the operator —A-+-9¢(x, y). Akad. Nauk Armyan. SSR 
Dokl. 26 (1958), no. 3, 129-134. (Russian. Armenian 
summary) 

Let g be a real-valued continuous function defined on a 
compact simply-connected region D, with boundary I, 
in the euclidean two-dimensional space Eg. The author 
considers the eigenvalue problem —Awu-+q(x, y)u=du, 
du/@n=O0 on I. It is assumed that the spectrum is non- 
negative, and consists of eigenvalues y?, weg”, ---, with 
the corresponding orthonormal eigenfunctions 91, 92, 
+++. The spectral function @ is defined by 


A(x, y, 4, 0; u)=—O(x, y, u,v; —y) 
=LDua<p Pn(X, ¥)Pn(™, v) for (u>O); 
A(x, y, w,v;0)=0. 


Several results are stated which describe the asymptotic 
behavior of the derivatives of 6 (with respect to x, y, u, v) 
for large mw in terms of the spectral function of —Au=—Au 
for the whole space E2. Analogous results are stated for 
—Au-+q(x, y)u=A/u considered on all of Ee. 

E. A. Coddington (Los Angeles, Calif.) 
3359: 

Sargsyan, I. S. On differentiation of expansions in 
eigenfunctions of the operator —A-+-q(x, y). Akad. Nauk 
Armyan. SSR Dokl. 26 (1958), no. 4, 201-205. (Russian. 
Armenian summary) 

The author continues his study of the problem con- 
sidered in his earlier paper [see the preceding review]. 
Using his previous results, he describes the behavior of the 
derivatives of the Riesz means of the eigenfunction ex- 
pansions as u—>co. He also gives conditions under which 
an eigenfunction expansion may be differentiated term 


by term. E. A. Coddington (Los Angeles, Calif.) 
3360: 

Martin, A. I. On the upper and lower limiting points 
of the spectrum of a partial differential equation. Quart. 


J. Math. Oxford Ser. (2) 7 (1956), 310-315. 

The differential equation —Au-+qu=Au is considered 
on the plane; g is real-valued continuous there. It is 
shown that the spectrum of any self-adjoint problem 
associated with this equation on the whole plane (and a 
boundary condition at infinity, in case of non-uniqueness 
of Green’s function) is not bounded above, and that the 
lower limiting point of the spectrum lies between the 
upper and lower limits of ¢ at infinity. 

E. A. Coddington (Los Angeles, Calif.) 
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3361: 

Parsons, D. H. systems of two differential 
equations. Quart. J. Math. Oxford Ser. (2) 7 (1956), 
287-292. 

Soit un systéme de deux équations aux dérivées par- 
tielles du premier ordre, 4 deux fonctions inconnues (1, C¢, 
de deux variables x, y, qui ne soit réductible par aucun 
changement de variables a la forme normale de Cauchy. 
En écartant le cas ott on est ramené a une seule équation 
a une seule inconnue, l’auteur montre qu’on est ramené a 
une équation de Pfaff de la forme 


Adz,+ Bdz2+Cdx+Ddy=0, 


équation qu'il discute. 

{Peut-étre y a-t-il intérét a signaler, ce que ne fait pas 
l’auteur dans son petit travail, que l'étude des systémes 
“anormaux”’ pour des cas beaucoup plus généraux a été 
l’objet d’un certain nombre de publications dans ces 
quarante derniéres années: rappelons, comme exemple, 
le systéme de Schlaefli, qui a eu son importance dans la 
découverte de la notion de “‘parallélisme’”’ en géométrie 
riemannienne.} M. Janet (Paris) 


3362: 

Haimovici, Adolf. Observations sur les systémes d’équa- 
tions linéaires aux dérivées partielles du premier ordre a 
coefficients linéaires. Rev. Univ. “Al: I. Cuza’’ Inst. 
Politehn. Iasi 2 (1955), 5-23. (Romanian. Russian and 
French summaries) 


3363: 

Thyssen, M. Sur la fonction de Green de l’opérateur 
métaharmonique pour les problémes de Dirichlet ou de 
Neumann posés a |’extérieur d’un cercle ou d’une sphére. 
Bull. Soc. Roy. Sci. Liége 27 (1958), 54-67. 

The author considers the Dirichlet and Neumann prob- 
lems for the partial differential equation Au—k?u=0, in 
two and three dimensions, with reference to the exterior 
of a circle or sphere. In the plane the familiar device of 
setting «—R(r)H(0), where (r, 6) are polar coordinates, 
leads to the consideration of the Green’s functions for the 
operator A—k?. The computations involve consideration 
of certain Bessel functions. The treatment of the three- 
dimensional problems is similar. 

F. W. Perkins (Hanover, N.H.) 
3364: 

Adler, Gyérgy. Généralisation d’un probléme de l’inter- 
polation en connexion avec les fonctions-noyau. Magyar 
Tud. Akad. Mat. Kutaté Int. K6zl. 2 (1957), 145-152. 
(Hungarian and Russian summaries) 

Let = denote the class of functions satisfying the 
equation 


Au(x, y)=9(x, y)u(x,y) (g(x, y)>0). 


It is desired to find a function # € & the square of whose 
norm 


E(w)= [ [ (et+my?-+qubldxdy 


is a minimum among functions satisfying certain con- 
ditions at a given finite number of points in the region D. 
The author shows how the solution may be written in 
terms of the kernel functions of S. Bergman and M. 
Schiffer; see the interpolation problem given on pp. 
258-261 and 275-281 of their book, Kernel functions and 
elliptic differential equations in mathematical physics 
[Academic Press, New York, 1953; MR 14, 876). 

From the author’s summary 
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3365: 
Nitsche, Johannes. Uber die isolierten Si taten 
der Lésungen von Aue". Math. Z. 68 (1957), 316-324. 
The author proves the following theorem. Let u(x, y) 
be real-valued and satisfy (1) Aw=e* in 0<x%?+y2<7?. 
Then either « is regular at the origin or » has one of the 
following representations: 


I) (x, y) =(K—1) log(x*+-y*)+@(x, y) (K>0), 

Il) u(x, y)=—log(x*+-y?) —2 logjlog(x*+-y*)|+'F (x, y). 
® and ¥ are continuous in the full, and real-analytic in 
the deleted r-disk. More is said about the behavior of these 
functions near the origin. If # is regular at the origin then 
it is proved that r2e“(®<8, The proof of I, II rests on the 
following lemma applied to the function g(z)=40,..— 
ju,” (8/8z—=}(0/2x—10/0y)), which is regular analytic 
wherever # is a regular solution of (1). Lemma: If q¢(z) is 
single-valued regular analytic in 0<|z|<?7, and w; and we 
are two independent solutions of w’’+qw=0, and 
Q=|w1|?—|we|? is positive and single-valued in 0<|z|<r, 
then —2 log Q, if not real analytic in |z|S7, has one of the 
representations I, II. W. Littman (Berkeley, Calif.) 


3366: 

Chiffi, Antonio. Sugli sviluppi in serie di autosoluzioni. 
Ann. Scuola Norm. Sup. Pisa (3) 11 (1957), 217-223. 

E{¢}=0 being an elliptic partial differential equation 
of the second order on a bounded domain D of m-di- 
mensional Euclidean space, L{¢]=0 a boundary condition, 
# a positive function on D, and A, and ¢,» the characteristic 
values and the normalized characteristic functions of the 
boundary value problem E[¢]+A0¢=0, L{[¢)=0, the 
author imposes suitable conditions on E, L, # to insure the 
existence of the Green’s function and the existence of all 
partial derivatives up to and including order s of all ¢y. 
For a differentiable function /, the author defines Eg(/)= 
j, Eg*({)=071E(Eg*-\(f)) (k=1, 2, +-*). 

Theorem: If s is even, f is s times continuously differ- 
entiable, L[Eg*(f)]=0 for k=2, 3, ---, }s—1, then 


n ost 2 
8,2 2 
2 Ar 7 <M =( at) Gx, 

where cr=/p O/prdx, the integrand is the sum of the 
squares of all partial derivatives of f up to and including 
order s, and M is independent of ». For s odd, there is a 
corresponding inequality which, however, includes also 
an integral over the boundary of D. 

pt A. Erdélyi (Pasadena, Calif.) 

‘<¢ 


Hartman, Philip; and Sacksteder, Richard. On maxi- 
mum principles for non-hyperbolic partial differential 
— Rend. Circ. Mat. Palermo (2) 6 (1957), 218- 

Suppose A, B, C, D, E are continuous in a bounded 
domain T, and AC—B220, A2+-B2+C2>0, AZO there. 
Let Z(x, y) € C2 and satisfy the inequality LZ =AZ,,+ 
2BZgy+CZyy+DZ,+EZy20 in T. Further, suppose 
that Z is continuous in 7+ 7’ (boundary of T) and denote 
by m the maximum of Z in T+7”. The following theorem 
is established. If Zm on every open subset of T and if 
Z=m at a point (xo, yo) of 7, then there exists a charac- 
teristic arc passing through (xo, yo) on which Z=m. From 
this result the weak maximum principle, namely that 
maxg Z=max7+7 Z, follows for appropriate domains 
and conditions concerning the structure of the character- 
istics of LZ, if any. In addition, strong maximum prin- 
ciples are derived by employment of the techniques of 
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3365-3370 


E. Hopf [S.-B. Preussische Akad. Wiss. 19 (1927), 147- 
152] and L. Nirenberg [Comm. Pure Appl. Math. 6 (1953), 
167-177; MR 14, 1089]. M. H. Protter (Berkeley, Calif.) 


3368: 

Magenes, Enrico. [Il problema della derivata obliqua 
regolare per le equazioni lineari ellittico-paraboliche del 
secondo ordine in m variabili. Rend. Mat. e Appl. (5) 
16 (1957), 363-414. 

The paper is devoted to the regular oblique derivative 
boundary value problem for second order partial differ- 
ential linear equations of elliptic-parabolic type and to its 
connections with singular integral equations. The general 
case is considered according to a procedure given by the 
reviewer [Atti Accad. Naz. Lincei. Mem. Cl. Sci. Fis. Mat. 
Nat. Sez. I (8) 5 (1956), 1-30; MR 19, 658). The “regu- 
larity” of the solution in the elliptic case is proved by 
using a method of Oseen [Ark. Math. Astr. Phys. 25A 
(1937), no. 24, 1-39]. Analogous results, obtained by 
Pagni for the heat equation [Ann. Scuola Norm. Sup. 
Pisa (3) 11 (1957), 73-115], are expounded. A paper by the 
author concerning the existence of regular integrals for 
potentials with oblique derivatives [Rend. Sem. Mat~ 
Univ. Padova 24 (1955), 510-522; MR 19, 262] is only 
quoted. G. Fichera (Rome) 


3369: 

Corduneanu, C. Sur le probléme de Goursat pour les 
équations hyperboliques. An. Sti. Univ. “Al. I. Cuza” 
Iasi. Sect. I. (N.S.) 2 (1956), 53-59. (Romanian. Rus- 
sian and French summaries) 

In the present paper some questions are examined 
concerning existence and stability of the solutions of the 
hyperbolic equation Ugy+AU,+BU,y+CU=D with the 
conditions U(x,0)=—F(x), U(p(y), y)=G(y); F(0)=G(0), 
OS*xSa, OSysf. Firstly, by making use of a convenient 
substitution, this equation is put in the form (*) t#gy+ 
auz+cu=d, and then for y=£/n, psn, B/n=hy the 
solution of (*) is approximated by the solutions of the 
following mixed system of ordinary differential equations, 
with respect to x, and difference equations, with respect 
to y: 

(**) 5 (“atti es) 4 dink ie ital 
ax ak ne n,k dx n, kn, k=4n,k, 


where @n,~.=@(%, Yn,x), etc. Further, (**) yields a suitable 
limitation for the solution of the problem considered, so 
that certain stability assertions can be given in a simple 





way. O. Onicescu (Bucharest) 
3370: 
Barbuti, Ugo. Analisi esistenziale in problemi di 


propagazione semilineari. Ann. Scuola Norm. Sup. Pisa 
(3) 11 (1957), 183-207. 

This paper is concerned with the partial differential 
equation 


02 Ou Ou 


where a; and a@g(>0) are functions of x and ¢ alone and F 
is not linear in #, #g, #. The problem is the mixed prob- 
lem, of finding w# in the half-strip OS*Sc, f20, given that 

u=g(x), ue=gi(x) when t=0, OSxSc, 

u=f;(t) when x=0, #20 

u=fo(t) when x=c, #20. 


Uniqueness and existence theorems are proved by S. 








3371-3376 


Faedo’s method of moments [same Ann. 
1-41; MR Il, 363). 


(3) 1(1947), 


E. T. Copson (Fife) 
3371: 
Keller, J. B. On solutions of nonlinear wave equations. 
Comm. Pure Appl. Math. 10 (1957), 523-530. 
Let x be a point in a space of n=1, 2 or 3 dimensions 
am let u(x, t) be a solution of ug—C?Au=—/(u), u(x, 0)= 
x), U(x, 0) =y(x), where /, p, yeC®. The principal result 
yan is that for certain functions f(u), the solution u 
becomes infinite at a finite value of ¢. The following 
comparison theorem is used. Let C(x, ¢) be that part of 
the retrograde characteristic cone with vertex at (x, #) 
which lies in 40; let « and w’ be solutions corresponding 
to f, y, y and /’, g’, y’, respectively, where /(u)=/’(u’) 
whenever uw’; let up and uo’ be the solutions for the 
cases in which /=0 and /’ =0. If ug> wo’ in C(xo, to), then 
u>w’ in C(xo, to) ; if uo=uo in C(xo, to) and /’ is Lipschitz 
continuous, then u2w’ in C(xo, to). The theory is also 
applied to the non-linear Euler-Poisson-Darboux equa- 
tion: t_+hki-lu,—C2Au=/(u), feC®, fur n=2, k>I1, 
and y=0. The author cites related results announced in a 
preliminary report by P. C. Rosenbloom [Bull. Amer. 
Math. Soc. 60 (1954), 343). 
F. W. Perkins (Hanover, N.H.) 
3372: 
van der Pol, Balth. On a generalisation of the non- 
linear differential equation d2u/dt?—e(1—u?)du/dt+u=—0. 
Nederl. Akad. Wetensch. Proc. Ser. A 60=Indag. Math. 
19 (1957), 477-480. 
purpose of the present note is to generalize the 
equation of the title to the equation 


Sa 1 —we 
ae te ar 


and to obtain a solution of (i) (in a straightforward way) 
of the form u(x, 4)=+34(1+ exp{—2e’(x—vt)-}), e’= 
ev(1—v®)-1. The author states that these solutions show a 
remarkable analogy with the propagation of electrical 
impulses on nerve fibres. J. K. Hale (Baltimore, Md.) 


(i) 


3373: 

Nitsche, Johannes C. C. On the discontinuities in the 
solutions of certain parabolic equations. Rend. Circ. 
Mat. Palermo (2) 6 (1957), 171-174. 

Certain properties of the discontinuities in the deriva- 
tives of solutions of hyperbolic equations are shown to 
occur also in solutions of classes of degenerate parabolic 
equations. Discontinuities along the line y=O are con- 
sidered for an equation of the form zzzg=F(x, y, z, zz, Zy). 
In the nonlinear case a nonlinear ordinary differential 
equation must be satisfied along the line y=0 if the dis- 
continuity is to be of a specified type. Hence it is shown 
that it may not always be possible to extend a solution 
appropriately from y <0 to y>0 if the nonlinear ordinary 
equation cannot be solved for the full range of values. The 
solvability of the ordinary equation for a sufficiently 
small range shows that a restricted extension can always 
be made. M. H. Protter (Berkeley, Calif.) 


3374: 

Czou, Yul-lin’ [ Jou, Yub-lin]. 
of non-linear parabolic equations. Dokl. Akad. Nauk 
SSSR (N.S.) 117 (1957), 195-198. (Russian) 

Two existence theorems are obtained for the parabolic 
equation 0%4/@x®— A(x, t, w)du/dt+ F(x, t, u, 0u/dx) in the 
rectangle R {OStsT; O<x<X}, the first theorem for 


Boundary value problems 








boundary conditions nonlinear in # and the second 
theorem for boundary conditions nonlinear in 4, #g, and 
uz. (The exact hypotheses are too long to be described 
here.) No proofs are given but the author states that he 
uses the method of E. Rothe [Math. Ann. 102 (1930), 
650-670] and proves the convergence of the sequence of 
functions constructed by Rothe’s method by applying the 
method of auxiliary functions as used by O. A. Oleinik 
and T. D. Ventcel’ [Mat. Sb. N.S. 41(83) (1957), 105-128; 
MR 19, 149] and T. D. Ventcel’ [ibid., 499-520; MR 19, 
657]. Also an existence theorem is obtained for the 
equation 
x 


DL ay(x, a + b(x, t, ") = im © ais, t, 4) = — 


4j=1 "seas Oxy ot 
in the cylinder Q{O<#<T; xe D}, where region D has 
a sufficiently smooth boundary, with boundary conditions 
u(x, 0)=uo(x) for xe D, SN aiy(x, t) cos(y, x4)Ore/Oxy+ 
p(x, t)u=0 for x ED, the boundary of D, and OS#s7, 
where y is the interior normal to §D. The solution is the 
limit of the solutions of a set of elliptic equations and the 
author indicates how these elliptic equations are solved. 
Finally, an a priori estimate on derivatives of solutions of 
quasilinear parabolic and elliptic equations considered on 
closed sets in the interior of the region of solution is stated. 

J. Cronin (Elizabeth, N.J.) 
3375: 

Morawetz, Cathleen S. A weak solution for a system of 
equations of elliptic-hyperbolic type. Comm. Pure Appl. 
Math. 11 (1958), 315-331. 

Comme le titre | indique, ce travail est consacré 4 
l’existence de solutions d’un systéme d’équations aux 
dérivées partielles du type mixte: Lu=g; «, g, Lu sont des 
vecteurs & 2 dimensions, Lu a pour composantes 
K (y)@u3/0x+-Oug/Oy, Ou1/Oy—Oug/dx ; K'(y) >0 et yK(y)20. 
Le domaine D considéré a pour frontiére Co+C1,+C2+ 
yit+vy2; Co frontiére de D dans y20 a pour extrémités 2 
points X,; et X_ de y=0; dans yS0O les arcs C; et Cg sont 
issus de X, et X¢ et les arcs de caractéristiques y; et ye de 
lorigine (intérieure 4 X ,Xe). Sur C=Co+Ci+Cz, 
uydx+ ugdy=0. Le théoréme d’existence démontré dit que, 
si g appartient a l’espace d’Hilbert défini par la norme 
\|t\|*={/p (r-"412+-t2?)dxdy}#, alors il existe une solution 
appartenant a l’espace défini par la norme |ju|,s= 
{/p (7u12+-u2)dxdy}*; r est la distance a lorigine. Ce 
théoréme résulte aisément d’un résultat classique sur le 
prolongement d’un opérateur linéaire borné défini dans 
un espace d’Hilbert, une fois acquise la majoration sui- 
vante (qui en fait constitue un théoréme d’unicité): 
\|w||4—=B||\Lw||*, — B est une constante — pour tout », 
continument différentiable, nul sur C, satisfaisant aux 
conditions naturelles sur les caractéristiques y; et y2 
((—K)#w1+-w2=0), tel que ||Lw||* soit fini. C’est naturelle- 
ment cette partie du travail qui est la plus technique. 
Dans la suite sont discutées les conditions auxquelles le 
contour C doit satisfaire pour que ce résultat soit valable, 
ainsi que l’influence d’un changement de la norme 
utilisée. P. Germain (Paris) 


3376: 

Friedman, Avner. On classes of solutions of elliptic 
linear differential equations. Proc. Amer. Math. 
Soc. 8 (1957), 418-427. 

Désignons par C{M,; D}, ou D est un domaine borné 
de Ry, la classe des fonctions indéfiniment dérivables 
f(x) (x=—(x1, x2, «++, *xw) € D) satisfaisant, dans chaque 
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sous-domaine Dg de D, aux inégalités suivantes: 

|8"f/Oxy%+ - -Oxy'~|\SHopH®M,, (Ho, H dépendant de Dp). 

L’auteur démontre le théoréme intéressant suivant: Soit 

DE Agssi(x)=he(x) (R=1, 2, «++, p), ot 
a 


of 
p= > © Eee ar ae 
” pm Poa Petal) Bie heneeths 


Sitous les f et A appartiennent 4 C{M,; D}, et siles My 
satisfont aux conditions ("~$+?) MMns24<AnMosa 


(i=2, 3, ---,m—s-+-2), les composantes de chaque solution 
(ui(x), ***, %p(x)) appartiennent également 4 C{M,; D}. 
D’autres théorémes, ott des bornes des Laplaciens défi- 
nissent les classes, sont également démontrés. 

S. Mandelbrojt (Paris) 
3377 : 

Antohi-Teodorescu, Veronica. La solution élémentaire 
de l’équation aux derivées partielles d’ordre IV, 4 carac- 
téristique double. An. Univ. “C. I. Parhon” Bucuresti. 
Ser. $ti. Nat. 6(1957), no. 15, 9-24. (Romanian. 
French and Russian summaries) 

The subject of this paper is a linear homogeneous 
partial differential equation in an m-dimensional Rie- 
mann space when m is an odd number. The equation is of 
the form Ag?%+----=0, where As is Beltrami’s second 
differential parameter and dots indicate terms involving 
derivatives of order <3. If ['=0 is the equation of the 
characteristic conoid, an elementary solution is obtained 
in the form 


['2-m/2 ¥ $V. 
0 


The ¢; are functions ot a single variable s. They satisfy 
linear differential equations of the second order with 
singularities of the first kind at s=0, and they are 
analytic inside and on the characteristic conoid. 

A. Erdélyi (Pasadena, Calif.) 
3378: 


KoSelev, A. I. On the boundedness in L, of derivatives 
of solutions of elliptic equations and elliptic systems. 
Dokl. Akad. Nauk SSSR (N.S.) 116 (1957), 542-544. 
(Russian) 

In Q, a bounded open set in x=(%1, ---, X,) space with a 
sufficiently smooth boundary S, consider the elliptic 
system 

M g2my, 
* ky" Kes pect. et... Te _ 
(*) SoA, (x) i: ta. +Tu=}(x) 


(where u(x) =[wa(x), ---, un(x)), fx)=[fr(x), --+, f(z), 
a®)(x) is a matrix of order N2, and Tx is a linear differ- 
ential operator of order less than 2m) with boundary 


conditions 
oo ou Soee eres aml 

Wem ov ie  - is 
where » is the direction of the exterior normal to S. Let 
W,'2™ (Q) denote the space of functions which have gener- 
alized derivatives of order 2m that are elements of Lp(Q). 
[See S. L. Sobolev, Some applications of functional 
analysis in mathematical physics, Izdat. Leningrad. Gos. 
Univ., Leningrad, 1950; MR 14, 565.] Vector function 
u(x) is said to be an element of W p‘2™)(Q) if each of its com- 
ponents # is an element of W p2™(Q), and ||t«||w,°"(Q) = 
(D1 [lleesllv,""(Q)]”)/?. A generalized solution of (*) is a 
vector function « € W,y'2™)(Q) which satisfies (*) almost 
everywhere in Q. Extending his previous work [same 
Dokl. 105 (1955), 22-25; 110 (1956), 323-325; 112 (1957), 


=0, 





3377-3380 


806-809; Mat. Sb. N.S. 38(80) (1956), 359-372; MR 17, 
620; 19, 862; 17, 1213;], the author shows: if the coef- 
ficients in (*) are continuous, / € L»(Q) (p>1), and there 
exists a generalised solution « of (*) satisfying the given 
boundary conditions, then (Ej) |jlw,°"@sCill/iiz,«@+ 
Co|\¢\\z,(a) Where Ci, C2 are independent of w and /. For 
strongly elliptic systems, inequality (E,) implies (Eg) 
\ls¢l|v,°"'ay SClfllz,«@, and it is shown how (Eg) may 
be used to prove the existence of a generalized solution 
for a quasilinear system with a parameter. 

J. Cronin (Elizabeth, N.J.) 
3379: 

Nicolescu, Miron. Sur quelques problémes liés 4 
Vopérateur itéré de la chaleur. Bull. Math. Soc. Sci. 
Math. Phys. R. P. Roumaine (N.S.) 1 (49) (1957), 327- 
336. 

Let D be a domain of the xt plane bounded by lines 
t=t, t=t2>t, and two curves x=y,(t), x=ye(t), where 
yvi(¢) <ye(é). Operators Ly on functions u(x, ¢) sufficiently 
regular in D are defined by the equation 

a a\? 
L»(u)=(s4 -=) « (p=1, 2, -+*). 


The author extends his earlier results [Acad. R. P. 
Romine. Stud. Cerc. Mat. 5 (1954), 243-332; MR 16, 709) 
on analogies between the class of functions # for which 
L,(u)=0 and the class of polyharmonic functions. New 
representation theorems are obtained by first introducing 
an adjoint of the operator Ly and then a Green’s function 
operator, a linear integral operator over D, that repre- 
sents an inverse L_» of Ly. Two of the principal results 
are the following: (1) If for some integer # a function 
u(x,t) satisfies Ly(u)=O0 in D, then a unique set of 
(temperature) functions u(x, #) (é=0, 1, 2, ---, P—1), each 
satisfying L;(u)=O in D, exists such that #=«#9+L-1(u) 
+-++++L—p+1(p-1) identically in D. (2) If all partial 
derivatives of a function v(x, y) exist in D and satisfy 
certain uniform boundedness properties, where the shape 
of D is now somewhat restricted, then identically in D 
v=uo+ Lp-1L—p (up), where uo(x, t) and # (x, #) are the 
temperature functions (satisfying L1(uo)—O0, L1(%#y)=O0) 
whose values on the boundaries t=), x=, (¢) and x=ye(t) 
coincide with the values of « and Ly(u) there, respectively. 


R. V. Churchill (Ann Arbor, Mich.) 
3380: 

Foias, Ciprian; Gussi, George; und Poenaru, Valentin. 
Verallgemeinerte fiir p-parabolische quasilineare 
Systeme. Math. Nachr. 17 (1958), 1-8. 

This paper deals with the initial value problem for the 
parabolic system: 

N 
(1) AE) LS AyDerug(t, 2) + felt, m1) 
(ie) 
(é, J=1, «++, N), 


where D(*) = 9hit~+ha/Ox1"i- - -Ox_*. and Ay) is constant. 
(See an earlier paper [same Nachr. 15 (1956), 89-116; MR 
18, 579] which treated the hyperbolic case in two inde- 
pendent variables.) It is assumed that the initial data 
u(0, x)= (x) and the function f(t, x,#) are uniformly con- 
tinuous in all variables throughout space and for #20. 

Petrowsky [Bull. Univ. Moscow, Sér. Int. A. 1 (1938), 
nr. 7, 1-74] has shown that the solution of the homogene- 
ous problem /=0 is V(t, x)=T¢p(x), with 


Vell, )=Z fy Git, x, BpulENME (5, 2=1, =>, N), 
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3381-3385 


in terms of a Green’s matrix. The considerations here are 
based upon the integral equation: 


(2) (t,x) =Tep(x) + - Taf (x, %, alr, x))dr, 


satisfied by regular solutions of (1). A continuous solution 
of (2) is taken as a generalized solution of (1). The problem 
is studied in an abstract form with the aid of such tools 
as the Banach-Steinhaus theorem. 

It is shown that with / satisfying a condition of “‘Os- 
good-Tonelli type’’ the initial problem has a unique 
generalized solution which is continuous in the initial 
data. If f also satisfies a condition of ‘“Wintner type,”’ the 
generalized solution exists throughout positive time. 

R. McKelvey (Boulder, Colo.) 
3381 : 

Mizohata, Sigeru. Hypoellipticité des équations para- 
boliques. Bull. Soc. Math. France 85 (1957), 15-50. 

L’A. démontre l’hypoellipticité des équations para- 
boliques au sens de Petrowsky, a coefficients indéfiniment 








dérivables (i.e., toute distribution-solution u, ---, uy de 
am, = ON get +k 
= ‘ (k, oo, Ke) t 
arm. 4, - ayy'*e,ked(x, t) Py a er om a 


ou les gy; sont indéfiniment dérivables, est elle-méme in- 
définiment dérivable). L’A. utilise une méthode fonction- 
nelle (sans solutions élémentaires) qui a été résumée dans 
un article paru dans le Colloque sur les Equations aux 
Dérivées Partielles [Nancy, 1956, pp. 165-177, Centre Nat. 
Recherche Sci., Paris, 1956]. J. L. Lions (Nancy) 


3382: 

Littman, Walter. Remarks on the Dirichlet problem for 
general linear partial differential equations. Comm. Pure 
Appl. Math. 11 (1958), 145-151. 

The generalized Dirichlet problem for an arbitrary (not 
necessarily symmetric or elliptic) differential operator of 
order 2m is considered. Let H,, be the closure, under the 
norm whose square is the integral over a domain D of the 
sum of squares of all derivatives up to order m, of m-times 
continuously differentiable functions vanishing outside 
compact subsets of D. The problem is to find we H, 
such that 
(*) Biv, w)=(v, f/m—B(v, g) 
for all ve H,,. Here (u,v)m is the scalar product on 
H;,, B(v, w) is the bounded bilinear form associated with 
the —e operator, while f and g are given elements 
of H,,. 

In order for (*) to have a solution w it is clearly neces- 
sary that (¢, f)m—B(y, g)=0 for all p such that B(g, v)=0 
for all v e H,,. 

In the case of symmetric B a sufficient condition for (*) 
to have a solution was given by I. S. Louhivaara [Rend. 
Circ. Mat. Palermo (2) 5 (1956), 260-274; MR 19, 281] 
by means of the projection theorem. 

The author gives a sufficient condition for (*) to have a 
solution when B is not symmetric by means of the Lax- 
Milgram lemma [Ann. of Math. Studies no. 33, pp. 167- 
190, Princeton Univ. Press, 1954; MR 16, 709]. 

For some e>O0 let S,* and S_* be the subspaces of H;, 
corresponding to the parts above e and below —e, 
respectively, of the (real) spectrum of the bounded 
quadratic form B(u, «) on H,,. It is shown by an extension 
of the Lax-Milgram lemma that to any ve H,, correspond 
unique elements v4*eS,* and v_teS_* such that 
B(v—v4*, S4*)=B(v—v_*, S_t)=0. Then it is shown by 
another application of the Lax-Milgram lemma that a 
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sufficient condition for (*) to have a solution is that 
(vo, f)m—B(vo*, g)=0 for all elements vo* of the form 
vg§=v—v4£—v_*, with ve H,,. 

A differentiability theorem is given under some rather 
stringent assumptions on the differential operator. 

H. F. Weinberger (College Park, Md.) 
3383: 

Bakel’man, I. Ya. A priori estimates and regularity of 
generalized solutions of Monge-Ampére equations. Dokl. 
Akad. Nauk SSSR (N.S.) 116 (1957), 719-822. (Russian) 

The present article considers a priori estimates for so- 
lutions of equations 


rt—s*=4(x, y, z, p, 9), 


where ¢(x, y, z, p, gj2Rko=const >0 is an m-times continu- 
ously differentiable function (m23). 

From the introduction 
3384: 

Bakel’man, I. Ya. On the theory of Monge-Ampére’s 
equations. Vestnik Leningrad. Univ. Ser. Mat. Meh. 
Astr. 13 (1958), no. 1, 25-38. (Russian. English sum- 
mary) 

Let C be a closed convex curve in the (x, y)-plane P of 
E% bounding the domain D and C’ a curve in E® whose 
projection in P is 1-1 and is C. Denote by W+(D) [W-(D)} 
the class of all convex surfaces turning their convex sides 
towards z<0 [z>0] which have C’ as boundary, whose 
projection in P falls on DWC and is 1-1 for D (i.e., the 
surfaces may contain pieces of a cylinder through C). 

The paper is concerned with the differential equation 
ri—s*=9(x, y)-R(p,q), where p=zg, +++, t=Zyy. If 
y(x,y)>0 is defined in D and R(p,g)=Ro>0 for all , q, 
then a solution z of the equation has a convex graph ® and 
wr(M, ®)=//u (rt—s?)R-(p, g)dxdy=[fan R-Y(p,q)dpdg 
is, for a given Borel set MCD, a sort of weighted measure 
of the spherical image of ® over M. With »(M)= 
/{uy(x,y)dxdy the equation becomes wp(M,®) =»(M). Itcan 
have a solution only when (*) /@../".. R(p, g)dpdqav(D). 

If »(M) is any completely additive non-negative set 
function defined on all Borel sets of D, and R(p, q) is 
continuous and defined for all ~, g, is ]Ro>O and satisfies 
(*), then there is for a given C’ exactly one convex surface 
® in Wt(D)[W-(D)} satisfying wg(M,®)=»(M) such that 
the cylindrical part of ® lies below (above) C’. If »(M)= 
Sina v(x, y)dxdy, where g(x,y) is summable, and 2(x, y) 
represents ® in D, then z satisfies the original equation a.e. 

There are analogous existence and uniqueness theorems 
for unbounded convex surfaces. The methods of proof are 
interesting as applications of A. D. Alexandrov’s ideas; 
in particular, the fact that ® is obtained by approximation 
with polyhedra satisfying corresponding finite equations. 

H. Busemann (Cambridge, Mass.) 
3385: 

Aleksandrov, A.D. Dirichlet’s problem for the equation 
Det |{z4gl|=@(z1, -*+,2n,2,%1, ***, %n)-I. Vestnik Leningrad. 
Univ. Ser. Mat. Meh. Astr. 13 (1958), no. 1, 5-24. (Rus- 
sian. English summary) 

This paper generalizes the results of #3384 above in 
several respects, principally by extending them to # 
variables. With z(x)=2(x1, ---, %n), C=(z1, +++, 2m), 4= 
O2z/Ox4, 247=0%2/Ox40x;, |\\z4j||\—determinant of the zy, the 
subject is convex solutions of the equations /(¢, z, x) ||zql|= 
h(x), where 20, 420. (In contrast to the case »=2, the 
condition 220 does not guarantee convexity.) 

It is assumed that /(¢, z, x)20 is defined in a bounded 
convex domain D of the x-space and for all z and %, and is 
continuous in z, x for almost all ¢. Moreover, for any 
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compact subset F of the domain of definition of / there is 
assumed to exist a summable fo(¢)2/(¢, z, x) for 
(¢,z, x) €F. Finally, for a given zp a function /;(¢)20 
with /z f:1(¢)4Z>0 (possibly oo; Z is the ¢-space) must 
exist such that /(¢, z, x)>/1(¢) for all x e D and z<zpo. 

As in the preceding review the differential equation is 
written in the integrated form: 


oM,O) =f HC, 2)lewlldx 


=f ian MG #0), 2(0)dZ— f h(sidx—n(M), 


where M is a closed set in D. If A(f) is the supremum of 
Ja filtj)@dZ for all z and f,(¢), then the equation 
wy(M,®)=»(M) has a convex solution ® for any non- 
negative completely additive »(M), provided »(D) <A(f). 
If »(M) is absolutely continuous, so that d»/dx=—h(x) 
exists a.e., and 2z(x) represents ®, then z satisfies the 
original equation a.e. 

The existence and uniqueness for prescribed boundary 
values will be studied in part II. 

H. Busemann (Cambridge, Mass.) 

3386: 


Mann, W. Robert. valent nonlinear 
J. Elisha Mitchell Sci. Soc. 74 (1958), 114-116. 

By an invertible transformation of the type V=F(U), 
the nonlinear boundary value problem for the partial 
differential equation Us;=Ugz, t20, x20, U(x,0)=0, 
U,(0, )=—G[U(0, #)), |U(x,i|SM, is reduced to a 
linear boundary value problem for the nonlinear partial 
differential equation Vi=V gg+-aV z?, (20, x20, V(x, 0) = 
0, V,(0, )=——d[a-1—V/(0, 2)], 


|V (x, #)|Sa~ log{1+(c—1)aM], 
L. Cesari (Baltimore, Md.) 


a, b, c, constants. 


POTENTIAL THEORY 
See also 3253, 3271, 3272, 3275, 3379, 3414. 


3387 : 

Biernacki, Miécislas. Sur la position des extrémes 
relatifs de certaines fonctions composées par des fonctions 
surharmoniques ou sousharmoniques. Atti Accad. Naz. 
Lincei. Rend. Cl. Sci. Fis. Mat. Nat. (8) 24 (1958), 7-11. 

Let w be a continuous, real-valued function defined in 
a region G of Ry, admitting the decomposition w= 
hha: - -he. Here, the functions g, Ai, ---, hg are continu- 
ous in G, and g is superharmonic; each of the functions A, 
is positive and superharmonic or negative and sub- 

onic. Then w has no positive relative minimum and 
negative relative maximum unless it is a constant. 
Applications to harmonic and analytic functions are 
mentioned. Finally, the author generalizes the theorem by 
replacing the assumption of sub- and superharmonicity 
by the condition that the functions g, 4 satisfy certain 
elliptic partial differential equations of second order. 
pa A. Huber (Miinchenstein) 


Temple, G. Whittaker’s work on the integral represen- 
tation of harmonic functions. Proc. Edinburgh Math. 
Soc. 11 (1958), 11-24. 

This is the text of a Whittaker Memorial Lecture 
delivered on May 17, 1957 to the Edinburgh Mathe- 
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3386-3390 


matical Society. The author describes integral 
sentations of solutions of partial differential equations 
iven, in the nineteenth century, by Poisson, Darboux, 
nkin, and Dougall, and then proceeds to Whittaker’s 
integral 





an 
I, f(z+-8x cos a+-ty sin a, a)da 


for regular harmonic functions. He sketches the appli- 
cation of this integral to integral representations of 
Legendre and Bessel functions and to integral equations 
satisfied by Mathieu and Lamé functions; refers briefly 
to more recent developments, such as Bergman’s theory 
of integral operators and Weinstein’s theory of gener- 
alized axially symmetric potentials; and mentions some 
unsolved problems connected with Whittaker’s integral. 

A. Erdélyi (Pasadena, Calif.) 
3389 : 


Trjitzinsky, W. J. Les Laplaciens généralisés non 
sommables. J. Math. Pures Appl. (9) 34 (1955), 1-136. 

I. Le probléme consideré dans ce travail est de trouver 
dans un ensemble O ouvert, borné, plan une solution 
F(x, y) de l’équation AF=/ au moins continue dans 0, 
ou f est fini en chaque point (x, y) € O, tandis que / peut 
étre non sommable sur O. Les problémes de ce genre se 
rattachent aux diverses méthodes de totalisation de A. 
Denjoy. Quelques résultats préliminaires se trouvent dans 
deux mémoires de 1’A. [Ann. Math. Pura. Appl. (4) 31 
(1950), 143-230; Mem. Sci. Math. no. 25, Gauthier-Villars, 
Paris, 1954; MR 13, 235; 16, 471]. Dans la section 1 1’A. 
introduit certaines classes qui consistent resp. de fonctions 
continues F(x, y), leur variations V et de leur laplaciens 
A. On considére les divers laplaciens généralisés et les 
rapports entre eux. Ces laplaciens interviennent dans les 
formules de Green généralisées, ce qui méne 4 quelques 
conditions d’harmonicité. Quelques résultats topologiques 
pour les laplaciens généralisés et pour la variation V 
correspondante sont obtenus. Dans les sections 11—131’A. 
exprime les fonctions F et la variation V de certaines 
classes moyennant / € [Cm], [Cm] une classe de fonctions, 
dans l'ensemble O—K, ot K est un ensemble fermé non 
dense. Les conditions nécessaires et suffisantes pour que / 
appartienne a la classe [cm] sont données. Les sections 
14—18 se rattachent aux méthodes de totalisation de A. 
Denjoy. On trouve la fonction F a partir de sa variation 
selon les méthodes des équations intégrales. 

II. Dans les sections 19—201’A. introduit des classes plus 
spéciales afin de trouver un antilaplacien de D’, ot D’ désigne 
la dérivée définie par l’A. Les sections 20—23 ont pour ob- 
jet l'étude de la totalisation. On utilise la méthode des 
majorantes et minorantes de M. de la Vallée Poussin. En 
conclusion 1’A. donne quelques indications pour la ré- 
solution du probléme d’un antilaplacien du laplacien 
moyen dans un cas trés général. /. Gérski (Zbl 67, 328) 


3390: 

Leja, F. Distributions libres et restreintes des points 
extrémaux dans les ensembles plans. Ann. Polon. Math. 
3 (1956), 147-156. 

Let E be a compact set in the plane, and let (= 
(C1, fe, -+*, Sn) be an m-tuple of points of E, n22. Set 
V(C™) = TTicscesn [Cy—Ce|. Let Va(E) =m na A 
If (7) is an m-tuple such that V,(£)=V(n), 
then (7‘)) is called a set of extremal points of E of rank 
n (corresponding to a free distribution on £). It is well- 
known that lim,_,,, [V(9'"))]#*(*-) =d(E) exists; it is the 
transfinite diameter of E. Now let E=E, VE, E,;:nEe=s, 
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for compact E, E,, Ez. The author defines Vo,= 
Ven(E1, E2) =sup V(¢")), where the bound is taken over 
all 2n-tuples in E such that (,eF;, ISkSnm and 
Cy € Eo, n+15kS2n. A 2n-tuple (X@™) such that Vog= 
V(X@®)), with the first m points in E; and the remainder in 
E>», iscalled an extremal set forfE; v E2 corresponding to the 
restrained distribution in the ratio 1:1. Various properties 
of the latter points are obtained. We quote two of them. 
(I) lima... Von?/*(*-) =v(E;, Ee) exists and is called the 
restrained capacity of E,wE,. (II) If either d(Z); or 
d(E2) is zero, then v(Z,, E2)=0. The author considers 
various generalizations of the restrained capacity, 
including the case where E=UT' Ex, ExnEp=6, k+$, 
where E is still compact, but the Ey are not. 

M. O. Reade (Zbl 72, 111) 
3391: 

Gérski, J. Sur la représentation conforme d’un domaine 
multiplement connexe. Ann. Polon. Math. 3 (1957), 218- 
224. 

The author considers a doubly-connected domain D 
with compact boundary E consisting of continua E,, Ee 
and systems of points ¢;,7=1, ---, 2m, with Gj,t=1, ---,m 
in Ey, ¢;,i=n+1, ---, 2n,in Eg. In particular, he denotes 
by m, t=1, --+, 2m, such a system which maximizes 


Tli<s<es2n |0;—Cx|. It is known that 


lim| Il > esi 
1 — 
n-+coisi<kSin a 


exists [#3390 above]. Leja raised the question of 
the existence of the limit of [[]}?®, |z—mj|]!/2" for z ¢ E. 
The main purpose of the present paper is to give 
an affirmative answer. The proof depends essentially on 
the method of convergence of mass distributions due to 
Frostman. For suitable real 6, one also has convergence 
of e9.[[] 72, (z—n;))/2". The author indicates mapping 
properties of the limit function. 

J. A. Jenkins (Princeton, N.J.) 
3392: 

Gérski, J. Distributions restreintes des points extré- 
maux liés aux ensembles dans l’espace. Ann. Polon. 
Math. 4 (1958), 325-339. 

Pour un ensemble fini X de l’espace Rg soit gX la somme 
des réciproques des distances des points de X. Pour une 
suite «1, ag, ***, &p d’entiers positifs soit m un multiple 
de la somme 5?_; a. Soit E=U% E, la frontiére d’un do- 
maine D,(£) non borné contenant oo; on suppose que le 
diamétre transfini dE soit >0. Une suite biunivoque de n 
points de E répartis en Ej, ---, Ey dans les rapports don- 
nés r égalant a1 :a2: ---: ap constitue un m-systéme res- 
treint P(™ extrait de E en rapports r. Donc PCE; 
P®) est extrémal si gP‘) ne dépasse g pour aucun autre 
n-systéme pareil. Pour une fonction réelle / continue sur 
E, on définit la w-distance w(P, Q)=exp(/P+/Q—PQ-); 
soit VX le produit des w-distances des points de X; un 
PCE de n points pour lequel V est maximal s’appelle 
un m-systéme extrémal de E relativement a la w-distance. 
L’écart de Erel./,c’est a dire 0(E, f)=limy_,,.(V P(™)2/-) 
est >0 et il existe sur P une répartition extrémale fy 
de la masse | vérifiant I(jiz)=log 0(E, f) =2/g f(Q)daiz(Q) — 
Jule PQ-'djig(P)dpig(Q). La fonction @(P)=/e PQ-*djis(Q) 
est harmonique en dehors du noyau £;, de la masse de 
distribution fiz. Si / est une constante 4; en E; et A4;= 
sup; 4;,, alors ae partout”’ dans E, (cela veut dire: 
partout dans E; a l'exception d’un ensemble de diamétre 
transfini nul) on a #=4,+-y, y étant une constante bien 
définie (Th. 1). Si A:—inf 4; est assez petit, alors Ez est 
“presque partout” égal a E (Th. 2). fiz varie continiment 





avec / (Th. 3). On introduit la fonction « par “P= 
Se PQ-dyu(Q) ; E, étant le noyau de la masse de distribu- 
tion y, et si les rapports 7 sont tels que E,=—E, on peut 
disposer des 4, de maniére que #=w (Th. 4). L’article se 
rattache aux travaux antérieurs de F. Leja [mémes Ann. 
22 (1949), 35-42; MR 11, 717; et #3390 ci-dessus] et 
de l’Auteur [ibid. 1 (1955), 418-429; MR 17, 604; et 
#3391 ci-dessus}. D. Kurepa (Zagreb) 


3393: 

Wolska-Bochenek, J. Probléme aux limites pour 
l’équation aux dérivées partielles du quatri¢éme ordre dans 
la théorie du mouvement d’un liquide visqueux. Ann. 
Polon. Math. 4 (1957), 98-109. 

The two-dimensional time-independent flow of an in- 
compressible fluid can be brought into the form »AAy=/ 
where y is the stream function and / is a nonlinear function 
of the derivatives of y of order lower than the fourth. The 
Dirichlet problem is solved for this equation by first 
solving the corresponding nonhomogeneous biharmonic 
equation and then setting up the appropriate integro- 
differential equations. These, in turn, are solved by 
iteration, by employing estimates on the derivatives of the 
Green’s function obtained by Pogorzelski [same Ann. 
3 (1956), 46-75; MR 19, 282], as well as estimates of 
integrals of potential-theoretic type. 

M. H. Protter (Berkeley, Calif.) 


FINITE DIFFERENCES AND FUNCTIONAL EQUATIONS 
See also 3242. 


3394: 

Sumner, D. B. Generalized powers of the difference 
operator. Trans. Amer. Math. Soc. 87 (1958), 526-540. 

The difference operator A with span / and integral 
powers of the operator, defined by A/(x)=[/(x+A)— 
f(x)\/h and A%}f(x)=AA-1f(x), are generalized to non- 
integer powers of the operator. 

Generalized Bernoulli numbers and polynomials as- 
sociated with the generalized power of the operator are 
defined and some of their properties are established. An 
inverse of the operator A’, 4 real, is obtained and the 
operator AA and its inverse A~ are shown (when applied to 
functions for which they have meaning) to have the 
property of Nérlund’s principal solution of A/(x)=g(x) 
[Nérlund, Vorlesungen iiber Differenzenrechnung, Berlin, 
1924; p. 59]. D. Moskovitz (Pittsburgh, Pa.) 


3395: 

LadyZenskaya, 0. A. The method of finite differences 
in the theory of partial differential equations. Uspehi 
Mat. Nauk (N.S.) 12 (1957), no. 5(77), 123-148. (Rus- 
sian) 

Cet article constitue un rapport sur les applications de 
la méthode des différences finies aux problémes aux li- 
mites. 

1) Etude du probléme de Cauchy, pour un systéme 
hyperbolique du premier ordre, 4 coefficients constants, 
non symmétrique; obtention d’une inégalité de 1’énergie; 
2) Considérations générales sur le probléme de Cauchy; 
3) Problémes aux limites elliptiques; 4) Problémes mixtes 

ur opérateurs hyperboliques du deuxiéme ordre (cf. 

dyzenskaya, Le probléme mixte pour une équation 
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hyperbolique, Gostehizdat, Moscow-Leningrad, 1953; MR 
17, 160]; 5) Problémes non linéaires. 

Sauf pour 1), pas ou peu de démonstrations, mais 
abondante bibliographie {a laquelle il faut ajouter pour 5) 
les travaux récents de O. A. Oleinik}. 

J. L. Lions (Nancy) 
3396: 

Tanaka, Sen-ichiro. On asymptotic solutions of non- 
linear difference equations of the first order. III. Mem. 
Fac. Sci. Kyiisyii Univ. Ser. A. Math. 11 (1957), 167-184. 

In a previous paper [for parts I and II, see same Mem. 
7 (1953), 107-127; 10 (1956), 45-83; MR 15, 712; 18, 134), 
the author has considered the connection between formal 
solutions of a difference equation of the form y(x+1)= 
y(x)+/(x, y) and asymptotic expansions of actual so- 
lutions. In this paper, he pursues a similar investigation 
under weaker analyticity assumptions. 

R. Bellman (Santa Monica, Calif.) 


SEQUENCES, SERIES, SUMMABILITY 
See also 3277, 3416, 3418. 


3397 : 

Mordell, L. J. On the inequality S?_, x-/(%+1+-%r+2) 
2n/2and some others. Abh. Math. Sem. Univ. Hamburg 
22 (1958), 229-241. 

Let x1, *2, ***; %n+1=%1, %¥n+2=%2; be non-negative 
real numbers. H. S. Shapiro proposed [Amer. Math. 
Monthly 61 (1954), 571) the inequality S?.1 %-(%41+ 
%r42)-124n. The author gives a proof of the inequality 
for »=3, 4, 5 and 6. The proof is straightforward and 
leads to various generalizations and proofs for small n. 
The author then conjectures that the original inequality 
isnot true whenn>6. N.C. Ankeny (Cambridge, Mass.) 


3398 : 

Ramanujan, M. S. On a class of double sequence 
transformations. Ann. Polon. Math. 5 (1958), 55-65. 

In this paper the author considers transformations of a 
double sequence by means of a four-dimensional matrix 
analogous to the familiar transformations of a simple 
sequence by a two-dimensional matrix. The author 
defines a number of terms to be used and states several 
theorems proved by other people. He then proceeds to 
theorems of his own. These are fourteen in numbers. They 
are, on the whole, concerned with conditions on the 
transformation matrix and the nature of the convergence 
of the resulting double sequence. 

T. Fort (Columbia, S.C.) 

3399: 


ipnik, R. B. Note on Tannery series. 
Amer. Math. Monthly 65 (1958), 197-198. 
The author calls a limit of the form limy.,, D¥1 @z.n 
a Tannery series. [Reference is made to Bromwich, An 
introduction to the theory of infinite series, Macmillan, 
London, 1926.] 
The purpose of the note under review is to establish a 
sufficient condition for the convergence of a type of 
Tannery series. T. Fort (Columbia, S.C.) 


3400: 

Petersen, G.M. Norms of summation methods. Proc. 
Cambridge Philos. Soc. 54 (1958), 354-357. 

A summability method # is, here, the class of all 
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regular summability matrices A=(am,) which are equi- 
valent for bounded sequences to a given matrix. We 
define, with Brudno [Mat. Sb. (N.S.) 16(58) (1945), 191- 
247; MR 7, 12), 


h(A)=lim sup ¥ |@mal, |ef\| inf h(A). 


The author proves that, for each @, there is an & with 
||.\|=||#\| for which inf h(A) is not attained. If A is a 
strongly regular matrix, there exists an essentially weaker 
matrix B with |j.0||=||@\| for the corresponding methods. 


G. G. Loreniz (Syracuse, N.Y.) 
3401: 


Tsuchikura, Tamotsu. Absolute summability of Rade- 


macher series. Téhoku Math. J. (2) 10 (1958), 49-59. 

Let & and @ be real numbers for which k21 and «>—1. 
According to definitions of Flett [Proc. London Math. Soc. 
(3) 7 (1957), 113-141; MR 19, 266), a series. 5 aq is 
evaluable |A|, if the series > a,x" converges when 
0s%<1 to a function g(x) for which 


* (1—x)#-2ig’ (x) |Bdx <oo. 


Moreover the series is evaluable |C, «|, if its Cesaro 
transform o,™ of order « satisfies the condition 


Y nF) Gn —ag-1™|* <0. 


The author solves a problem of Flett by proving that 
there is a gap series > Cc, which is evaluable |A|, but 
non-evaluable (C,1—1/k)y. The proof depends, among 
other things, upon two theorems involving the Rade- 
macher functions wo(x), yi(x), --- and real coefficients 
ao, 41, °°** If 

. co Qe+1—1 2) 
( zo a “1 
then the series ¥ ay¢4(x) is evaluable |A|, for almost all x; 
otherwise the series is non-evaluable |A |, for almost all x. 
If 


o | n , k/2 
(**) lel*¥ aakri {> (n—j+ 1)2@-1j2a,2} 


= |anl* 
+ 2 eT 
then 5 ay¢4(x) is evaluable |C, «|, for almost all x; other- 
wise the series is non-evaluable |C, «|, for almost all x. 
Two theorems involve series in which ¢(x), ¢2(x), «+> are 
orthonormal functions not necessarily the Rademacher 
functions. Let 1S&S2. The series ¥ ang¢a(x) is evaluable 
|C, «|, for almost all x if «>4 and (*) holds. The same 
conclusion is valid if «>—1 and (**) holds. 

R. P. Agnew (Ithaca, N.Y.) 


k/2 
<oo, 


<oo, 


3402: 

Chen, Kien-Kwong. The absolute summability A of an 
infinite series. Acta Math. Sinica 6 (1956), 170-183. 
(Chinese. English summary) 

A series is said to be absolutely summable A, or simply 
summable |A|, when the function /(x)=> Ccax® is of 
bounded variation in the interval OS*<1. The aim of 
this paper is to solve the following problem: when the 
series 5c, is summable |A|, under what condition or 
conditions does the series 5 c, converge? The answer is gi- 
ven by the following: When ¥ cy issummable |A|, then the 
pair of conditions 


Cy=0(1) and co+¢1+ - *-+Cx=O(1) 
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is necessary and sufficient for the convergence of the 
series >) Cy. From the author's summary 


3403: 

Rajagopal, C. T. On Tauberian theorems for Abel- 
Cesaro summability. Proc. Glasgow Math. Assoc. 3 
(1958), 176-181. 

The (C, «) and (A; C, a) transforms of a series >) an, or 
of its sequence of partial sums A,=49+4)+ --++4q, are 
defined for a>—1 by 


gma 26 . a- = a+n 
Cat= ga D AoES-t, Est= ("2"), 
fa(x)=(1—z) Cre (0<x<1); 


and the corresponding summabilities to a finite value / 
are defined by C,*->! as n->00, f,(x)—/l as x->+1—. The 
main results are contained in Theorem C: Suppose that 
p20, > i | , p> _ l ; that MiNg<m<(1+8)n (Cu*—C,*)=> 
—w(6)n? (n=no(d)), w(d)>0 as 6) 0; and that f,(x)= 
o((1—x)-?) as x+1 — ; then C,*=0(n?) as n->co. Theorem 
B is essentially the case =O of this; and this in turn 
generalizes Theorem A (due to earlier writers), in which a 
and £ were subjected to the further restriction «2, or 
B=0. Theorems B and C are proved by a combination of 
methods used previously by the author and by other 
writers. The (H,) transform H,* (k=0, 1, 2, -->), 
defined by iteration of (H, 1)=(C, 1), is used as a tool, 
but does not figure in the main enunciations. 

A. E. Ingham (Cambridge, England) 
3404: 

Kennedy, P. B. A note on uniformly distributed 
sequences. Quart. J. Math. Oxford Ser. (2) 7 (1956), 
125-127. 

For a divergent sequence {x,} a well-known Tauberian 
theorem of Hardy [Proc. London Math. Soc. (2) 8 (1910), 
310-320; Divergent series, Clarendon Press, Oxford, 1949; 
MR 11, 25; p. 121] asserts that (*) lim sup,... #/Ax,|= 
+co, where Aténa=—tUn—tUn-1. And Littlewood showed 
[Proc. London Math. Soc. (2) 9 (1911), 434-448; Theorem 
C} that (*) cannot be improved for general divergent 
sequences which have (C, 1)-limits. The author shows that 
(*) cannot be improved even for uniformly distributed 
sequences. S. Ikehara (Tokyo) 


APPROXIMATIONS AND EXPANSIONS 
See also 3298, 3401, 3446, 3520. 


3405: 

Lu, Chien-ke. Generalization of normal series. Ad- 

vancement in Math. 3 (1957), 462-467. (Chinese) 
Generalization of S. Bernstein’s method of polynomial 

approximation to a continuous function to two di- 

mensions. K. L. Chung (Syracuse, N.Y.) 


3406: 

Dzyadyk, V. K. Approximation of functions 

i ynomials on a finite interval of the real axis. 
Izv. Akad. Nauk SSSR Ser. Mat. 22 (1958), 337-354. 
(Russian) 

A function g(x) is quasi-smooth on [a, 6] if Q(h, y)< 
K\h|, where Q(h, y)=sup |p(x1)—29($(%1+%2))+9(%2)|, 
taken for all |x2.—x,|SA, is the modulus of smoothness of 





gy. The author’s most general theorem, added in proof, is 
that if /(x) is continuous on [a, 6], then there exist 
polynomials P,(x) of degree not exceeding » such that 


If(*) —Pa(*)|SCn[ -/ ((b—2)(x—a)) +n" 
x [Q(n-*/((b—)(x—a)), () +Q(n-*, 7). 


In particular, /(x) has a quasi-smooth derivative of order 
ry if and only if, for properly chosen P,(x), 


If(%) —Palx)|SCn-*[/((6—2) (x—a)) +n]. 


This contains previous results of the author [same Izy. 
20 (1956), 623-642; MR 18, 392], Timan [Dokl. Akad. 
Nauk SSSR (N.S.) 78 {1951), 17-20; MR 12, 328) and 
others. The proof is by induction in 7. 

G. G. Lorentz (Syracuse, N.Y.) 
3407: 

Timan, A. F. On best approximations of differentiable 
functions by algebraic polynomials on a finite interval of 
the real axis. Izv. Akad. Nauk SSSR Ser. Mat. 22 (1958), 
355-360. (Russian) 

Let /e WM signify that f(x) has a derivative of order 
r on [—1, +1], with |/#(x)|SM. The author shows that 
this implies the existence of polynomials P,(x) of degree 
not exceeding with 


lim sup n°|f(x) —P9(x)|SK,M(1—x?*)°’2. 


Kr=42 1 Lf (—1)*"+(2k+1)-7-1 is the best possible 
constant, the same as that in a theorem of S. Bern 
stein [Dokl. Akad. Nauk SSSR (N.S.) 57 (1947), 3-5; MR 
9, 179], who proved that lim sup m"|/(x)—P,(x)|S.K,yM 
for fe WM. G. G. Lorentz (Syracuse, N.Y.) 


3408: 

Chen, Kien-kwong. Uniform approximation by integral 
functions of the order p to the functions on a Jordan region 
of the index p. Sci. Record (N.S.) 1 (1957), no. 1, 19-23. 

The uniform approximation and the degree of ap- 
proximation in certain Jordan regions to a given function 
by entire functions of order p are studied. Results given 
by the reviewer [(I) Trans. Amer. Math. Soc. 54 (1943), 
70-82; (II) 56 (1944), 7-31; (III) 61 (1947), 293-306; MR 
4,271 ;5,258; 8, 455] in his papers (I) and (IT) are considered, 
and eight theorems (without proof) are stated to improve 
the results. Theorems | and 2 relate to integrable functions 
/(x) of a real variable, while the other statements concern 
functions /(z) of a complex variable. The conditions are 
based on the use of the Ath means modulus of continuity 
h-*(T(k)) 4/3 (h—#)*¥-1|f(x+-8) —f(x)|dt. {In theorem 1, cer- 
tainly continuity, and not mere integrability, of f(x) on 
any finite interval is a necessary condition for uniform 
approximation.} 

Concerning a corollary to theorem 7, a result given by 
M. M. DérbaSyan and A. P. Tamadyan [Izv. Akad. Nauk 
SSSR. Ser. Mat. 20 (1956), 485-512; MR 18, 469] is re- 
futed. H. Kober (Birmingham) 


3409: 

Remez, E. Ya. Sur le probléme du minimax algébrique 
pour un systéme fini de fonctions linéaires. I. Ukrain. 
Mat. Z. 10 (1958), no. 2, 178-192. (Russian. French 
summary) 

Let ©4(x)= fe aiyxyt+h; (i=1, ---, N) be given real 
linear functions of the n-dimensional real variable #= 
(x1, +++, %m). Sup that N>n and that the matrix 
(ay) has rank m. Write 2(x)=max{®,(x), -- -, Oyy(x)}. The 
problem considered is that of finding the set &o of points 
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x (possibly void) where 2(x) assumes its minimum value. 
The problem of finding minimum values for the function 
max{|®1(x)|, ---, |®y(x)|} has been treated in great detail 
by the author in a recent book [‘‘General computational 
methods for CebySev approximation. Problems with real 
parameters entering linearly’, Izdat. Akad. Nauk 
Ukrain. SSR., Kiev, 1957; MR 19, 580]. Many of the 
methods, if not all of the results, of his previous work are 
carried over to the present problem. The set &o is a closed 
convex set in Ry. Let K,, be the convex hull in R, of the 
points (a1, ***, @in), ***, (@w1, ***, nn). The main 
result of the paper is that &%o is non-void if and only if 
0¢ Km. Also, &o is unbounded if and only if 0 is a 
boundary point of the #-dimensional set Ky. 
E. Hewitt (Seattle, Wash.) 

3410: 

Jeffreys, Harold. The remainder in Watson’s lemma. 
Proc. Roy. Soc. London. Ser. A. 248 (1958), 88-92. 

Let f(x), {(0) 40, be analytic in some neighborhood of 
the origin, and otherwise such that 


Fos {- e-taxm}(x)\dx (m>—1) 


is convergent for sufficiently large Re ¢. An asymptotic 
expansion of I for ¢->oo, |arg t|S42—6 <}z, is obtained by 
substituting in J the expansion of f(x) in powers of x and 
integrating term-by-term. The author investigates the 
remainder in this expansion when one stops at the 
smallest term. Assuming that the singularity of f(x) of 
smallest modulus occurs at x=re', e*+1, and that f(x) 
behaves like M(re**—x)-? at this singularity, he finds that 
for sufficiently large ¢, the ratio of the remainder to the 
first neglected term is approximately (1—e-*)-1. The 
paper also contains a discussion of the case a=0 when 
(i) =1 and the principal value of the integral is taken, or 
(ii) the integral is around a loop enclosing the positive 
real axis. A. Erdélyi (Pasadena, Calif.) 


FOURIER ANALYSIS 


3411: 

Chocholle, René. Présentation commode des calculs 
dans l’analyse et la synthése harmoniques d’ondes pério- 
diques. Rev. Sci. 92 (1954), 3-14. 


3412: 

Stetkin, S. B. On trigonometric series divergent at 
every point. Izv. Akad. Nauk SSSR. Ser. Mat. 21 
(1957), 711-728. (Russian) 

Lusin [Rend. Circ. Mat. Palermo 32 (1911), 386-390) 
gave an example of a series 5 Caz" for which c_=o(1) 
and the series is divergent when z=e and @ is real. The 
real and imaginary parts of this series are conjugate trig- 
onometric series 


YX (an cos n0+-b,y sin nO), ¥ (an sin nO—b,y cos n8) 


for which 4, b,=0(1), and it is shown that these are both 
everywhere divergent. The remainder of the paper 
generalizes a theorem of Neder [Math. Ann. 84 (1921), 
117-136}. Let ap, a1, **: be a decreasing sequence of 
positive numbers for which a,=0(1) and 5 a,_2—=oo. Then 
there exist constants c, such that c,=O(a,) and, for each 
Teal £, the series 
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is divergent for each real 6. This implies, and is implied 
by, existence of two everywhere divergent conjugate 
trigonometric series for which an, b,=O(a,). The theorem 
of Neder asserts existence of constants c, such that 
Cn=O(an) and 5 Cae** is everywhere divergent. 

R. P. Agnew (Ithaca, N.Y.) 
3413: 

Yano, Kenji. On conv criteria for Fourier 
series. I. Proc. Japan Acad. 34 (1958), 331-336. 

Two typical theorems are the following. I. Let ¢~}a9+ 
E 4n cos Ht, Sp=ha0+ Y1%ay. If /h |b(u)—s|du=o(t/log 4) 
as t-+0, and if for some positive d we have Sniz—S_,>—n 
for 7=1, 2, ---, [mw], where e,>0, and e,->0, then s,s. 
II. Let d~> da sin nt, ta=DT 7jb;. If /§ |6(u)—sidu= 
o(t/log ¢-1) as ¢-+0, and if for some positive d we have 
n\(tn4z—tn) >—en for j7=1, 2, ---, [nm], where e,>0, 
and ¢,->0, then the sequence {#b,} is summable (C, 1) to 
2s/x. The first theorem generalizes results of Hardy and 
Littlewood [Ann. Sci. Norm. Sup. Pisa 3 (1934), 43-62], 
and is related to work of F. T. Wang [Proc. London Math. 
Soc. (2) 47 (1942), 308-325; MR 4, 37] and Sunouchi 
[Math. Japonica 1 (1948), 41-44; MR 10, 33). The second 
theorem generalizes results of Mohanty and Nanda [Proc. 
Amer. Math. Soc. 5 (1954), 79-84; MR 15, 523}. 

A. Shields (Ann Arbor, Mich.) 
3414: 

Temko, K. V. On absolute convergence of trigono- 
metric series. Mat. Sb. N.S. 43(85) (1957), 401-408. 
(Russian) 

Let {An} be a decreasing sequence of numbers such that 
An} 0, SAn=oo, and let Q(x; 7)=}40+-E 7*An cos mx. 
A set B is said to have a positive capacity, given by 
{An}, if there is a measure ¢ supported by B such that the 
integral /g Q(x—y; r)du(y) is uniformly bounded in x for 
r->1—0. The author proves the following results. (1) B is 
of positive capacity, given by {Aq}, if and only if there is a 
measure uw supported by B such that, if a», By, are the 
Fourier-Stieltjes coefficients of w, then > (a, cos mx+ 
Ba sin nx)A, is the Fourier series of a bounded function. 
Moreover, it is true that > (a,2+f,2)Ay<oo. (2) If 
B=Us_, Ba and each B, is a Borel set of capacity zero, 
given by {Aa}, then B is also of capacity zero. (3) If 
= pn=0o, pna=O(An/[A2+ ++ -An]), then 

lim 22 pricos(nx+%n)| _2 

noo 1 Pk a 

holds for all x, excepting a set of capacity zero, given 

by {An}. The last theorem generalizes previous results 
by Denjoy-Lusin, R. Salem and S. Yano. 

M. Cotlar (Buenos Aires) 





(n—>oo) 


3415: 

Tsuchikura, Tamotsu. Some theorems on Fourier 
series. TO6hoku Math. J. (2) 8 (1956), 188-200. 

Die Funktion /(x) besitze die Periode 2x, und sm(x) be- 
zeichne die m-te Teilsumme der Fourierreihe von /(x). Ein 
bekanntes Problem von Zalcwasser lautet : {px} sei eine im 
engeren Sinne wachsende Folge positiver ganzer Zahlen. 
Gilt dann fiir eine itber dem Periodenintervall quadratisch 
integrable Funktion /(x) fiir fast alle x die Beziehung (1) 
lima... %~DR-1 |Sp,(%)—f(x)| =O? Auf diese Frage wur- 
den verschiedene Antworten gegeben, einerseits unter 
gewissen zusatzlichen Bedi en fiir die Folge {px} [A. 
Zygmund, Fund. Math. 30 (1938), 170-196], andererseits 
unter gewissen zusatzlichen Bedingungen fiir die Funktion 
f(x); insbesondere wurde vom Verf. [J. Math. Tokyo 
1 (1951), 27-31; MR 14, 868} die Behauptung (1) fiir ste- 
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3416-3419 


tige Funktionen vom Stetigkeitsmodul o0(1/log log(1/|h})) 
fiir 4-0 bewiesen. In der vorliegenden Arbeit wird dieser 
Satz in zweierlei Richtung verbessert: erstens wird die 
Funktion integrabel (statt stetig) vorausgesetzt und zwei- 
tens wird ein positiver Exponent « an den Summanden 
von (1) hinzugefiigt. Der Hauptsatz lautet dann: f(x) sei 
eine tiber (0, 2x) integrable Funktion und {p,} sei eine im 
engeren Sinne wachsende Folge positiver Zahlen. Ist dann 
die Bedingung (2) /3{f(x+)—f(x—t)}dt=o(|h /log log|h|-1) 
fir AO gleichmaBig in x (OSasxsbS2z) erfillt, 
so gilt fiir jede beliebige positive Zahl « und fiir fast alle 
x in (a, 5) 


sd = 2, \Sp,(*)—f(x)|*=0 


lim — E, léna(2)—H(@)1*=0, 


wobei /(x) zu /(x) und &,(x) zu s_(x) konjugiert ist. — Ne- 
benbei ergibt sich mit derselben Methode ein Beweis fiir 
ein Konvergenzkriterium von R. Salem [Nederl. Akad. 
Wet. Proc. Ser. A 57 (1954), 550-555; MR 17, 845): 
Genitigt eine iiber (0, 2x) integrable Funktion f(x) der 
Bedingung (2) gleichmaBig in x (0SasSx%<b<2z), so kon- 
vergiert die Fourierreihe von /(x) fast tiberall in (a, b). Die 
Uberlegungen werden auf gewisse Interpolationsprobleme 
angewandt und fiihren so zu Verallgemeinerungen einiger 
Resultate von Erdés [Acta. Sci. Math. Szeged 12A (1950), 
11-17; MR 12, 164). V. Garten (Zbl 72, 286) 


3Al6: 

Chen, Yung-Ming. Some further asymptotic properties 
of Fourier constants. Math. Z. 69 (1958), 105-120. 

The author establishes a large number of theorems 
connecting integrability properties of a function with 
properties of its Fourier coefficients. His results are ex- 
pressed in terms of several types of auxiliary functions 
that generalize the power functions which appeared in 
most previous work of this character. Notation: ®(x)20, 
@(x)/x t, @(x)/x*| for some k>1. ®, satisfies also 
®;(x)/x!*8 ¢ for sufficiently small 6. ®2 satisfies the fur- 
ther condition ®2(x)/x2-8 | for small positive 6. ¥(x) is 
strictly increasing and ¥(x)/x!- is strictly decreasing, in 
(0, x). In addition, ‘;(x) increases strictly to +00 as 
%-»0o, and ’;(x)/x1-* decreases strictly to 0. In addition, 
W2(x)/x* increases. Qy(x) (p>1) is such that Q»y(x)/x 
increases in (0,2), while Qy(x)/x?-!-8 decreases. Let 
f(x) =44ot+ ER-1 Ancosnx; g(x)=DS_Ansinnx. Typical 
theorems are as follows. (1) If An | 0, ®(|g(x)|)/¥(x) EL 
if and only if ¥ O(nA,q)n-2/¥(n-1) converges. (3) If 
An} 0, Qy(x){(x)P EL if and only if ¥ #?-2A,70Q,(n-1) 
converges. (6) If g is positive and decreasing then 
g(x)/¥ (x) e L if and only if > |A,|n—1/¥(n-1) converges. 
(11) If ®2 satisfies (besides the conditions above) the con- 
dition D(x, y)=>@2(x)2(y) (supermultiplicativity), then, if 
An}, g(x)/Mo(x)eL if and only if > Aqn—1/O2(n-1) 
converges. (12) If ‘f; is supermultiplicative, ge Z and 
g(x)/x¥3(x-1) e L, then 5 An/¥i(m) converges. (13) If V2 
is supermultiplicative and > |A,/¥2(m)| converges, then 
{(x)/x¥e(x-!) is Cauchy integrable. (19) Let K(é)20, 

( € Lil, p), J (x) =/9 K(é)xtdt, Aq | 0; then 


[2 (1g) )dx <c0 


if and only if > ](nA,q)n-2/¥(n-1) converges. 
R. P. Boas, Jr. (Evanston, Il.) 





3417: 

Efimov, A. V. On approximation of certain classes of 
continuous functions by Fourier sums and by Féjer sums, 
Izv. Akad. Nauk SSSR. Ser. Mat. 22 (1958), 81-116. 
(Russian) 

Les principaux résultats de cet article ont été annoncés 
dans les Uspehi Mat. Nauk 12 (1957), 228-231. Soit f 
2n-périodique ; 


wath, f)= sup sup |f(x+8)+/(*—8)—2f(); 


Gn et Sq les sommes de Fejér et de Fourier de /; /, 3, et 
Gn les fonctions conjuguées de /, S_ et oy. Th. 1: 


f=) —on-a(2)=—(2n)2] ™ (f(x-+-2t/m) + f(e—2e/m) 
— 2f(x))t-*dt+ O(we(1/n, f)); 
quand we(h, f)=A, on retrouve un résultat de Zamansky 


[Ann. Sci. Ecole Norm. Sup. (3) 66 (1949), 19-93; MR 11, 
27). Th. 2: Si we(h, f)Sh, 


I(x) —Gn-1(x) = 
x71 J © iflett/n)—f(x—t/n)| 2 sin t dt+O(1/n), 


ot a; est la plus petite racine de /$ sin t/t dt=42. Ce théo- 
réme, joint 4 un résultat antérieur de l’auteur [Izv. Akad. 
Nauk SSSR Ser. Mat. 21 (1957), 283-288; MR 19, 534), 
permet de majorer |f/—@,-1| (th. 3). Th. 4: Si we(h, /)<h*, 


f=) Sala) =(n-+1)-7[" f(x) —f(e+8) 


sin((n+4)t+ $72) 
2 sin t/2 


et généralisation au cas { €e Wg’ H2* (classes introduites par 
Stetkin [ibid. 20 (1956), 643-648; MR 18, 303]. Les théo- 
rémes 5 4 7 indiquent des majorations de |f—S,| et 
|/—S,|. L’article débute par une série de lemmes, rappelés 
ou établis, sur les fonctions f telles que we(h, f)Sh*. 

J. P. Kahane (Montpellier) 





dt+O(n-7-*) 


3418: 

Ogieveckii, I. I. Some Tauberian theorems of N. 
Wiener’s for functions of two variables. Czechoslo- 
vak Math. J. 8(83) (1958), 76-85. (Russian. English 
summary) 

Let K,; and Kg be functions in L;(—0oo, co) whose 
Fourier transforms vanish nowhere, and let A(x, y) be a 
bounded measurable function defined for all real x and y. 
Suppose that 


s K,(x—«)Ke(y—v)h(u, v)dudv= 


s [ Ky(u)Ke(v)dudo. 


Then the same equality holds with Ky replaced by 
arbitrary functions K;* € L1(—0oo, oo) (j=1, 2). The proof 
is a simple adaptation of Wiener’s Tauberian theorem. 
An analogous result holds for Mellin transforms. Appli- 
cations are made to Abel and (C, 1) summability of double 
sequences and to (C, «, 8) summability of double integrals. 

E. Hewitt (Seattle, Wash.) 


lim 
(z,y)—+>0o 


3419: 

Gheorghiu, N. Fonctions presque-périodiques d’une 
variable continue et d’une variable entiére. An. Sti. 
Univ. “Al. I. Cuza” Iasi. Sect. I. (N.S.) 2 (1956), 29-31. 
(Romanian. Russian and French summaries) 

Let R be the entire real axis and Z the set of all integers. 
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The following theorem establishes connections between 
the almost periodicity of real-valued functions of continu- 
ous argument and of those of integer-valued arguments: 

A real-valued function f(x), x € R, is almost periodic if 
and only if it is uniformly continuous on R and there 
exists a sequence of positive numbers 6, monotone de- 
creasing to O such that, for every k, f(mdx) is almost 
periodic with respect to ne Z. O. Onicescu (Bucharest) 


3420: 

Bredihina, E. A. On best approximation of almost 
periodic functions by integral functions of finite order. 
Dokl. Akad. Nauk SSSR (N.S.) 117 (1957), 17-20. 
(Russian) 

Let By be the set of integral functions of order <A. If 
f(x) is defined on the real axis, let E)(/)=infri2) cx, {supz 
(f(x) —F(x)|} where sup is taken over all real x. An almost 
periodic function f(x) is said to belong to class L if the 
Fourier series of (x) is Deo Axe“s* where Ap=0, Ap>0, 
Agsi/Ak=Ge20>1 for kR>O and A-zr=—Ay. Let Ra(f)= 
supa |f(%)—Diae <a Ane™s*| and a(/)=Diayj>sde. The 
author proves the following. Theorem 1: If /(x) e L, then 
Ry(f)SC(0)E,(f) where C(6) depends only on 6. Corollary: 
If f(x) EL, then Ey(f)~Ry(f)~aa(f). Theorem 2: Let f(x) be 
defined on the real axis. If there exists a sequence x; 
(l=0, 1, 2, ---) such that all the numbers x; are non- 
positive or all] the x; are non-negative and |x;|<|xz+:], 
lim supz.,.. //|x;|>A/m for all 7; and such that for some 
function Fo(z)¢ By, Re {f(x;)—Fo(x:)}=(—1)'Z; where 
L;j=L>0; then Ey(f)=L. Theorem 3: If f(x) e L, 9@>3 and 
arg A-~y=—arg Ax, then 


l 
a(f\s cos x/(0—1) Ei(f)). 


Corollary: If f(x)eL and gy->0o, then E)(/) #Ra(f) waa(/). 
The corollaries to Theorems | and 3 are generalizations of 
previous work of the author [same Dokl. 111 (1956), 
1163-1166; MR 18, 886). J. Cronin (Elizabeth, N.J.) 
3421: 

Sun, P. W. On completeness and orthogonality of 
generalized spherical functions in a homogeneous space. 
Acta Math. Sinica 6 (1956), 405-417. (Chinese. English 
summary) 

Let S be a homogeneous space with @ as its fundamental 

roup. A system of linearly independent almost periodic 
ctions ®(P)={9:(P), ---, pa(P)} in S (in the sense of 
J. v. Neumann) is called a system of generalized spherical 
functions, if to every transformation o € G, there corre- 
sponds a transformation 9;(oP)=D}_; ay(o)p;(P) (¢=1, 
2, -++, m), where A(o)=(ay(c)) gives a normal repre- 
sentation of group @. E. Cartan and H. Weyl have both 
studied these functions in case the group @ is compact. 
The present author studies them again, keeping the group 
arbitrary, but restricting the functions in question to 
the almost periodic functions, in view of applying v. 
Neumann’s theory of almost periodic representations of 
groups. 

The main result may be described as follows. Take a 
unitary representation U(o) from each of the classes of 
equivalent irreducible normal representations of @. To 
each U(a), there corresponds A orthonormal systems of 
generalized spherical functions ®;(P)={11, ---, Pin}, 
++, Oa(P)={pn1, ---, Pan} (ASm), where n is the degree 
of U(c). The totality of all such functions gy thus ob- 
tained form a complete orthonormal system in 6G. 
Approximation theorem is also proved. 

Author's summary 





3420-3424 


3422: 

Dixmier, Jacques. Quelques exemples concernant la 

— spectrale. C. R. Acad. Sci. Paris 247 (1958), 
4-26. 

Sur les surfaces réglées z=yq(x)+-y(x) (p continiment 
dérivable, inf y(x)>0, y mesurable), il existe des mesures 
p (a savoir celles qui se projettent sur le plan des xy sui- 
vant une mesure 6(x)dxdy, 6 mesurable et bornée) telles 
que la transformée de Fourier de du/@z soit bornée; ainsi 
F(@u/éz) n’est pas limite dans L® faible des combinaisons 
linéaires des exponentielles de son spectre [cf. L. Schwartz, 
C. R. Acad. Sci. Paris 227 (1948), 424-426; MR 10, 249]. 
on J. P. Kahane (Montpellier) 


Manaresi, Fabio. Sulla sommabilita (C, 1) delle serie 
doppie di Fourier. Ann. Scuola Norm. Sup. Pisa (3) 
12 (1958), 21-30. 

Extension a plusieurs variables d’un théoréme de Hardy 
et Littlewood [J. London Math. Soc. 1 (1926), 134-138]: 
si fest sommable dans le carré OS%,yS2n, et si 
SG S$ Fdudv=o(uv) (u, v->0) et /§/§ |F|\dudv=O(uv), avec 
F=> /(x+4, y+v), les sommes de Féjer on(x, y) tendent 
vers 0. J. P. Kahane (Montpellier) 


3424: 

Hoffman, Kenneth. Boundary behavior of generalized 
analytic functions. Trans. Amer. Math. Soc. 87 (1958), 
447-466. 

This paper is a contribution to the theory of generalized 
analytic functions associated with ordered topological 
groups which was initiated by Arens and Singer [same 
Trans. 81 (1956), 379-393; MR 17, 1226}. Most of the 
author’s results concern a subgroup G of the additive reals 
with discrete topology, and its semi-group G+ of non- 
negative elements; in this review we will restrict ourselves 
to this case. Let A be the set of all homemorphisms of 
G, into the unit disk in the complex plane, and let I’ be 
the closed subset of A consisting of characters of G. 
Ordinary analytic functions correspond to the case when 
G is the group of integers, A the unit disk in the plane, and 
I the unit circle. In the general case, each ¢ in A can be 
written as (=p-a, with « in I’, and p(x)=r* for some r, 
0<rs1. Denote by A; the algebra, under convolution, of 
all summable functions on G which vanish outside G,. To 
each / in A, there is associated a continuous function / on 
A defined by f(t)=/e, f(x)t(x)dx. These functions f, and 
related functions, are the ‘‘generalised analytic functions” 
in question. For each point ¢ in A there is a unique 


measure mz on I’ such that for every f in Aj, fio= 
Sy f(a)me(da).A function defined on A—T is analytic there 
if it can be uniformly approximated on compact subsets 
by functions } with / in A,. For p~>0, denote by H(A) 
the class of analytic functions G on A—TI such that for some 
po, O<po<1 (i.e., O<po(x)<1 for ali x40 in G4), 
Sr\G(pxB)\?m,,(d«) is bounded uniformly in p and . 
This class is independent of po. Theorem: If F is in 
H,(A), then lim,.; G(pa) exists except on a set of a having 
mr-measure zero for O<|¢|<1, and the resulting function 
on I is in Ly with respect to each my. Corollary (generali- 
zation of Fatou’s theorem): If G is bounded and analytic 
on A—T, then lim,.1 G(pa) exists except for a set having 
mr-measure 0 for OS|¢|<1. Theorem: Let G be in H(A) 
and for some ¢ let the boundary value function of G 
vanish on a set of positive my-measure. Then G=0. Thus, 
several ot the classical boundary value theorems for the 
unit disk extend to the general case. A number of similar 
related generalizations are also established in the paper. 
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3425-3431 


Among the facts of independent interest proved in this 
way is the following: If S is a Borel set in l’, and 0<p<l, 
then #p.(¢)=0 for all a in [ implies that S has Haar 


measure 0. J. Wermer (Providence, R.I.) 
INTEGRAL TRANSFORMS 
See also 3394, 3416, 3455, 3611, 3674. 
3425: 


Sears, D. B. Integral transforms over certain function 
spaces. II. Quart. J. Math. Oxford Ser. (2) 8 (1957), 
295-306. 

Continuing his work on integrai transforms [same J. 8 
(1957), 68-80; MR 18, 893], the author studies unitary 
transformations between Cartesian product spaces. Let 
(dz, So, se, we, 12(ux)) and [Ag, So, Sz, vg, L2(ve)], R= 1, 
2, be four systems of the type described in the author’s 
previous work, and [4, so, s, 4, /2(4))] and [A, So, S, », L2(v)] 
the corresponding Cartesian product systems; i.e., 
b=; Xd2, so=—so™ Xso®, s=s1XSe, p=" Xpe, etc. 
Using the terminology of the author’s previous work, let 
Igy be vg ue Se -kernels and ys be pe ve Sy -kernels re- 
spectively, k=1, 2. Set T(P)=Ee Tih) aq), o(P)= 
Dds vi(Ps)y2(Qi) where p and P are finite unions of rec- 
tangles p; x q in s and P; x Q; in S, respectively. Theorem 
i states that the transformations 


I, Pav= J , (Pid (all Pe S), 


[ tau=[, FT dn (all pes) 


define a unitary transformation from /*(y) to L*(v), and 
its inverse. Theorem 2 gives the relation between the 
transformations defined above and the corresponding 
transformations defined by yz, Tx, k=1, 2. These results 
are then specialized to the case where the measure spaces 
are Euclidean and also to the case where y and I are 
absolutely continuous. A final theorem gives an expression 
for the kernel of successive transformations. 


A. Devinaiz (St. Louis, Mo.) 


3426: 

Wintner, Aurel. Stable distributions and the transforms 
of Stieltjes and Le Roy. Boll. Un. Mat. Ital. (3) 13 (1958), 
24-33. 

Let fa(x) (a>0) have for its Fourier transform 
exp(—|¢|*). P. Lévy has shown that fg(x)20 for all real x 
if and only if 0<a<2, in which case fg is the symmetric 
stable density function [Bull. Soc. Math. France. 52 
(1924), 49-85]. If Eq(x)=DSx20x*/T(ka+-1), the Mittag- 
Leffler function, then, as proved by Feller, 


D*{(—1)*® Eq(—x)|20 for O<asl, 


where D=d/dx [see H. Pollard, Bull. Amer. Math. Soc. 54 
(1948), 1115-1116;MR10, 295). The author gives an elemen- 
tary proof of the latter result (which relies heavily on the 
Hausdorff-Bernstein theorem which states that a function g 
satisfying (—D)*g(x)=0 for n20is representable as a Lebes- 
gue-Stieltjes transform) from which the former result fol- 
lows by direct computation. Some additional results are 
given concerning Stieltjes, Le Roy and Volterra transforms. 


R. Pyke (New York, N.Y.) 
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3427: 
Krabbe, G. L. Spectral invariance of convolution 


operators on L?(—co, oo). 
131-141. 

For a given bounded Radon measure A on G=(—oo,00), 
convolution operators A*f defined by the integral 
Je {(@—«a)dA (a) are studied as mappings from Ly into Ly. 
It is shown under certain restrictions on A that the 
spectrum of the convolution is independent of # and is the 
same as the spectrum of A, which is the closure of the 
range of the Fourier transform of A. An appendix 
contains the referee’s proof that this result is true if G is 
an arbitrary locally compact Abelian group and A is a 
bounded Radon measure on L?(G). Among others, 
results are obtained concerning the point spectrum which 
generalize those proved by H. Pollard in the case p=2. 

N. Dunford (New Haven, Conn.) 


Duke Math. J. 25 (1957), 


3428: 

Rooney, P. G. On the inversion of the Gauss transfor- 
mation. [I. Canad. J. Math. 10 (1958), 613-616. 

In part I [same J. 9 (1957), 459-464; MR 19, 270) the 
author inverted the Gauss transform under suitable 
hypotheses by interpreting e~”*/(x) by the power series 
for the exponential function. Here he interprets the same 
operator by using e~*=lim(1—x?/n)* and gives both 
convergence theorems and an L? theory paralleling 
Pollard’s L? theory for the series interpretation [Duke 
Math. J. 13 (1946), 307-330; MR 8, 265). 

R. P. Boas, Jr. (Evanston, II.) 
3429: 


Narain, Roop. On a generalized Laplace transform. 
Math. Z. 69 (1958), 228-233. 
The transform in question is 


$(s)=s | © (st)™-W/ Be HOW (st) f(t. 


The author substitutes in this relation known integrals 
for Whittaker’s function W,m™ and obtains the corre- 
sponding integral formulas for ¢(s). He gives three 
theorems with corollaries and examples. 

A. Evrdélyi (Pasadena, Calif.) 
3430: 

Miller, John Boris. A symmetrical convergence theory 
for general transforms. Proc. London Math. Soc. (3) 
8 (1958), 224-241. 

The author defines a class of functions Y)2, 2A>1, which 
is a subclass of L2(0, co), and an associated class of kernel 
functions D?*. If feY 2? and ke) then g(x)= 

=F /(t)k(xt)dt also belongs to Y,?, and the inversion is 
given by /(x)=/=F g(t)k(xt)dt. Moreover, if g; is the trans- 
form of f;, i=1, 2, then 


[5 eereaterdx— | * falader(aae. 


The results are partially extended to the analogous 
situation in L?(0,00),p>1. J. Blackman (Syracuse, N.Y.) 


3431: 

Akutowicz, Edwin J. The spectral resolution of 
Watson transforms. Proc. Cambridge Philos. Soc. 54 
(1958), 368-376. 

Under suitable conditions on the kernel A(u), the 
Watson transform W, defined by 


i W4(u)du= ty a) d(u)du, 


is a unitary operator from L2(0, oo) onto itself. Hence, W 
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has a canonical spectral representation, and the author 
computes the resolution of the identity of this repre- 
sentation explicitly in terms of W. The results are achieved 
through use of Poisson’s integral for the unit circle. 

A. Devinatz (St. Louis, Mo.) 


INTEGRAL AND INTEGRODIFFERENTIAL EQUATIONS 
See also 3464, 3613, 3692, 3713, 3727. 


3432: 

Krikunov, Yu. M. Solution of the generalized Riemann 
boundary problem and of a linear singular integro- 
differential equation. Kazan. Gos. Univ. Ué. Zap. 112 
(1952), no. 10, 191-199. (Russian) 


3433: 

Hvedelidze, B. V. On systems of singular integral 
equations with Cauchy kernels. SoobSt. Akad. Nauk 
Gruzin. SSR. 18 (1957), no. 2, 129-136. (Russian) 

The author investigates the system of singular integral 
equations a(t)p(t) + (2t)-1 b(t) f-y(7) (r—t)-1 dr=f(t) wherep 
and / denote vector functions, [ a curve, and a, 6 ma- 
trices. The spaces employed are L?-spaces with a weight 
factor. The weight factor is the absolute value of a func- 
tion whose only zeros and infinities lie on [’. Carleman’s 
method transforms the above to a discontinuous Rieman- 
Privaloff problem ¢*(¢)=A(t)¢-(#)+B(é) in vector form. 
The paper is a continuation of another by the same 
author [same Soob&S¢. 17 (1956), 865-872; MR 20#963}, 
contains several existence theorems and proves that the 
given system is a “Noether’’ system. 

Frantisek Wolf (Berkeley, Calif.) 
3434: 

Natalevit, V.K. Non-linear singular integral equations 
and non-linear boundary problems of the theory of analytic 
functions. Kazan. Gos. Univ. Ué. Zap. 112 (1952), no. 
10, 155-190. (Russian) 


FUNCTIONAL ANALYSIS 


See also 3170, 3172, 3231, 3254, 3268, 3299, 3300, 
3424, 3427, 3531, 3625, 3749, 3750, 3767, 3768. 


3435: 

Koman, Milan. Bemerkung zu einer Definition der 
topologischen K-Lineale. Casopis Pést. Mat. 83 (1958), 
156-159. (Czech. Russian and German summaries) 

J. Matik [Casopis Pést. Mat. 79 (1954), 3-40; MR 16, 
492] has defined a normed K-lineal (vector lattice) as a 
K-lineal in which |la||=|j/a||| and OSa<d implies |ja||<}jd)|. 
Let H be the linear space of all real functions on [0, 1] of 
the form /+g, where / is continuous and g vanishes ex- 
cept on a finite set. Let H have the usual linear operations 
and order, and set ||f+g\|=max|f(x)|-+ Xo<e<1 |g(*)|. 
Then H is a normed K-lineal in which the algebraic and 
order operations are continuous, but O<a<é does not 
imply |ja||S|\b||. In fact, there is a neighborhood U of 0 
such that for every neighborhood V of 0 there are ele- 
ments a, 6 for which O<asd, be V, and a ¢ U. Further- 
more, the linear functional J(/+-g)= > g(x) is continuous, 
but its positive part J, is infinite at 1 (J4(1)=sup J(A): 
OShS1). E. Hewitt (Seattle, Wash.) 
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3432-3438 


3436: 

Semadeni, Z. Sur les fonctionnelles linéaires dans des 
espaces vectoriels semiordonnés avec application a repré- 
sentation des fonctionnelles par des intégrales. Bull. 
Acad. Polon. Sci. Sér. Sci. Math. Astr. Phys. 6 (1958), 
457-462. 

In a normed vector lattice X, the notion of Fréchet 
sequential convergence / is assumed to satisfy the follow- 
ing conditions: (1) xn—>%0, Yn—>Vo, An—Ao implies x_+ 
An¥n—>xo+-Aoyo; (2) xnZ0, Xn —>%o implies x90; (3) x_,—>0, 
OS¥anS%n implies yn—>0; (4) ||xq\|>0 implies x,—-0; and 
(5) x,—>0 implies |%,|-0O for x,+-0 and x,--0. A 
sequence is y-convergent if, in addition, ||x»|| are bounded. 
Then the classes E of corresponding linear continuous 
functionals on X satisfy the relation B,C&,;C&; 3, and 
&, are sublattices of 3, and &, is closed in &. As an appli- 
cation, the finitely additive function » which, via / x(é)dp, 
gives the linear continuous functional &(x) on a space X 
of almost bounded (relative to an ideal R) functions [for 
the linear interval see T. H. Hildebrandt, Trans. Amer. 
Math. Soc. 36 (1934), 868-875, and G. Fichtenholz and L. 
Kantorovitch, Studia Math. 5 (1935), 69-98], is additive 
if and . ‘ly if € belongs to Ey, where the /-convergence 
means Xn\t)—>«(t) except for a set of R. The other appli- 
cation concerns the linear functional on the space of 
bounded continuous functions on a completely regular 
topological space representable as the union of a mono- 
tonic sequence of compact sets. 


T. H. Hildebrandt (Ann Arbor, Mich.) 


3437: 

Heider, L. J. T-sets and abstract (L)-spaces. Pacific 
J. Math. 7 (1957), 1611-1618. 

A partially ordered Banach space in which the set P of 
positive elements is closed and which is a linear lattice 
is called BL I if a, bin P implies |ja+-d||=|\a||+-|\d||; BL II if 
P is maximal for this property; BL III if BL I holds, and 
aab=0 implies that |ja—6||=|\a+-)|. Then III-II-I; the 
converse does not hold, unless the norm is modified. In 
an arbitrary Banach space B, a set P closed under 
addition is called a 7-set if it is maximal for BL I; and 
for it a functional Fp(a)=inff{\ja+5||—|\b\|, bin P} is 
defined. Using this functional, it is shown that if ate P 
is such that (a+—a) e P, then a+ serves as avO in the 
ordering induced by P provided that (i) a=b—c with 5, 
c in P implies ||jb—a*||=||d||—|\a*||. It is provided that B 
can be ordered to be a BL II space if it contains a 7-set 
P such that for each a € B there exist a+, a~ € P such that 
a=at—a~ and (i) holds. If |\a||=|\a*\|+-|ja~|| the space is 
BL III. A representation theorem for BL III spaces is 
proved and the connection of the functional Fp with it 
established. J. L. B. Cooper (Cardiff) 


3438: 

Bessaga, C.; and Pelczyfski, A. On subspaces of a 
space with an absolute basis. Bull. Acad. Polon. Sci. 
Sér. Sci. Math. Astr. Phys. 6 (1958), 313-315. 

This paper generalizes to a subspace Y of a Banach 
space X with an absolute basis certain results of R. C. 
James [Ann. of Math. (2) 52 (1950), 518-527; Proc. Amer. 
Math. Soc. 6 (1955), 899-902; MR 12, 616; 17, 877]. Five 
conditions are given which are equivalent to Y containing 
no subspace isomorphic to /, and three conditions which 
are equivalent to Y being reflexive. It is shown that Y is 
weakly complete if and only if it has no subspace iso- 
morphic to ¢o. S. S. Cairns (Urbana, III.) 





3439-3445 


3439: 
Faedo, Sandro. Su un principio di esistenza nell’analisi 
lineare. Ann. Scuola Norm. Sup. Pisa (3) 11 (1957), 1-8. 
Sia V una varieta lineare sul corpo reale [complesso], 
B, e Be due spazi di Banach reali [complessi] ed M, 


(ti=1, 2) un omomorfismo lineare di V in By. Sia ® un 
elemento dello spazio duale di B,. Si consideri l’equazione: 
(1) ©[M1(v))='P[M2(2)] 


nell’incognita ‘, elemento dello spazio duale di Bz. Il 
recensore ha dimostrato [Convegno Internaz. sulle Equa- 
zioni Lineari alle Derivate Parziali, Trieste, 1954, pp. 
174-227, Ediz. Cremonese, Roma, 1955; MR 17, 626] che 
la (1) ammette soluzione quale si sia ® se e solo se esiste 
K>0 tale che ||M,(v)\|SK||Mo(v)|| per ve V. Detto V; il 
nucleo dell’omomorfismo M,, tale condizione é verificata 
solo se VeCV;. L’A. considera il caso in cui non sia 
V2CV\. Egli dimostra che la (1) ammette soluzione per 
ogni ® ortogonale a M,[V¢) se e solo se esiste K>0 tale 
che estr. inf.,,ev, ||M1i(v+2)||SK||Mo(v)|| per ogni ve V. 
Di tale teorema indica alcune applicazioni ai problemi al 
contorno per le equazioni differenziali lineari del secondo 
ordine. {Nota del R. — II teorema dell’A. si riduce a 
quello dato dal recensore introducendo. lo spazio di Ba- 
nach quoziente B;/M,(V2) (Mi(V2) =chiusura di M,(V2)), 
considerando un funzionale ® ortogonale a M,(V2) come 
un elemento dello spazio duale di B,/Mi(V2) e sosti- 
tuendo M, con l’omomorfismo prodotto di M, per l’omo- 


morfismo B,—>B,/M1(V2).} G. Fichera (Rome) 





3440a : 

Faedo, Sandro. Un principio di esistenza nell’analisi 
lineare e sua applicazione alla dualita di alcune formule di 
maggiorazione relative alle equazioni differenziali. Atti 
Accad. Naz. Lincei. Rend. Cl. Sci. Fis. Mat. Nat. (8) 
22 (1957), 434-437. 


3440b: 

Faedo, Sandro. Applicazione ai problemi di derivata 
obliqua di un principio esistenziale e di una legge di 
dualita fra le formule di maggiorazione. Rend. Mat. e 
Appl. (5) 16 (1957), 515-532. 

Sono riesposizioni del lavoro sopra recensito, con l’ag- 
giunta di alcune interessanti applicazioni alla deduzione 
di formole di maggiorazione e teoremi di esistenza per le 
soluzioni deboli di alcuni problemi al contorno per le 
equazioni differenziali lineari. G. Fichera (Rome) 


3441: 

Kalisch, G. K.; and Straus, E.G. On the determination 
of points in a Banach space by their distances from the 
points of a given set. An. Acad. Brasil. Ci. 29 (1957), 
501-519. 

A set U in a Banach space L is “‘determining’”’ if the set 
of distances {|\x—\|:« € U} determines x uniquely (x € L). 
Typical results are the following. 1. Every set which spans 
L is determining if and only if L is a real Hilbert space. 2. 
If the surface of the unit sphere S of L has an open set in 
common with a supporting plane, then no bounded set is 
determining. If S is strictly convex, then every set which 
is somewhere dense is determining. 3. The union of a 
collection of hyperplanes with intersection 0 meets a 
strictly convex S in a determining set. 4. In a space of 
dimension >1, there does not exist a universal finite set 
which is determining for all strictly convex norms on the 
space. The proofs of these results require a study of geo- 
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metric properties of a locus of points equidistant from two 


given points. M. Jerison (Princeton, N.].) 
3442: 

Guy, Roland. Sur une extension d’un théoréme de F. 
Riesz. C.R. Acad. Sci. Paris 246 (1958), 2098-2101. 

“Soit @ l’A-module 4 gauche par rapport a |’anneau 
#(B) des endomorphismes d’un espace de Banach complet 
B sur les complexes, constitué par l'ensemble des fonctions 
faiblement continues définies sur [a,b] de la droite 
réelle R, 4 valeurs dans #(B). On généralise le théoréme 
de F. Riesz sur la forme des fonctionnelles sur l’espace des 
fonctions continues au cas analogue des applications de ¢ 
dans #(B).’”’ (Résumé de l’auteur.) 

M. Jerison (Princeton, N.J.) 
3443: 

Semadeni, Z. A localization theorem for multiplicative 
linear functionals. Bull. Acad. Polon. Sci. Sér. Sci. 
Math. Astr. Phys. 6 (1958), 289-292. 

Let 7 be a completely regular space, R a g-ideal of 
subsets of T with empty interior, and Y a linear set of 
bounded real-valued functions on T, closed with respect 
to finite suprema and uniform convergence. Supremum, 
limit, equality, etc., modulo R, are defined in the natural 
way and are denoted by the standard symbols with sub- 
script R. Theorem 1: The space Y/R of equivalence 
classes of Y relative to =g, with norm supa |x(t)|, is an 
M-space. Hence, there is a one-to-one correspondence of 
Y/R onto the set C(Q) of all continuous functions on some 
compact space Q, preserving norm, order, and multi- 
plication. A point t € T is called a localization point of a 
linear functional § on Y/R if x(¢)=,y(t) on a neighborhood 
of to implies é(x)=&(y). Theorem 3: If T is compact, then 
every multiplicative linear functional on Y/R has a 
localization point. If T is compact and Y separates the 
points of T in a suitable sense, then C(T) may be embedd- 
ed in Y/R. In that case, there is a standard mapping 
[M. H. Stone, Trans. Amer. Math. Soc. 41 (1937), 375- 
481] of Q onto T, and this mapping coincides with the 
one that takes each multiplicative linear functional on 
Y/R into its localization point (which is unique under the 
separation hypothesis). 

Details are to appear in Studia Math. 

M. Jerison (Princeton, N.J.) 
3444: 

Zuhovit’kii, S. I. On some extensions of linear func- 
tionals in certain spaces of number sequences and in the 
space of continuous functions. Luc’kii Derz. Ped. Inst. 
Nauk. Zap. Fiz.-Mat. Ser. 6 (1958), no. 3, 3-19. (Ukrai- 
nian) 

Proofs and extensions are given of several theorems 
which had been announced previously by the author 
[Dokl. Akad. Nauk SSSR (N.S.) 108 (1956), 383-384; MR 
18, 322). H. P. Thielman (Ames, Iowa) 


3445: 

Zinger, Ivan. [Singer, I.] Linear functionals on the 
space of continuous mappings of a compact Hausdorff 
space into a Banach space. Rev. Math. Pures Appl. 2 
(1957), 301-315. (Russian) 


An arbitrary bounded linear functional on the space 
C(Q, E) of all continuous mappings from a compact space 
Q into a Banach space E is represented as an integral with 
respect to a measure of bounded variation on Q taking 
values in E*. The norm of the functional is given by the 
total variation of the measure /,, which is defined as the 
supremum of 5 |jf,,| taken over all finite partitions of Q 
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into Borel sets ¢;. The total variation of a measure is 
different from the semi-variation [Bartle, Dunford, and 
Schwartz, Canad. J. Math. 7 (1955), 289-305; MR 16, 
1123}. The latter, which is finite for all vector-valued 
measures, is the norm of the linear transformation that it 
defines from C(Q, reals) into E*. 

{The author informs editors that in the proof of the 
theorem of this paper there is a lack, but no error, whose 
correction is easy and will appear in Rev. Math. Pures 
Appl. (1959).} M. Jerison (Princeton, N.J.) 


3446: 

inger, Ivan. Sur la meilleure approximation des 
fonctions abstraites continues 4 valeurs dans un espace de 
Banach. Rev. Math. Pures Appl. 2 (1957), 245-262. 

Using his representation of the conjugate space 
C(Q, E)* of C(Q, E) [see the above review], the author 
makes the appropriate extension to C(Q, E)* of the R. 
Arens-J. Kelley theorem [Trans. Amer. Math. Soc. 62 
(1947), 499-508; MR 9, 291] which characterizes the 
extreme points of the unit cell of C(Q)*. The proof is 
essentially that of Arens and Kelley. This result, together 
with previously proved theorems of the author, is used in 
proofs of the theorems by S. I. Zuhovickii and S. B. 
Stetkin [Dokl. Akad. Nauk SSSR 106 (1956), 385-388, 
773-776; MR 18, 222; 19, 30] on CebySev approximation 
in C(Q, E). R. R. Phelps (Princeton, N.J.) 


3447: 

Singer, Ivan. Les duals de certains de Banach 
de champs de vecteurs. Bull. Sci. Math. (2) 82 (1958), 
29-40. 

With each point d of a compact space Q is associated a 
real Banach space E(q). A vector field on Q is a function 
that assigns to each g€Q a member of E(qg). Following 
Godement [Ann. of Math. (2) 53 (1951), 68-124; MR 12, 
421], the author considers a fundamental family A of 
vector fields on Q and vector fields that are continuous 
with respect to A. The dual of the Banach space of all 
continuous vector fields on Q is characterized as a set of 
vector-valued measures on Q. Likewise, the dual of the 
space of all totally measurable vector fields (suitably 
defined) is characterized as a set of vector-valued, 
finitely-additive set functions on Q. 

{The author informs editors that in the proof of theorem 
2 there is a lack, but no error, whose correction is easy and 
will appear in Rev. Math. Pures Appl. (1959).} 


M. Jerison (Princeton, N.J.) 
3448: 
Akanuma, Makoto. Division problem of some species 
of distributions. Proc. Japan Acad. 34 (1958), 247-250. 
The author claims to give a simple proof of the following 
result of the reviewer [Amer. J. Math. 78 (1956), 685-715; 
MR 18, 746]: Let A be any partial differential operator 
with constant coefficients. Then for any distribution S 
there exists a distribution T such that AT=S. 
Actually the proof is incorrect, for the author assumes 
that QD is the inductive limit of QD; (p. 249, 1. 1), which 
he does not prove. L. Ehrenpreis (Waltham, Mass.) 


3449: 

Rudin, Walter. On the structure of maximum modulus 
algebras. Proc. Amer. Math. Soc. 9 (1958), 708-712. 

Let A denote the closed unit disk and I its boundary. 
By a “maximum modulus algebra” is meant an algebra 
of continuous complex-valued functions on A each ele- 
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3446-3453 


ment of which attains its maximum modulus on I’. Let R 
be a maximum modulus algebra and assume R contains 
a non-constant function analytic in A—T’. The author has 
shown [Duke Math. J. 20 (1953), 449-457; MR 15, 21] 
that if, in addition, R contains some function which is a 
homeomorphism of A, then every / in R is analytic in 
A—TI. He shows in the present paper that, if the hypo- 
thesis that R contains a single function separating points 
in A is replaced by the hypothesis that R as a whole 
separates points, then the conclusion need no longer hold. 
More explicitly, he gives the following theorem: There 
exists a finitely generated maximum modulus algebra R 
such that: (a) R separates points on A; (b) R contains non- 
constant functions which are analytic in A—T; (c) R 
contains functions which are not analytic in A—T. 


J. Wermer (Providence, R.I.) 
3450: 

Klee, V. L. Ona problem of Banach. Collog. Math. 
5 (1957), 78. 

The problem [cf. S. Banach, same Colloq. 1 (1947), p. 
150; prob. 26] of whether (co) admits a continuous biunique 
mapping onto a compact metric space is answered in the 
affirmative by a combination of several known results, in 
particular, those of Kadec [Dokl. Akad. Nauk SSSR 92 
(1953), 465-468; MR 15, 535] and the author [Trans. 
Amer. Math. Soc. 74 (1953), 10-43; MR 14, 989}. 


M. Katétov (Prague) 


° 3451: 


Haimovici, Adolf. Sur quelques applications d’un 
théoréme de F. Riesz. Rev. Math. Pures Appl. 2 (1957), 
363-369. 

Some simple (not particularly novel) applications of the 
Riesz representation theorem are noted. For example, 
suppose A is a linear operator defined in L,(Q) (Q a 
region in euclidean m-space) such that the equation 
Au=f has a unique solution. Suppose further that 
\4(Po)|Sc(Po)|lf\lp, where c(P9) is a constant. Then 
f € Ly—>u(Po) is a bounded linear functional on Ly, and 
there exists for each Po € Q a function K(Po, P) € L¢(Q) 
such that «(Po)=/o K(Po, P)f(P)dP. Examples of differ- 
ential and integral operators A are given. 


E. A. Coddington (Los Angeles, Calif.) 
3452: 


Dinculeanu, Nicolae. d’Orlicz de champs de 
vecteurs. Acad. R. P. Romine. Stud. Cerc. Mat. 8 (1957), 
343-412. (Romanian. Russian and French summaries) 

Detailed exposition of previous results of the author 
[Atti Acad. Naz. Lincei Rend. Cl. Sci. Fis. Mat. Nat. 
(8) 22 (1957), 135-139, 269-275; MR 19, 566, 1066). 

G. G. Lorentz (Syracuse, N.Y.) 
3453: 

Ellis, H.W. A note on Banach function spaces. Proc. 
Amer. Math. Soc. 9 (1958), 75-81. 

Let A, A be length functions on measure spaces X, Y, 
respectively {terminology and notation as in Ellis and 
Halperin, Canad. J. Math. 5 (1953), 576-592; MR 15, 
439]. For each measurable function / on Xx Y, AA(f) is 
defined by evaluating A on each X-section of / and evalu- 
ating A on the resulting function. Then AA is also a length 
function. The main result is that L4(L4) is equivalent toa 
subspace of L™, and necessary and sufficient conditions 
are given in order that the subspace be all of ZL“. An 
example shows that the embedding is possible only 
because the spaces L’, etc., consist of equivalence classes 
of measurable functions rather than of the functions 
themselves. M. Jerison (Princeton, N.J.) 








3454-3459 


3454: 

Chillingworth, H. R. A note on convergence and 
boundedness in matrix transformation Nederl. 
Akad. Wetensch. Proc. Ser. A 60=—Indag. Math. 19 
(1957), 570-577. 

The main result is the following theorem: Let « (2¢= 
space of all finite sequences), and £ be sequence spaces 
such that all the points in a and in the dual space f* of 8 
are strong-projective limits of their sections in a and in 
B*; let A® be a projective-bounded and coordinate- 
convergent sequence of matrices in the matrix space 
a—f; then A‘) is projective-convergent in «>. Several 
variants, corollaries and generalizations of previous 
results of E] Makarem [same Proc. 59 (1956), 490-498, 499- 
510; MR 18, 301] are alsoobtained. Thelast part of the paper 
studies further properties of the semi-strong-projective 
convergence, which was defined before, to be used in the 
proof of the main theorem. 

A. G. Azpeitia (Amherst, Mass.) 
3455 : 

Krabbe, G. L. Convolution operators which are not of 
scalar type. Math. Z. 69 (1958), 346-350. 

Neither the Hilbert transform, defined in /1p(—0o, co) 
by the matrix (n—m)-! nor the unitary shift operator is a 
scalar type spectral operator, i.e., neither possesses a 
countably additive spectral resolution. {The latter ex- 
ample was also discovered and communicated to the re- 
viewer by Fixman.} N. Dunford (New Haven, Conn.) 


3456: 

Browder, Felix E. On the iteration of transformations 
in noncompact minimal dynamical systems. Proc. Amer. 
Math. Soc. 9 (1958), 773-780. 

Let T be a bounded linear operator on a B-space X. 
The problem is that of determining the range of /—T. If 
X is the space of bounded continuous functions on a 
Hausdorff space A, if T is an operator of the form 
(Tf)(a)=/(p(@)), where g is a continuous mapping of A 
into itself, and if the set {y*(a),20} is dense in A for 
each a in A, then a function g is in the range of I—T if 
and only if the sequence >¥_.9 T"g is bounded in m. This 
generalizes a result of Gottschalk and Hedlund, who 
proved the theorem in case A is compact and @ a homeo- 
morphism. If X=L”(A,m), where (A,m) is a totally 
finite measure space, and (7/)(a)=/(p(a)), where g isnowa 
measure preserving map of A into A, then the same 
condition, i.e., the boundedness of the sequence D¥_»9 Tg, 
is necessary and sufficient for g to be in the range of J—T. 
Returning to the case of a continuous mapping ¢ in a 
Hausdorff space A with the dense orbit property, the 
author discusses the question of when a Baire function 
h on A coincides, except on a set of tirst category, with a 
continuous function. A result of this type is proved. We 
state here one of its corollaries. Let g be a homeomorphism 
of A unto itself, let 4 have its values in the compact 
group G, and suppose that A(ga)h-4(a) coincides with 
a continuous mapping y of A into G except on a set of the 
first category in A. Then, for a in a set of first category, 
the value h(a) may be changed so that A’ is continuous 
and h(gya)h-(a)=y(a) for all a in A. 

N. Dunford (New Haven, Conn.) 
3457: 

Foguel,S. R. The relations between a spectral operator 
and its scalar part. Pacific J. Math. 8 (1958), 51-65. 

The properties of being compact, weakly compact, or 
having a closed range are inherited from a spectral 
operator by its scalar part. The first two statements are 
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corollaries of the result that the scalar part S and the 
radical part N of a spectral operator T belong to every 
uniformly closed right (left) ideal (in the algebra of 
operators in a B-space X) to which T itself belongs. The 
values E(a) of the spectral measure also belong to such 
ideals if O¢a&. Other corollaries include the following 
results. If AT=O [or TA=0] then AS=AN=0 and 
AE(a)=0 if O¢& [SA=NA=E(a)A=0 if O0¢4). In 
particular, T is a spectral operator of finite type (i.e., N is 
nilpotent) if and only if some power of N annihilates T. 
Also if Tx=0 then Nx=Sx=E(a)x=0 if O€ a. If {xy} 
is a bounded sequence of vectors for which the sequence 
Txn} converges then the sequences {Sxn}, {Nxq}, and 
E(«)x»} also converge if 0 ¢ &. The fine structure proper- 
ties of the spectrum are not inherited by S, but relations 
of the type o¢(S)Coe(T), op(T) 4 o¢(T)Cap(S) are proved. 
It is also shown that the residual spectrum of an operator 
ot finite type is empty and that o,(7) and a;(T) are 
countable if X is separable. The paper also discusses de- 
compositions of T of the form T=R+iJ and T=PU, 
where R and J commute and have real spectra ; and where 
P and U commute and P has a non-negative real spectrum 
and o(U) is contained in the unit circle. In these de- 
compositions U and R are scalar operators and P and J 
are spectral operators. A number of other interesting 
results are proved, including one relating two nth roots 
of a scalar operator with real spectrum. 

N. Dunford (New Haven, Conn.) 
3458: 

Foguel, S. R. A _ perturbation theorem for scalar 
operators. Comm. Pure Appl. Math. 11 (1958), 293-295. 

Let X be a weakly complete B-space; let Sy, n=1, 
2, -++, be a set of commuting scalar operators in X with 
spectral measures E,. Let the Boolean algebra generated 
by the projections E,(a«) be bounded and let S be the 
strong limit of the sequence {S,}. According to a result of 
Bade the operator S is a scalar operator. Let E be its 
resolution of the identity. In the present note it is shown 
that if the bounded complex Borel function g on the 
complex plane has its set of discontinuities in the closed 
set a then, for any x in X with E(a)z=0, we have g(S,)x> 
g(S)x. This constitutes a generalization of a perturbation 
theorem due to Rellich and also improves on an earlier 
perturbation theorem of the author. 

N. Dunford (New Haven, Conn.) 
3459: 

Gohberg, I. C.; and Krein, M.G. Fundamental aspects 
of defect numbers, root numbers and indexes of linear 
operators. Uspehi Mat. Nauk (N.S.) 12 (1957), no. 2(74), 
43-118. (Russian) 

So far as Banach spaces are concerned, the topic of the 
title is a product mainly of the past ten years, and has 
found little space in textbooks. The authors have rendered 
a timely service in writing this systematic account, which 
unifies the work of themselves and others on a general 
basis. In addition to sections which are mainly expository, 
there is interesting new material on the geometry of 
linear manifolds, the perturbation of spectra in Hilbert 
space, and systems of integral equations of Wiener-Hopf 
t 


yFhe central concept is that of a “®-operator’’, else- 
where sometimes called “generalised Fredholm operator”, 
a closed linear operator A on a Banach space ®%; into 
another, Sg, which has a finite ‘“d-characteristic”; that 
is to say, the integers a4, 84 are to be both finite, where 
aa is the number of linearly independent solutions of 
Azx=0, x € ®;, and £4 is the adjoint concept, for func- 
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tionals € ®g*. There are sections on the multiplication and 
perturbation of ®-operators and on the “®-points” of a 
linear closed A; the latter are the A for which A—AI/ is a 
®-operator. While the results here are mostly familiar, 
the extension from bounded to closed operators gener- 
alises some earlier work. A possibly new result is that if 
$,—%82=8, and if for some A the set of ®-points is the 
whole A-plane, then ® is finite-dimensional. Later sections 
develop the corresponding results for the case when only 
one of a4, Ba has to be finite. 

For the special case in which 4 is an isolated point of 
the spectrum and is also in the ®-set, the authors consider 
the root subspace ©, formed by the x for which 
(A—AlI)*x=0 for sufficiently large m. Denoting by »(A) 
the dimensionality (necessarily finite) of ©), it is shown 
that the total of values of »(A) for A in a closed region is 
invariant under certain perturbations. For the more 
general case in which »(A) may be infinite, the reader must 
still, however, consult original papers [e.g., S. N. Kraé- 
kovskii, Dokl. Akad. Nauk SSSR 88 (1953), 201-204; MR 
14, 1095). 

An important section deals with perturbations H+-B of 
a self-adjoint linear operator H on a Hilbert space. Some 
results are essentially specialisations of the foregoing, 
e.g., if B is “H-completely continuous”, then the ®-sets of 
H and H+B coincide, and the non-real part of the spec- 
trum of H+B is discrete. Further developments are, 
however, possible concerning operators of ‘‘finite spectral 
trace”, for which the sum of the eigen-values is absolutely 
convergent. For example, if K has this property and is 
completely continuous, and both H and K are self-adjoint, 
then the non-real spectrum {jy} of H+iK satisfies 
E |Im Xj] <oo. Completeness of the eigen-vectors is also 
considered. 

Reverting to Banach spaces and d-characteristics, the 
authors prove results for a linear operator A which need 
not now be closed; they consicier points 4 of “‘regular 
type”, such that |(A—AJ)x|/|x| is bounded from zero for 
x#0. Such points form connected sets, in each of which 
Ba-a, is constant. For the special case of Hilbert space, the 
results permit the comparison of the deticiency indices of 
Hermitian or self-adjoint operators H, H+B, where B is 
bounded or completely continuous. 

The final section is devoted to the integral equation 
JP k(t—s)g(s)ds—g(t)=f(t) (OSt <co), and its analogue for 
systems. Using the fact that the corresponding integral 
over (—oco, co) can be solved by means of the Fourier 
transform, and the invariance of the index «4—f,4 under 
perturbation by a completely continuous operator, the 


index of the operator on the left of the given equation. 


can be found explicitly. 

In a subsidiary role, but of independent interest, are 
sTesults concerning a quantity 6(€:, €2) which measures 
the “gap” between two subspaces €;, €2. Defining the 
distance of a point x from a manifold € as usual by 
p(x, €)=infyce |x—y|, they put 


6(€1, C2) =max{ od, p(x, Ea), reds p(y, €1)}. 
\zi=1 viel 


If, then, at least one of dim €), dim €¢ is finite, and 0<1, 
it follows that dim €,;—dim €2; the same conclusion, 
without the finiteness condition, holds if 6<}. 

The work closes with detailed historical notes and a 
bibliography of 64 papers and books. 


F. V. Atkinson (Canberra) 
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3460: 

Brown, A.L. A note concerning invariant subspaces of 
a bounded linear operator on a Banach space. Proc. 
Cambridge Philos. Soc. 54 (1958), 557-559. 

Let T be a bounded linear operator on a Banach space 
%, o an isolated part of its spectrum, M,—P,%, where 
P, is the projection associated with o. It is shown that 
if |\(7—Al)*x||}/"—+0 as n->co for every x € M, and for 
some A, then o consists of a single point. The converse 
property, for closed T, is mentioned by Gohberg and Krein 
[p. 69 of the paper reviewed above]. 


F. V. Atkinson (Canberra) 


3461: 

Slowikowski, W. On the theory of operator-s 
II. Bull. Acad. Polon. Sci. Ser. Sci. Math. Astr. Phys. 
6 (1958), 383-386. 

L’auteur énonce une généralisation suivante de ses 
résultats précédents [Bull. Acad. Polon. Sci., Cl. III 
3 (1955), 3-6, 137-142; MR 17, 63]: Soit A=(X, S) un 
systéme d’un groupe abélien (ou espace linéaire) X et 
d’un semi-groupe d’opérateurs S avec l’élément unité J, 
ou chaque A € S soit défini dans un sous-groupe (ou sous- 
espace) G4 de X de facgon que: (1) l’application x+Ax 
soit un homomorphisme de G4 dans X; (2) quels que 
soient A, Be S et x EX, si (AB)x est défini il en est de 
méme avec A(Bx) et on a(AB)x=A(Bx). (On ne suppose 
pas que S soit commutatif ni que x—Ax soit sur X.) 
Etant donnée une application § qui fait correspondre a 
tout A € S un sous-groupe (ou sous-espace) J4 de X et qui 
satisfait & certaines conditions, on construit un autre 
systéme &/$=(X, S) (du méme genre que ci-dessus) pour 
lequel tout A € S est défini partout dans X, et un homo- 
morphisme A de X dans X vérifiant Ah(x)=h(Ax) lors- 
que x €Gz,, tels que: I) chaque xe X est de la forme 
t= >P.3 A h(x), ou Aye S et % € X; Il ‘a=h- (Ny), ou 
Na est l’ensemble des zéros de A dans X. Dans Je cas ot 
$1={0}, h est un isomorphisme et X est une extension 
minimale de X pour laquelle tout opérateur A €S est 
prolongé sur X de fagon que &q est l’ensemble des zéros 
dans X de l’opérateur prolongé A. 

[Le développement parait dans les Fund. Math. 
46 (1959), 243-275.] S. Lojasiewicz (Kingston, Ont.) 


3462: 

Rudin, Walter. On isomorphisms of group algebras. 
Bull. Amer. Math. Soc. 64 (1958), 167-169. 

A question is posed and a theorem announced. Question: 
Is the group algebra of the circle isomorphic to that of 
the torus? Theorem: The group algebra of a locally 
compact topological group T is isomorphic to that of the 
circle group C if and only if T is a direct sum C+F, where 
F is a finite abelian group. The isomorphisms of the group 
algebra of the circle group have previously been studied by 
the author [Acta Math. 95 (1956), 39-55; MR 18, 489} 
and for the group algebra of finite abelian groups by S. 
Perlis and the reviewer [Trans. Amer. Math. Soc. 68 
(1950), 420-426; MR 11, 638.]} 

G. L. Walker (Southbridge, Mass.) 

3463: 
de Bruijn, N. G. Function theory in Banach algebras. 
Ann. Acad. Sci. Fenn. Ser. A. I, no. 250/5 (1958), 13 pp. 

The author discusses in this lecture various problems 
and difficulties which arise in setting up a theory of 
analytic functions in Banach algebras. He gives some 
indications of a development of a theory of Riemann 
surfaces. Theorems and proofs are to be published in a 
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later article. Since the present treatment is very informal, 
an adequate review will be given later. 


E. R. Lorch (New York, N.Y.) 


3464: 

¥*Kpacnoceancenii, M. A. Tonoxornueckue MeToqh B 
Teopaii neanneiiunix HHTerpadbabix ypapnennii. [Kras- 
nosel’'skil, M. A. Topological methods in the theory of 
non-linear integral equations.} Gosudarstv. Izdat. Tehn.- 
Teor. Lit., Moscow, 1956. 392 pp. 11.35 rubles. 

L’A. rassemble dans ce livre la plupart des recherches 
d’analyse non-linéaire dans les espaces de Banach, re- 
cherches liées surtout 4 la méthode de Leray-Schauder. 
Le livre contient six chapitres. Dans le premier chapitre 
on étudie les opérateurs intégraux auxquels on applique 
les méthodes abstraites dans les chapitres suivants. Le 
deuxiéme chapitre contient les notions et les théorémes 
fondamentaux: la rotation des champs vectoriels (notion 
due a 1’A., équivalente au degré topologique de Leray- 
Schauder), les théorémes de Brouwer, Hopf, Leray- 
Schauder, Lusternik-Schnirelman-Borsuk. — Les notions 
et les théorémes de topologie combinatoire utilisées dans 
cette théorie ne sont que partiellement édifiées. Ensuite 
(chapitres III et IV) on applique ces méthodes aux pro- 
blémes plus concrets: l’existence des solutions et des va- 
leurs propres, points de ramification, analyse spectrale 
non-linéaire (l’A. définit une résolvente pour les opéra- 
teurs non-linéaires), opérateurs asymptotiquement li- 
néaires, théorémes de Liapounoff. Dans le chapitre V on 
examine les méthodes de M. G. Krein et M. A. Rutman 
dans les espaces. de Banach ordonnés et le chapitre’ VI 
contient les méthodes variationnelles, développées sur- 
tout par M. M. Vainberg. G. Marinescu (Zbl 70, 330) 


3465: 

Bahtin, I. A. On a class of equations with positive 
operators. Dokl. Akad. Nauk SSSR (N.S.) 117 (1957), 
13-16. (Russian) 

Let K, K, be cones in a real Banach space E such that 
KCK,, and let K, be the intersection of K with the sphere 
{p/\\pllSr}. Define the partial order relative to Kj: 
xs y<>y—x € K,. If A isan operator (generally nonlinear) 
which has Ky as its domain, then A is said to be positive if 
AK,CK, and A is said to be monotone if y<y (9, y € Ky) 
implies AgSAy. Definition: a positive monotone operator 
A is said to be {Ki, uo}-concave (where uo is a fixed non- 
zero element of K) if: (1) For every ge Ky, p40, there 
are positive numbers a, # such that auwpSAgSPup; (2) if 
gy € Ky and g2yuo (y>0), then AigetAg, AtptAg for 
0<t<1; (3) given 91,2 € Ky such that 91, p2=yuo, x>0, 
vi—2 € Ki; if picige (¢>0, gixge), then Agi—tAge= 
duq (d>0). 

Properties of the eigenvalues and eigenvectors of a 
completely continuous {Kj, “}-concave operator are 
described. It is stated that wp-concave operators 
and #-monotone operators [see M. A. Krasnosel’skii, 
#3464 above] are {Ki, uo}-concave operators. Sufficient 
conditions that an operator on the space of n-vectors, the 
components of which are continuous functions on the 
closed interval [0,1], be {K1, wo}-concave are given. 
Finally, the author states a generalization of Jentzsch’s 
theorem, for an integral operator with a positive kernel, 
that is required for the study of {K1, uo}-concave oper- 
ators. J. Cronin (Elizabeth, N.J.) 
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3466: 

Massera, J. L.; and Schaffer, J. J. 
equations and functional analysis. I. 
67 (1958), 517-573. 

In 1930, Perron initiated the problem of determining 
properties of the solution of the nonlinear differential 
equation x’ =A (t)x+A(x, t) from a knowledge of uniform 
properties shared by all solutions of equations of the 
form x’ =A (t)x+-A(t), where A(t) runs over some function 
class. Although he used classical analytic techniques, it 
was realized by Krein [Uspehi Mat. Nauk (N.S.) 3 (1948), 
166-169; MR 10, 128], Kuéer [Dokl. Akad. Nauk SSSR 
(N.S.) 69 (1949), 603-606; MR 11, 360] and Bellman 
[Ann. of Math. (2) 49 (1948), 512-522; MR 10, 2] that these 
problems could be treated by Banach space techniques. 
In this very detailed paper, the authors tackle, by means 
of these techniques, but using a more powerful method, 
the more difficult problem of deducing properties of some 
of the solutions of the nonlinear differential equation 
from a knowledge of some of the solutions of the set of 
linear equations. 

In addition to deriving a large number of interesting 
results, the authors present a number of examples showing 
in what way some of the results are best possible. 

R. Bellman (Santa Monica, Calif.) 


Ann. of Math. (2) 


3467: 

Chen, Wen-yuan. Iterative process for solving non- 
linear functional equations. Advancement in Math. 3 
(1957), 434-444. (Chinese) 

Let P be a non-linear operator from a Banach space 
into another such space. The author studies the iterative 
process of the type %n41=%_,—T,7!P(%q), where Ty is a 
linear operator. Under certain conditions on ||7',~4|| and 
the Fréchet differential of P, {%,} is shown to converge to 
a locally unique solution of the equation P(x)=0. This 
general setting unifies the following known iterative 
processes: (1) Newton’s method treated by L. V. Kan- 
torovié [Trudy Mat. Inst. Steklov. 28 (1949), 104-144; 
MR 12, 419), I. Fenyé [Acta Math. Acad. Sci. Hungar. 
5 (1954), 85-93; MR 15, 964], R. G. Bartle [Proc. Amer. 
Math. Soc. 6 (1955), 827-831; MR 17, 176) and others; 
(2) the method of tangent hyperbolas discussed by M. A. 
Mertvecova [Dokl. Akad. Nauk SSSR (N.S.) 88 (1953), 
611-614; MR 15, 39]; (3) CebySev’s method studied by 
M. I. Netepurenko [Uspehi Mat. Nauk (N.S.) 9 (1954), no. 
2(60), 163-170; MR 15, 801]. Ky Fan (Notre Dame, Ind.' 


CALCULUS OF VARIATIONS 
See also 3255. 


3468 : 
iliberto, Carlo. Su un problema di Mayer per gli 
integrali doppi. Ricerche Mat. 6 (1957), 205-236. 

Let R denote the rectangle OS*%Sa, OS yb, and con- 
sider surfaces S: z=2(x, y) defined by functions 2(z, 9) 
which are ACT (absolutely continuous in the sense of 
Tonelli) in R. For each S, consider the partial differential 
equation and boundary conditions 


Usy=/[x, y, 2(%, ¥), 22%, ¥), Zy(%, y), (x, y)] ae. on R, 


A 
“) u(x, 0)=4(z), (0, 9) =y(y). 


If the system (A) has a solution u(x, y; S, ¢, y) which is an 
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absolutely continuous function of (x, y), the surface S is 
called an ordinary surface relative to /, ¢, y. The author 
derives sufficient conditions for u(x, y;5S,¢,y) to be 
lower semicontinuous as a function of (S, ¢, y) uniformly 
in (x, y), over suitable classes of ordinary surfaces S and 
continuous functions ¢ and y. Then sufficient conditions 
are given for the existence of a minimum for (a, 5; S, ¢, y). 

L. M. Graves (Chicago, II.) 


3469: 

Ciliberto, Carlo. Problemi di Mayer- per gli 
integrali doppi. Ricerche Mat. 7 (1958), 21-63. 

The author extends the considerations of his preceding 
paper [reviewed above] to the case of a system of two 
partial differential equations 


Fae =I, y, 1, 9), tals Yo Hult Wales YW) male 9), 


where the quantity to be minimized is a function 
[ui (a, 5), u2(a, 5)). L. M. Graves (Chicago, Ill.) 


3470: 

Cinquini, Silvio. Sopra le estremali di una classe di 
problemi variazionali. Atti Accad. Naz. Lincei. Rend. 
Cl. Sci. Fis. Mat. Nat. (8) 23 (1957), 22-28. 

This note gives a derivation of the Euler equations for 
an extremizing curve for an integral whose integrand is 
a function of position, the direction of the tangent, and 
the curvature. [Cf. review below. ] 

L. M. Graves (Chicago, II.) 
3471: 

Cinquini, Silvio. Sopra un teorema relativo alle estre- 
manti di una classe di problemi variazionali. Ann. Scuola 
Norm. Sup. Pisa (3) 11 (1957), 137-147. 

The author is concerned with stationary curves C of 
line integrals I(C)=(C)f F[x(s), y(s), x’(s), y'(s), 6’(s)}as 
depending upon the curvature 6’(s). The final result is 
that each curve Co of the class C®) below, on which J(C) 
is stationary, is an extremaloid of order 2. The general 
method of L. Tonelli is used [Fondamenti di calcolo delle 
variazioni, 2 vols., Zanichelli, Bologna, 1922-23], based 
on Volterra’s line of functional analysis. Notwithstanding 
the increased difficulty the result has generality com- 
parable with Tonelli’s analogous result for integrals and 
extremaloids of order 1. The class C®) is the class of all 
rectifiable curves C: x=x(s), y=y(s), OSsSL (L is the 
Jordan length of C, s the arc length on C), for which 
x(s), y(s) are absolutely continuous together with their 
first derivatives x’(s), y’(s), and for which the Lebesgue 
integral above with 0’=x’y""—x’’y’ exists and is finite. 
The curve Co is supposed to have all its points (but the 
end points) interior to a region A. The function F, among 
other conditions, is supposed to be continuous in A, to 
have continuous first partial derivatives in A for 
(z’, y’) €(0, 0), to be positively homogeneous of degree | 
in s’, y’, and to satisfy F(x, y, 0, 0, 6’)=0. 

L. Cesari (Baltimore, Md.) 


GEOMETRIES, EUCLIDEAN AND OTHER 
See also 3505, 3510, 3535, 3759. 


3472a: 
Kazarinoff, Donat K. A simple proof of the Erdés- 


Mordell inequality for triangles. Michigan Math. J. 4 
(1957), 97-98. 
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3472b: 

Bankoff, Leon. An elementary proof of the Erdés-Mor- 
dell theorem. Amer. Math. Monthly 65 (1958), 521. 

Quite elementary proofs of the Erdés-Mordell 
theorem which states that if 0 is an arbitrary point within 
a triangle ABC and P, Q, R are the feet of the perpen- 
diculars from 0 upon the sides BC, CA, AB, respectively, 
then 0A +0B+0C22(0P+00Q+OR). 

L. Moser (Edmonton, Alta.) 
3473: 

Kazarinoff, Nicholas D. D. K. Kazarinoff’s inequality 
for tetrahedra. Michigan Math. J. 4 (1957), 99-104. 

Let S be a tetrahedron, and P a point not exterior to S. 
Let the distances from P to the vertices and to the faces 
be denoted by R; and % respectively. The following 
analogue of the Erdés-Mordell inequality [see above 
review] is established. For any tetrahedron whose circum- 
center is not an exterior point, 5 Ry/574>2y/2 and 27/2 is 
the greatest lower bound. L. Moser (Edmonton, Alta.) 


3474: 

Walker, R. M. Two theorems deduced from the 
theorems of Ceva and Carnot. Math. Gaz. 41 (1957), 
206-208. 

In analogy with results proved by E. J. Hopkins [Math. 
Gaz. 34 (1950), 129-133] and the reviewer [Math. Gaz. 
37 (1953), 55-57], the author presents a proof of the 
following generalization of Ceva’s theorem: Given any 
triangle ABC, and point pairs (D, D’) on BC, (E, E’) on 
CAand(~ ~)onAB, let BE, CF’ intersect in X and define 
Y, Z similarly; then AX, BY, CZ will concur if and only if 


(AE-BF-CD)(AE’-BF'-CD')= 
(AF-BD-CE)(AF’-BD’-CE’). 


Two corollaries are noted, one being the result of Hopkins. 
M. P. Drazin (Baltimore, Md.) 


3475: 

Deaux, R. Hexagones bordés de triangles équilatéraux. 
Mathesis 66 (1957), 151-167. 

(A‘), a hexagon, with consecutive points Ay’, Ag’, ---, 
Ag is formed by constructing equilateral triangles 
AyAx+iAx’ of equal orientation on the sides of a general 
hexagon (A) with points Aj, Ag, ---, Ag not necessarily 
distinct. The properties of (A) are stated, especially for 
alternate sides of (A) parallel, resp. all angles of (A) right. 

S. R. Struik (Cambridge, Mass.) 
3476: 

Deaux, R. Equation générale de l’inversion isogonale. 
Mathesis 66 (1957), 252-260. 

The triangle PQR establishes an isogonal inversion 
between points z, z’ (in complex numbers) with respect to 
rectangular axes of origin 0. Studying point pairs common 
to two triangles produces theorems like: If y is an ellipse 
or hyperbola inscribed in PQR; M and d the focal point 
and axis of a parabola @ inscribed to the triangle; @, a 
parabola (of focus M and axis d) tangent to a tangent 
pi of y; 91, 71 two other tangents common to y and @); 
then the two triangles PQR and P:QiRi=$191"1 have oo! 

irs of proper isogonal points in common. 
ay adage 5 R. Sirwik (Cambridge, Mass.) 
3477: 


Goormaghtigh,R. Surletriangleéquilatéral. Mathesis 
66 sy 167-172. 

e study of the equilateral triangle, perhaps some- 

what neglected, yet yields some remarkable theorems. 


With the aid of complex coordinates some such theorems 
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are derived. For instance, the middle of the distance of 
the inverse points, in the circumcircle, to two inversely 
triangular points belongs to the inscribed circle. The 
triangular inverse of a point A is the complementary 
point of the pole of the trilinear polar of A with respect 
to the circumcircle. The reciprocal transversal of the 
tangent to the circumcircle at a point T touches its 
envelope on the diameter of the circumcircle perpendicu- 
lar to the Simson line of T. The envelope of these re- 
ciprocal transversals is a trisectrix of Longchamps [see 
J. Tummers, Nieuw Arch. Wisk. (3) 4 (1956), 132-139; 
MR 18, 755; Question 118}. 


S. R. Struik (Cambridge, Mass.) 
3478: 

Goormaghtigh, R. Sur les coniques inscrites 4 un 
triangle. Mathesis 66 (1957), 298-302. 

Let (O) be the circumcircle of a triangle, circumscribed 
to a conic [ of center C, and N be the midpoint of the 
segment connecting the inverse points of the foci of T 
with respect to (O). If N describes a circle or a straight line, 
C describes, in general, a conic &. Special cases are con- 
sidered. It is also shown that in a triangle the midpoints 
of segments connecting the inverse points of all isogonally 
conjugate point pairs, with respect to a tritangent circle, 
lie on a certain circle. S. R. Struik (Cambridge, Mass.) 


3479: 
htigh, R. Sur les coniques inscrites 4 un 
triangle. Mathesis 66 (1957), 374-378. 

To any point C in the plane of a triangle correspond a 
pair of inscribed conics 2, £1, such that the foci of 2, 
are obtained from those of = by a translation of the vector 
OC, where O is the circumcenter. The center M of & is 
the end point of the segment QM equipollent to half CO, 
where Q is the point at which the Simson line is perpen- 
dicular to OC. Among other properties of inscribed conics 
we mention the following: if the four foci of two such 
conics form a parallelogram, then the line connecting their 
two centers is tangent to a three cusp hypocycloid which 
has as its tritangent circle the circumcircle of the triangle. 
This curve is the hypocycloid of Steiner of the anti- 
complementary triangle. There exist four inscribed 
conics of equal focal distance and given axis directions; 
their centroid is the circumcenter of the triangle. 


S. R. Struik (Cambridge, Mass.) 
3480: 

Blanchard, René. Sur des coniques inscrites 4 un 
triangle. Mathesis 66 (1957), 360-362. 

A triangle of circumcenter O and orthocenter H has an 
inscribed ellipse and an inscribed hyperbola with O and H, 
respectively, as their centers. Several theorems show the 
relationship between these two curves. 


S. R. Struik (Cambridge, Mass.) 
3481: 

Marmion, A. Sur les centres des quadriques normale- 
ment inscrites 4 un tétraédre. Mathesis 67 (1958), 138- 
144. 

Normally inscribed quadrics are characterized by the 
property that the normals at the points of contact with 
the faces of the tetrahedron pass through a point P, the 
normal pole. There are four such quadrics, apart from the 
eight tangent spheres. Some properties of these quadrics 
are derived, with special reference to orthocentric, bi- 
symmetric and regular tetrahedra. 


S. R. Struik (Cambridge, Mass.) 
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3482: 

Musselman, J. R. On a geometrical theorem. Amer. 
Math. Monthly 64 (1957), 660. 

Given a triangle (A)=A,A2Az3 and a point P in its 
plane, if a line m is drawn through P meeting the sides of 
(A) in the points X;, Xe, X3, and R; is the point of inter- 
section of the line A;P with the circumcircle (0) of (A), the 
three lines X;R; meet in a point E of (0). 

The author quotes this proposition and shows, using 
complex coordinates, that given the line m the point E 
may be constructed as follows. Through the orthocenter 
H of (A) draw the perpendicular ¢ to m and determine the 
point T on (O) having ¢ as its line of images for (A). The 
line TQ joining T to the isogonal conjugate Q of P for (A) 
meets (O) again in the required point E. 

By reversing the order of the steps in this construction 
the line m through P may be constructed when the point 
E on (OQ) is given. N. A. Court (Norman, Okla.) 


3483: 

Mandan, Ram. Mbédbius tetrads. II. Amer. Math. 
Monthly 65 (1958), 247-251. 

This paper is a continuation of the study, started by the 
author in the same periodical [64 (1957), 471-478; MR 19, 
572], of the relations between Moebius tetrahedrons and 
ruled quadric surfaces. N. A. Court (Norman, Okla.) 


3484: 
Thébault, Victor. Sur des faisceaux de sphéres et de 
cercles. Mathesis 66 (1957), 172-176. 

The circumsphere (O) and the twelve point sphere (0’) 
of a tetrahedron T determine a pencil of spheres (F) whose 
line of centers OO’ passes through the Monge point Q of T. 
Let (w) be a sphere of (F) such that its center @ is de- 
termined, both in magnitude and in sign, by OQ:0a=k. 
The following theorem is proved: The powers of the 
centroids of the faces of T for any sphere (w) of the pencil 
(F) are proportional to the sums of the squares of the 
edges of the respective faces of T. 

The converse proposition is also valid. Analogous 
theorems hold for the pencil of circles determined by the 
circumcircle and the nine-point circle of a triangle. The 
author points out a number of known special cases of this 
theorem both in two and three dimensions. 


N. A. Court (Norman, Okla.) 


3485: 
Thébault, Victor. Sphéres associées 4 un tétraédre. 
Mathesis 67 (1958), 20-23. 

For a triangle ABC circle (A) is tangent to AC at A, 
and tangent at a; to BC, and inscribed in the angle C; 
the circle (A’) is tangent at A to AC and tangent to BC, 
but inscribed in the angle complementary to C. (B) and 
(B’) are circles defined analogously for point B and angle 
C. The radical axes of the six pairs of circles (A) and (B), 
(A’) and (B’) are concurrent, in groups of three, with the 
centers of the tritangent circles of the triangle, comple- 
mentary to ABC [E. Lemoine, Assoc. Frangaise Avance. 
Sci. 18 (1889), par. 2, 197-222; p. 205]. In an analogous 
way six planes are defined for the tetrahedron ABCD, 
concurring in the Monge point; they are defined with the 
help of the radical planes of sphere (A) and (B), resp. (A’) 
and (B’), which spheres touch both planes of the dihedral 
angle of edge DC inside [resp. outside) going through 
point A [resp. B]. The radical axes of the triples of spheres 
(A,), (Bs), (Cs), (Ds) form a hyperbolic group, and similarly 
those of the spheres (A;’), (B;’), (C;’), (Dy’), (¢@=1, 2, 9); 
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the (A,) are spheres tangent at A to the faces CDA, DAB, 
ABC, resp., and tangent to BCD, etc. 


S. R. Struik (Cambridge, Mass.) 


3486: 

Court, Nathan Altshiller. Sur la transformation iso- 
tomique. Mathesis 66 (1957), 291-297. 

If a point M in a plane describes a straight line s, its 
isotomic point M’ with respect to a triangle ABC de- 
scribes a conic yw circumscribed to ABC, and the comple- 
mentary point L of M’ describes a conic yu’ corresponding 
to w in the homothety (G, 2:—1), where G is the bary- 
center of ABC. The points M and L correspond in a qua- 
dratic transformation, some properties of which are 
derived. If three cevians AP, BQ, CR intersect in M, and 
kis the conic tangent to the sides of ABC at P, Q, R, kis 
called the cevian conic of M for ABC. The correspondence 
between M and the centers of the cevian conics is also 
quadratic. Some applications are made, especially for the 
case that in the quadrangle ABCM we consider the cevian 
conic of each vertex for the triangle formed by the other 
three vertices. The case that M is the orthocenter is also 
considered. D. J]. Strwik (Cambridge, Mass.) 


3487 : 

Cosnita, C. Sur une substitution homographique. 
Bul. Inst. Politehn. Bucuresti 18 (1956), no. 3-4, 89-97. 
(Romanian. Russian and French summaries) 

The homographic transformation Z’=(aZ-+5) :(cZ+-4) 
applied m times to a point Z (where a, b, c, d are complex 
or real numbers) produces under certain conditions a 
closed polygon. Different cases are analyzed in which the 
points of the polygon lie on certain curves. 


S. R. Struik (Cambridge, Mass.) 


3488: 

Cosnita, C. Sur certaines transformations géométri- 
ques. Bul. Inst. Politehn. Bucuresti 18 (1956), no. 3-4, 
99-107. (Romanian. Russian and French summaries) 

Transformations of the type OM’-OM*=K and 
a-OM’?+8-OM¢e=y are studied, where m, » and g are 
given rational numbers, «, 8, y are constants, and 0, M, M’ 
are collinear. The results facilitate the construction of 
tangents to some curves. S. R. Siruik (Cambridge, Mass.) 


3489: 

Mitnyan, L. Uber eine spezielle ebene quadratische 
- -ccrmaemna Period. Polytech. Engrg. 1 (1957), 139- 

The article begins with a short survey of general 
quadratic point-to-point mappings of a plane onto itself 
in the nowadays a little forgotten synthetic terms of R. 
Sturm [Die Lehre von den geometrischen Verwandt- 
schaften, Teubner, Leipzig-Berlin, 1908]. In this way the 
author also defines the special mapping of Cremona type 
which is analytically represented by 


x’ =(a’x®+-(aa’—a’)xy—aa’x)z—!, 
y' =(axy+ (aa’—a)y*—aa’y)z—, 


where z=(a—a’)xy+<a'x-+(aa’—a)y—aa’. Its inverse is 
obtained by replacing x, y, a; x’, y’, a’ by x’, y’,a’;x, y,a, 
respectively. An elementary discussion follows of singular 
points, of the conicsections which appear as images of an 
arbitrary straight line; of the derivation of the mapping 
from two polarities; of fixed points; and of involutory 
Points. H. Schwerdtfjeger (Montreal, P.Q.) 
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3486-3494 


3490: 
Church, Elsie T. Cubic inversion. Amer. Math. 
Monthly 64 (1957), 727-729. 
The purpose of this paper is to develop inversion, using 
a cubic as the base curve instead of a conic section. 
From the author's summary 


3491: 
Srb, J. Darstellende Geometrie des n-dimensionalen 


Raumes. I. Acta Fac. Nat. Univ. Comenian. Math. 2 
(1957), 15-20. (Czech. Russian and German summaries) 
3492: 


Jakobi, Robert. Die Konstruktion des orthogonal- 
axonometrischen Bildes eines — fiir eine gegebene 
Projektionsrichtung. Soc. Sci. Fenn. Comment. Phys.- 
Math. 17 (1958), no. 1, 8 pp. 


3493: , 
Clawson, J. W. An n-line property. Amer. Math. 
Monthly 64 (1958), 32-33. 
Continuation of a previous article [same Monthly 63 
(1956), 306-315; MR 17, 996}. 


3494: 

Kelly, L. M.; and Moser, W. 0. J. On the number 
of o lines determined by » points. Canad. J. 
Math. 1 (1958), 210-219. 

This paper is certain to interest a wide class of readers, 
because of the generality and importance of the problems 
considered and the elementary nature and great inge- 
nuity of the methods used. Let there be a finite number 
nm (>1) of points in the real Euclidean or the real pro- 
jective plane, not all on one line, and let every pair of 
distinct points be joined by a line. The authors consider 
two most interesting and general questions concerning 
such configurations of » non-collinear points and the lines 
determined by them: What is the minimum number of 
lines determined by the » points, and what is the minimum 
number of those lines which have the property that each 
of them passes through exactly two of the » points? 

These questions are investigated by the authors for the 
real projective plane, for the reason that their methods are 
equally applicable to the real projective plane and the 
real Euclidean plane. 

The subject of the existence of lines which pass through 
exactly two of the # non-collinear points — the authors 
of the paper call these ¢-lines — was first raised by J. J. 
Sylvester [Mathematical Question 11851, Educational 
Times 59 (1893), 98] in the form: If a finite number of 
points in the real Euclidean plane have the property that 
a line through any two of them necessarily passes through 
a third one of the points, then the points are all on one 
line. This was first proved much later by T. Gallai [see 
P. Erdés, Problem No. 4065, Amer. Math. Monthly 51 
(1944), 169; N. G. de Bruijn and P. Erdés, Nederl. Akad. 
Wetensch. Proc. 51 (1948), 1277-1279; MR 10, 424). 
The same was proved by R. Steinberg (see, e.g., H. S. M. 
Coxeter, The real projective plane, 2nd ed., Cambridge 
Univ. Press, 1955; MR 16, 1143; p. 80). It follows that 
n (>1) non-collinear points in the real Euclidean plane or 
in the real projective plane determine at least one ¢-line. 
From this it can be proved by induction over » that if 
every pair of » non-collinear points in the real Euclidean 
or real projective plane are joined by lines, then the 
number of lines so determined is at least m, and it is 
equal to » only if »—1 of the # points lie on one line. 








3495-3501 


In the present paper theauthorsextend these resultsmuch 
further. They first prove by very elementary methods that n 
noncollinear points in the real projective plane determine at 
least 3n/7 t-lines. This result is, strictly speaking, best 
possible, as is shown by the configuration of the complete 
quadrilateral. There is also a configuration of eight points 
with a total of four ¢-lines. However, it appears probable 
that, for all sufficiently large m, » non-collinear points de- 
termine at least »—1 ¢-lines, but, at present, this remains 
an open question both for the real projective plane and 
for the real Euclidean plane. The configuration in which 
n—1 of the » points lie on one line may be recalled in this 
connexion. 

Regarding the total number of lines obtained by 
joining every pair of » non-collinear points in the real 
projective plane, the authors prove that if at most n—k 
of the points are collinear and if n2{3(3k—2)?+3k—1}/2, 
then the number of lines is at least kn—(3k+-2)(k—1)/2. 
This result is best possible as far as the order of magnitude 
(kn) is concerned. It is obtained in this paper by con- 
sidering the configuration which is the dual of the 
configuration of the » points and the lines determined by 
them. For k=2 the theorem states that if at most n—2 
of the m points are collinear and if n227, then at least 
2n—4 lines are determined. The number of lines is actually 
2n—4 for n=4, 5, 6, --- if m—2 points lie on one line and 
3 points on another line. Concerning the case in which at 
most »—2 of the » points are collinear and n=26, the 
authors have proved that the number of lines is at least 
2n—S for n=7, 8, 9, and examples show that this result 
is best possible for these values of ». They have also proved 
that for »=10 the number of lines is at least 2n—4. They 
conjecture that the number of lines is at least 2n—4 also 
for l1lsns26. 

{The proof of Theorem 3.3, Case 2, is invalidated by a 
slight inaccuracy; however, matters can be put right as 
follows. The proof of Theorem 3.1 given in the paper in 
fact establishes the following theorem (in the terminology 
of the paper). Let # denote any point of P, let s denote 
any neighbour of ~ which passes through at least three 
points of P, and let x denote any point on s which lies on 
the boundary of the residence of # and does not belong to 
P. Then if p’, ~’’, ~’” are any three points of P on s, the 
notation being chosen so that x and #’ separate p” and p’” 
on s, the line pp’ does not pass through any third point of 
P. Theorem 3.1 is an immediate consequence of this. 
Theorem 3.3, Case 2, can also be disposed of with its help. 
If exactly one ¢-line passes through #, and #; is the second 
point of P lying on this line, and if at most one neighbour 
of is a ¢-line, then it follows that # has exactly three 
neighbours, two of which, s; and sg say, pass through 
and contain exactly three points of P, and the third is a 
¢line and does not pass through #}. It can be deduced that 
if pi, 2, ps are the three points of P on s;, and 1, p4, ps 
are the three points of P on se, then either pop and p3p5 
pass through # or else pops and psp,4 pass through p. 
But then must have at least two neighbours besides 
$s; and sg, which is in contradiction with the fact that p 
has three neighbours and no more.} 


G. A. Dirac (Hamburg) 


3495: 
Luke, Dorman. Stellations of the rhombic dodecahe- 
dron. Math. Gaz. 41 (1957), 189-194. 
The octahedral group is transitive on a set of 12 planes 
which are the external bisectors of the dihedral angles of a 
cube. The rhombic dodecahedron is the simplest of 5 
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polyhedra whose faces lie in these 12 planes in such a way 


as to retain octahedral symmetry. The author describes 
these polyhedra with the aid of beautifully shaded 
drawings. His notation is not quite as systematic as that 
used by J. D. Ede in his analogous treatment of the tria- 
contahedron [Math. Gaz. 42 (1958), 98-100; MR 20, #1939). 


H. S. M. Coxeter (Toronto, Ont.) 


3496: 

Satterly, John. The moments of inertia of some 
polyhedra. Math. Gaz. 42 (1958), 11-13. 

The author has computed and tabulated certain 
metrical properties of the 5 Platonic solids and of the 
rhombic dodecahedron, truncated octahedron, and rhom- 
bicuboctahedron. These properties are the circum- 
radius, midradius, inradius, volume and the square of the 
radius of gyration of the whole solid, of the faces alone 
(‘shell’), of the edges alone (“‘skeleton’’), and of the 
vertices alone. The squared radii of gyration for the 
whole solid and shell are in the ratio 3/5 for the sphere 
and also for all the five Platonic solids. This ratio is about 
0.60023 for the rhombicuboctahedron, and 0.60197 for the 
truncated octahedron .(By a misprint, the value of r is 
given as 1.615--~- instead of 1.618---.) 


H. S. M. Coxeter (Toronto, Ont.) 


3497: 

Lockwood, E.H. Negative pedal of the ellipse with 
respect to a focus. Math. Gaz. 41 (1957), 254~—257. 

This negative pedal of the ellipse (that is, the curve of 
which the pedal is the ellipse) is either oval shaped or a 
curve with a node and two cusps. It has been mentioned 
before, e.g., by A. Ameseder [Arch. Math. Phys. 64 
(1879), 145-163, 164-169, 170-176, 177-181). Its Cartesian 
equation is of the fourth degree. Curvature, node and 
cusps are studied, as well as the evolutes. In the special 
case e?=} the Cartesian equation of the evolute is 


(2x2-4-y2)2—2(2#)ax(2x2—3y2) + 2a?(y2— x2) =0. 


S. R. Struik (Cambridge, Mass.) 
3498: 

Harant, M. Zur metrischen Klassifikation der Zentral- 
hyperkvadrik im Ey. Acta Fac. Nat. Univ. Comenian. 
1 (1956), 225-246. (Slovak. Russian and German 
summaries) 


3499: 

Harant, M. Zur Theorie der Hyperkvadriken im vier- 
dimensionalen euklidischen Raume mit bestimmten Zen- 
tralgebilden. Acta Fac. Nat. Univ. Comenian. 2 (1957), 
25-47. (Slovak. Russian and German summaries) 


3500: 

Srb, J. Affine classification of h . Acta 
Fac. Nat. Univ. Comenian. 1 (1956), 29-40. (Czech. 
Russian summary) 


3501: 

Gergely, Eugen. Généralisation de la théorie polaire 
aux ovales et ovaloides. Com. Acad. R. P. Romine 7 
(1957), 307-311. (Romanian. Russian and French sum- 
maries) 

This is an attempt to generalize, in an obvious way, the 
polarity defined by a conic [quadric] to an oval curve 
{surface}: The polar curve of a point is the locus of all 
points harmonically conjugate to it with respect to the 
conic [quadric}. R. Blwm (Saskatoon, Sask.) 












rtain 
f the 
hom- 
cum- 
f the 
alone 
f the 
r the 
phere 
bout 
r the 
f ris 


Ont.) 


ve of 
[ora 
ioned 
s. 64 
esian 
» and 
pecial 


Mass.) 
ntral- 


nian. 
rman 


_ vier- 


1957), 
‘ies) 








3502: 
Srb, J. Une généralisation du théoréme de Pascal sur 
la courbe rationelle normale de l’espace projectif 4 
Acta Fac. Nat. Univ. Comenian. 1 
(1956), 169-177. (Czech. Russian and French sum- 
maries) 


3503: 

Al-Dhahir, M. W. A simplified proof of the 
Leisenring theorem. Michigan Math. J. 4(1957), 225-226. 

This is an alternative proof of K. B. Leisenring’s theo- 
rems [same J. 2 (1954), 35-40; MR 16, 64) on the validity 
of a generalization of Pappus’ configuration in commu- 
tative projective -space, and of a generalization of the 
Mobius tetrahedra configuration in commutative projective 
(2n—1)-space (n>1). R. Artzy (Haifa) 


3504: 
Speranza, Francesco. Alcune notevoli classi di tras- 
formazioni puntuali di uno spazio proiettivo in sé. Boll. 


Un. Mat. Ital. (3) 13 (1958), 179-188. 


CONVEX SETS AND DISTANCE GEOMETRIES 
See also 3159, 3441. 


3505 : 

Samelson, Hans; Thrall, R. M.; and Wesler, Oscar. 
A partition theorem for Euclidean n-space. Proc. Amer. 
Math. Soc. 9 (1958), 805-807. 

A “cross polytope”’ is an n-dimensional polytope iso- 
morphic to the regular cross polytope Ba={3, 3, ---, 3, 4} 
(Coxeter, Regular polytopes, Methuen, London, 1948; 
MR 10, 261; pp. 121, 129]. In other words, its elements IT, 
(kSn—1) are simplexes so arranged that each II,-3 
belongs to 4 cells [,-:. (For instance, a 3-dimensional 
cross polytope is an octahedron whose faces are triangles, 
4 at each vertex.) It follows from this definition that the 


number of IT,’s is 2*+1 ( = ). Comparison with £, shows 


k+1 
that the 2m vertices [Ip may be named Xj, ---, Xn, Y1, 
++, Y, in such a way that the 2* cells Il,-; are A1---An, 
where each A, is either X;or Y;. The authors consider (in 
real Euclidean m-space) a set of 2m vectors which can be 
interpreted as 2m points X;, ---, Xn, Y1, -**, Yn ona 
hypersphere, the points being of such general position 
that A,---A, is a simplex for either choice of each Aj. 
They prove that these 2 points form a convex cross 
polytope if and only if every two adjacent cells A;---A» 
(derived from each other by reversing the meaning of 
just one A,) lie on opposite sides of the hyperplane that 
joins their common II ,~2 to the center. Choosing a system 
of affine coordinates in such a way that Y), ---, Y» are 
—1, 0, --+, 0, O), ---, (0, O, ---, 0, —1), they prove 
er that this condition is equivalent to the statement 
that the matrix of coordinates of X;, ---, X» has all its 
principal minors positive. 
ons H. S. M. Coxeter (Toronto, Ont.) 


Sion, Maurice. On minimax theorems. Pacific 
J. Math. 8 (1958), 171-176. 

There have been many generalizations of von Neumann's 
minimax theorem. The proofs have usually been based 
either on some form of separation of convex sets by a 
hyperplane or else on a fixed point theorem. The pi dn 
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3502-3508 


uses neither of these but instead a lemma of Knaster, 
Kuratowski, and Mazurkiewicz [Fund. Math. 14 (1929), 
132-137 ; see p. 136] to obtain the following version which 
includes most previous ones. Theorem: Let M and N be 
convex spaces, one of which is compact, and f a quasi- 
concave-convex function on MxWN such that f(z, v) is 
upper semi-continuous in yw for each fixed » € N and lower 
semi-continuous in » for each fixed we M. Then 


sup inf f(u, v)=inf sup f(y, »). 


Quasi-concave-convex means that the sets {u:/(u, v9) 2c} 
and {v:/(uo, »)Sc} are convex subsets of and N, re- 
spectively, for each wo, vo, and real c. Nikaidé [Pacific J. 
Math. 4 (1954), 65-72; MR 15, 816] proved the same 
theorem under the stronger hypothesis that / is continu- 
ous separately in each variable. Finally, the author 
adapts his method to give a new, short proof of a corre- 
sponding result of Kneser [C. R. Acad. Sci. Paris 234 
(1952), 2418-2420; MR 14, 301) and Fan [Proc. Nat. 
Acad. Sci. 39 (1953), 42-47; MR 14, 1109] in which the 
condition f quasi-concave-convex is replaced by / concave- 
convex-like and in which M, N need not be convex spaces. 


W. H. Fleming (Providence, R.I.) 


3507 : 

Isbell, J. R. A class of majority games. Quart. J. 
Math. Oxford Ser. (2) 7 (1956), 183-187. 

A strong simple game is called square if there are 
exactly as many minimal winning sets as non-dummy 
players. It is proved that the (strong) weighted majority 
square games are precisely the “partition games”. The 
latter are defined by partitioning N into 4 non-vacuous 
blocks B; of size b; so that bs: =1, b22=2, bg, =2. Renumber 
the players 1, 2, ---, # so that the index of the block to 
which a player belongs is a nondecreasing function of his 
index. The » minimal winning sets S; are as follows. 
Si=U B, for all t=h (mod 2). For 7>1, let 7 € By. Then 
S3={j}U Ay, where Ay=U By, for all k<i and k=i+1 
(mod 2). For each n24, there are 2"-4 partition games, 
yielding a new lower bound for the number of #-person 
weighted majority games. The partition games possess 
homogeneous weights. Other results on homogeneous 
weights in general are that they are unique and are 
bounded above by the Fibonacci numbers. This maximum 


is attained. J. H. Blau (Yellow Springs, Ohio) 
3508 : 
Isbell, J. R. A class of simple games. Duke Math. 


J. 25 (1958), 423-439. 

The class of strong square simple games [see preceding 
review] is proved to consist of the partition games and the 
projective game P, [M. Richardson, Proc. Amer. Math. 
Soc. 7 (1956), 458-465; MR 18, 102]. For the proof, the 
author discusses the “reduction” G’ of a game G by 
combining two players, defining the winning sets in G’ as 
the images of winning sets in G under the natural mapping, 
and demanding that in the process the number of non- 
dummies is reduced by one and the number of minimal 
winning sets is reduced by at least one. Reducible strong 
square games are proved to be partition games, while 
irreducible strong square games are projective or M, or 
M3. Richardson’s theorem that the only strong game is 
Pz completes the proof. The notion of a pseudogame (which 
allows the existence of disjoint winning sets) due to Gillies 
is here published, apparently for the first time, and is 
used extensively. J. H. Blaw (Yellow Springs, Ohio) 





3509-3516 


3509: 

Bambah, R. P. An analogue of a problem of Mahler. 
Res. Bull. Panjab Univ. no. 109 (1957), 299-302. 

Let K bea bounded convex region in the (x, y)-plane which 
is symmetric with respect to the origin. Let K, denote the 
intersection of K with the strip |y|Ss and let T(s) denote 
the area of the largest triangle inscribed in Ky. The 
author proves: T(s)/s=T7(t)/t if 0<s<z. 

The covering constant c(K,) is the supremum of the 
discriminants of those lattices A for which K+<A is the 
whole plane. Since c(K,)=27(s), this result implies 
c(K;s)/s2c(K;)/t [cf. Bambah, Proc. Nat. Inst. Sci. India 
20 (1954), 119-120, 324-325; MR 15, 607; 16, 65). 

P. Scherk (Saskatoon, Sask.) 
3510: 

Fejes Téth, Laszlé6. Regular configurations. Magyar 
Tud. Akad. Mat. Fiz. Oszt. Kézl. 7 (1957), 39-47. (Hun- 
garian) 

In this expository paper the author discusses various 
extremal problems for polyhedra in euclidean and more 
general spaces. Various characterisations of the regular 
polyhedra by their extremal properties are given. Also 
several problems of closest packing are discussed. Many of 
the results given are due to the author. The paper con- 
cludes with a useful list of references. P. Erdds (Haifa) 


3511: 

Rhodes, F. Homogeneity and isotropy in geodesic 
spaces. Quart. J. Math. Oxford Ser. (2) 9 (1958), 55-62. 

A @-space R is (locally) n-point homogeneous, 22, 
if for any two isometric sets of msn points (of diameter 
less than 6>0) a motion of R exists which takes the first 
set into the second. A direct proof (i.e., one which does not 
use the known special nature of 3-point locally homo- 
geneous spaces) is given that in a locally n-point homo- 
geneous space, 23, the d may be chosen as 24/3, where d 
is the diameter of R. Of course, n=3 is the only significant 
case. 

A space is (n—1)-point (locally) isotropic at z if in the 
above definitions we require that z is a point of both sets. 
In this case it is shown that 6 may be chosen as 
SUPpzer 2x/2. A Y-space which is (m—1)-point iso- 
tropic, 23, at two points with distance less than d is locally 
n-point homogeneous. H. Busemann (Cambridge, Mass.) 


GENERAL TOPOLOGY, POINT SET THEORY 
See also 3235, 3335, 3336, 3450, 3456, 3559. 
3512: 

Bagemihl, F. Some sets of sums and differences. 
Michigan Math. J. 4 (1957), 289-290. 

If X and Y are sets on the real line R, it is known 
concerning their linear sum s(X, Y)={x-+-y:x € X, y € Y} 
and their symmetric linear difference d(X, Y)= 
{a—y:x EX, ye Y}wf{y—x:xe X, ye Y} that s(X, Y)= 
a(X, Y)=R if R—X and R—Y are both of measure zero 
or both of first category. The author shows that there 
exist sets X and Y on R such that R—X is of measure 
zero, R—Y is of first category, and R—s(X, Y) and 
R—d(X, Y) are equal and everywhere dense in R. 

T. A. Botts (Charlottesville, Va.) 


3513: 

Kirkor, A. A remark about Cartesian division by a 
segment. Bull. Acad. Polon. Sci. Sér. Sci. Math. Astr. 
Phys. 6 (1958), 379-381. 

In Ann. of Math. (2) 49 (1948), 979-990 [MR 10, 317], 
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p. 990, the reviewer and E. Artin gave an example of a 
2-sphere Z® in 3-space S whose exterior B, though simply 
connected, is not a punctured open 3-cell. By ingeniously 
combining several ideas of the reviewer [ibid, p. 984 and 
Fund. Math. 34 (1947), 278-287; MR 10, 316; p. 284], 
the author shows that the Cartesian product BxIJ of B 
and an open interval is homeomorphic to (S? x J) x I. The 
example is notable in that this failure of the cancellation 
law for Cartesian multiplication is based on an extension 
of the principle upon which the other known examples 
are based. The author asserts that the construction can 
easily be extended to higher dimensions to show that 
there exists in m-space an open subset B that is not an 
open punctured m-cell, although B x J is homeomorphic to 
(S*-1x J) x I. R. H. Fox (Princeton, N.J.) 


3514: 

Bing, R. H. The cartesian product of a certain non- 
manifold and a line is E,. Bull. Amer. Math. Soc. 64 
(1958), 82-84. 

In an earlier paper [Ann. of Math. (2) 65(1957), 484— 
500; MR 19, 1187] the author has defined an upper 
semicontinuous decomposition of E% into points and tame 
arcs in such a way that the decomposition space B is 
topologically different from E%. Let B denote the one 
point compactification of B. The author announces that 
Bx E1 is topologically E4, B x E} is topologically S* x E}, 
Bx S} is topologically Sx S1 and, finally, that the sum 
of two cones over the common base B is S4. From these 
theorems it follows that there are homeomorphisms of 
period 2 of E4 and S4 onto themselves whose fixed point 
sets are B and B, respectively. W. R. Utz (Columbia, Mo.) 


3515: : 

Jones, F. Burton. On the existence of weak cut points 
in plane continua. Proc. Amer. Math. Soc. 9 (1958), 
530-532. 

Let S be a 2-sphere. If a and 6 are points in a continuum 
M and if x in M—{a, b} has the property that every sub- 
continuum containing a and 6 also contains x, then z is 
said to cut ~ from g in M. A complementary domain of 
M is a component of S—M. Also if D is a connected open 
set and Q is a connected subset of S—D, the outer boun- 
dary of D with respect to Q is the boundary of the 
complementary domain of D containing Q. The author 
proves the following theorem. Suppose that D and Q are 
different complementary domains of a continuum M 
such that the boundary B of Q is the outer boundary of 
D with respect to Q. If p is in M—B and gq is in Q, then 
there exists a point x of B which cuts p from g in MV Q. 

The following equivalent statement is given: If the 
continuum M does not separate S, if Q is a component of 
the interior of M, and if p belongs to M—Q, then there isa 
point x of Q which cuts ~ from Q in M. 

H. H. Corson (Seattle, Wash.) 
3516: 

Ward, L. E., Jr. Mobs, trees, and fixed points. Proc. 
Amer. Math. Soc. 8 (1957), 798-804. 

Continuing his study of partially ordered topological 
spaces [same Proc. 5 (1954), 144-161, 992-994; MR 
16, 59, 17, 180) the author gives several character- 
izations of ‘‘trees’” (compact connected Hausdorff spaces 
in which every pair of points is separated by some third 
point). He shows that X is a tree if and only if X isa 
hereditarily unicoherent locally connected continuum. 
Also, X is a tree if and only if it admits a certain kind of 
partial order, and if and only if it admits a certain kind of 
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semigroup structure. Finally, he defines a generalized 
tree as a space admitting a partial order of a special kind, 
and he shows that every generalized tree has the fixed 
point property. This includes a recent result of Borsuk 
|Bull. Acad. Polon. Sci. Cl. III. 2 (1954), 17-20; MR 16, 
275}. He shows that a continuum is a generalized tree if 
and only if it is hereditarily unicoherent and admits an 
order-dense, continuous partial order. {It would be 
interesting to find a purely topological description of 
generalized trees.} A. Shields (Ann Arbor, Mich.) 


3517: 

Knaster, B.; et Mioduszewski, J. Division des régions 
partielles par les frontiéres et des frontiéres par les points. 
Fund. Math. 45 (1958), 306-313. 

Let R be a connected open set in a topological space X, 
® the frontier of R, and Jet H be a connected set in 
R=Rv® which is relatively open in R. Consider the 
properties: I. Any closed set in X which separates R also 
separates R. II. ® does not separate any H. III. No point 
of ® separates the component which contains it. The 
authors prove that I is equivalent to II; and that II is 
equivalent to III if X is the plane and ® is locally con- 
nected. Related examples are given, and problems are 
posed. H. H. Corson (Seattle, Wash.) 


3518: 

Mioduszewski, J. Sur l’accessibilité des points d’en- 
sembles fermés dans les espaces euclidiens. Fund. Math. 
45 (1958), 314-319. 

If X is a topological space, E a subset of X, then a 
point # in E is said to be accessible from X—E if there is 
a continuum K in X such that KnNE={p} and K—E is 
not empty. Let X be the plane, E a closed subset. Assume 
that (1) the components of E are locally connected 
continua without simple closed curves (dendrites); and 
(2) for each e>O there is an 7>0 with the property that, 
if p and g are in the same component of E and if the dis- 
tance from # to q is less than », then there is an arc gq in 
E of diameter less than e. Under these hypotheses the 
author shows that an endpoint of a component of E is 
accessible from X—E. A corollary of this result answers 
a question of W. Wolibner. H. H. Corson (Seattle, Wash.) 


3519: 

Shimrat, M. Decomposition and separation 
properties. Quart. J. Math. Oxford Ser. (2) 7 (1956), 
128-129. 


It is shown that any topological space is homeo- 
morphic to a quotient space of some Hausdorff space. The 
construction is as follows: Given any space X, let the 
Hausdorff space Y be the union of disjoint sets Y,(x € X), 
with each Y, dense in Y. Then the subspace Z= 
{(x, y):y € Yz} of Xx Y is a Hausdorff space, and the 
quotient space of Z obtained by identifying all points 
of the set {x) x Yz, for each x, is homeomorphic with X. 
oan C. W. Kohls (Urbana, Il.) 


Singer, Ivan. Sur l’approximation des éléments des 
espaces topologiques. Acad. R. P. Romine. Bul. Sti. 
Sect. $ti. Mat. Fiz. 8 (1956), 687-694. (Romanian. 
Russian and French summaries) 

Let M be a family of proper closed subsets of a topo- 
logical space E satisfying: (i) ifthe union of an increasing 
sequence of members of Mt is not dense in E, then its 
closure belongs to Mt, and (ii) for each x ¢ M eM, there 
exists a maximal member H of M such that x ¢ HOM. 
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Then given an increasing sequence (Mj) in M, an element 
x belongs to the closure of their union unless there exists 
a maximal H € Mt such that x ¢ HDM, for all n. 

M. Jerison (Princeton, N.J.) 
3521: 

Mréwka, S. A property of Hewitt extension »X of 
topological spaces. Bull. Acad. Polon. Sci. Sér. Sci. 
Math. Astr. Phys. 6 (1958), 95-96. 

Theorem: Let Y be a Q-space, and / a continuous map 
of a completely regular space X into Y. Then / admits a 
continuous extension mapping vX into Y. (For notation 
and terminology, see E. Hewitt [Trans. Amer. Math. Soc. 
64 (1948), 45-99; MR 10, 126)}.) A generalization is also 
announced, and some unsolved problems are stated. {The 
first € on page 96 should apparently be ¢.} 

E. Hewitt (Seattle, Wash.) 
3522: 


Engelking, R.; and Mréwka, S. On E-compact spaces. 
Bull. Acad. Polon. Sci. Sér. Sci. Math. Astr. -Phys. 6 
(1958), 429-436. 

The authors generalize the notion of compact spaces 
and the Stone-Cech compactification of completely 
regular spaces by replacing the unit interval with an 
arbitrary topological space E. That is, X is E-compact if 
there is no space Y containing X as a dense subset such 
that every continuous E-valued function on X can be 
extended to Y. Then, given a space (which has a property 
similar to complete regularity) there exists an E-com- 
pactification. Unfortunately, lemma | on page 431 is 
false as stated. Hence, example (iv) remains in doubt. 
Note also that the proof in section 4 depends on example 
(iv). E. Hewitt (Seattle, Wash.) 


3523: 

Bagley, R. W.; Connell, E. H.; and McKnight, J. D., Jr. 
On properties characterizing pseudo-compact spaces. 
Proc. Amer. Math. Soc. 9 (1958), 500-506. 

This paper examines the axiomatics of pseudo-compact 
topological spaces X (i.e., in which every continuous real- 
valued function is bounded) without the intervention of 
separation axioms. Some typical theorems are these. The 
following conditions are equivalent: (i) X is lightly com- 
pact (i.e., every locally finite family of open sets is finite) ; 
(ii) every countable, locally finite, disjoint family of open 
sets is finite; (iii) if @ is a countable open covering of X 
and A is an infinite subset of X, then the closure of some 
member of ¥ contains infinitely many points of A ; (iv) if 
& is as in (iii), then the closures of a finite subfamily of ® 
cover X. A completely regular space is pseudo-compact if 
and only if it is lightly compact. If X is first countable, 
then X x Y is lightly compact if and only if X and Y are 
lightly compact. X is compact if and only if it is para- 
compact and lightly compact. X is lightly compact if and 
only if every proper subset of the form A’~’~ is lightly 
compact. For other recent work on pseudo-compactness, 
see Iséki [Proc. Japan Acad. 33 (1957), 363-367, 368-371 ; 
MR 19, 873, 874] and Iséki and Kasahara [ibid., 100-102; 
MR 19, 668), as well as the literature cited in the reviews 
mentioned. E. Hewitt (Seattle, Wash.) 


3524: 

Aquaro, Giovanni. Strutture uniformi di io pre- 
compatto. Ann. Scuola Norm. Sup. Pisa (3) 11 (1957), 
149-181. 

Let @ be a family of binary open coverings of a topo- 
logical space E, such that if (Wi, Gi), (We, Ge) €e@, then 
(Wi We, GinGe2) eB, and if (W, G) ¢@, then there are 
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(A, G), (B, W) in @ with A and B disjoint. This is essential- 
ly the concept of a “‘reticolo”. A finite open covering 
Gi, «++, Gn} is @-reducible if there is a closed covering 
F,, --+, Fa}, where (Fz’, Ge) e@ for k=1, ---, m; and 
then the subset UZ_1 (Gz x Gz) of E x E is a@-relation in 
E. The @-relations generate a precompact uniform struc- 
ture «(@). A condition is found which makes the topology 
of «(@) the same as that of E. It is also shown how to 
proceed from a uniform structure u to a reticolo @(u). The 
standard facts about uniform structures, especially pre- 
compact ones, emerge out of the reticolo theory deve- 
loped here. {The treatment may be compared with that 
of J. W. Tukey, “Convergence and uniformity in topology” 
[Princeton Univ. Press, 1940; MR 2, 67] which is lacking 
from the bibliography.} R. Arens (Los Angeles, Calif.) 


3525: 

Iséki, Kiyoshi. A characterisation of compact metric 
spaces. Proc. Japan Acad. 34 (1958), 255-256. 

A function /(x) defined in a metric space S with metric 
p is said to be completely compact when, given any two 
sequences {xm}, {xn'} such that p(%_, %_’)>0 as n->00, we 
can find two subsequences {%»,}, {%n,'} such that 
limg... /(%n,) =lime... /(%n,') has a finite value. It is then 
remarked that S is compact if and only if every continuous 
function is completely compact. 


M. M. Peixoto (Baltimore, Md.) 
3526: 

de Vries, H. A sum theorem for metrizable spaces. 
Nederl. Akad. Wetensch. Proc. Ser. A 61=Indag. Math. 
20 (1958), 184-185. 

The author proves the following theorem, apparently 
unaware that it was already obtained by J. Nagata [in 
Theorem 2 of J. Inst. Polytech. Osaka City Univ., Ser. A. 
Math. 1 (1950), 93-100; MR 13, 264]: A topological space 
which is the union of a locally finite family of closed, 
metrizable subsets is itself metrizable. 


E. Michael (Seattle, Wash.) 
3527: 

Spatek, A. Sur une caractérisation algébrique des 
espaces métriques. Bull. Acad. Polon. Sci. Sér. Sci. 
Math. Astr. Phys. 6 (1958), 445-447. 

Suite d’un article précédent de l’auteur [Czechoslovak 
Math. J. 6(81) (1956), 72-74; MR 18, 330] et se rattachant 
aux travaux de K. Menger [Proc. Nat. Acad. Sci. U.S.A. 
37 (1951), 178-180, 226-229; C. R. Acad. Sci. Paris 232 
(1951), 2001-2003; MR 13, 51). Pour un ensemble X 
soient F la famille des transformations uniformes de 
XxX en R et § la plus petite o-algébre engendrée par 
l'ensemble des / € F vérifiant (x, y) <r, 7 € R. Si m est une 
mesure de probabilité dans #, on dit que (F, , gy) est une 
fonction aléatoire sur X?. Elle est réalisable dans l’en- 
semble M des métriques dans X s’il existe une mesure de 

robabilité wu, dans M=M any vérifiant we(M AE) =9(E) 
E €%). Si |X|S2*%., soient S la famille des métriques sé- 
parables dans X et 6 =S § ; alors il existe une transforma- 
tion biunivoque ¢:p->t(p) de M dans la classe I’ des o-idéaux 
maximaux de © telle que /s &5(/, x, y)dou,=p(x, y); 
exe désigne la mesure de probabilité engendrée par 
Wel; E.x,9)=/z,9) WEF, («9 eX); & est la 
restriction de & sur S. 

On souligne le fait que chaque métrique p en X est 
ainsi en relation avec celles qui sont séparables, p étant 
déterminée par un o-idéal maximal de 6. 


D. Kurepa (Zagreb) 
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3528: 


Bartholomay, A. F. Type-invariance and A-retraction. 


Portugal. Math. 13 (1954), 105-110. 

Some connections of a very general nature between 
retraction, homotopy equivalence, etc., are established. 
For instance, the subset Ao of A is called a homotopic 
retract of A if there exists a map 7 of A onto Ao, whose 
restriction to Ao is homotopic to the identity map of Ap. 
It is pointed out that, if B is homotopically equivalent to 
a homotopic retract of A, then there exists a map of A 
onto B which admits a right inverse. 

T. Ganea (Zbl 58, 388) 
3529: 


Chow, Sho-Kwan. On Borsuk’s absolute homotopy 
extension property. Acta Math. Sinica 6 (1956), 233- 
241. (Chinese. English summary) 

A topological space X is said to be an AHE [AHE?) if 
any map of Bx (0, 1)UY x (0) into X can be extended toa 
map of Y x (0, 1) into X for any normal space Y and a 
nonempty closed subset B | for any separable metric space 
Y and a nonempty closed subset B with dim(Y —B)s). 
The following theorems are proved: (1) Any product of 
AHE [AHE?)], finite or infinite in number, is an AHE 
[AHE?). (2) If an arcwise connected metric space X is an 
AHE?+! and is #-Lc at one of its points, then X is p-Le 
at every point. (3) If an arcwise connected metric space X 
is an AHE and is locally contractible at one of its points, 
then X is locally contractible at every point. (4) A 
necessary and sufficient condition for a #-dimensional 
arcwise connected separable metric space X to be an 
ANR is that X is an AHE?*! and is Lc? at one of its 
points. (5) A necessary and sufficient condition for a 
separable metric space X to be an AR is that X is con- 
tractible AHE. The following remarks are shown by 
examples: (1) A compact AHE of finite dimension which 
is locally contractible at one of its points is not neces- 
sarily an ANR. (2) An arcwise connected compact AHE 
of finite dimension is not necessarily an ANR. (2) An 
arcwise connected compact AHE of infinite dimension 
which is Lc# at one of its points is not necessarily an ANR. 
(4) A compactum of infinite dimension which is locally 
contractible at all of its points is not necessarily an AHE. 

Sze-tsen Hu (Detroit, Mich.) 
3530: 

*Borsuk, Karol. Sur lélimination de phénoménes 
paradoxaux en topologie générale. Proceedings of the 
International Congress of Mathematicians, Amsterdam, 
1954, Vol. 1, pp. 197-208. Erven P. Noordhoff N.V., 
Groningen; North-Holland Publishing Co., Amsterdam; 
1957. S82pp. $7.00. 

It is well-known that the properties of finite-dimensional 
metrizable spaces that are absolute neighborhood retracts 
(ANR) approximate those of the polyhedra. Although the 
polyhedra are defined constructively, the ANR are defined 
axiomatically (i.e., ANR=compact and locally contract- 
ible). However there are certain properties of polyhedra 
that are not true for al] ANR. The author notes three of 
these as having special importance and calls their absence 
respectively a Peano singularity, a Brouwer singularity, 
and a Mazurkiewicz singularity. However, up to now no 
satisfactory set of axioms that eliminate these singularities 
has been found. 

The spaces that belong to the same homotopy type as 
polyhedra approximate the polyhedra. However, this class 
has also not been satisfactorily axiomatized. Furthermore, 
spaces of this class may have P., B. or M. singularities. 
By modifying a well-known definition of Hausdorff, the 
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collection R(Q) of ANR sets situated in an -dimensional 
cube Q may be metrized in such a way that (1) R(Q) is 
separable and complete, (2) if X and Xo belong to the 
same component of R(Q) they must belong to the same 
homotopy type; (3) dim(lim X,)>lim(dim X,q); (4) the 
limit of a sequence of manifolds of dimension <2 is 
again a manifold of dimension m. Various questions of the 
type considered above may be formulated in R(Q). Thus, 
for example, it is not known whether the polyhedra are 
dense in R(Q), or whether the spaces having P., B. or M. 
singularities are non-dense in R(Q). 

R. H. Fox (Princeton, N.J.) 
3531: 

Altman, M. An extension to locally convex spaces of 
Borsuk’s theorem on antipodes. Bull. Acad. Polon. Sci. 
Sér. Sci. Math. Astr. Phys. 6 (1958), 293-295. 

Let X be a locally convex linear topological space. Let 
F be a completely continuous map of a subset M of X into 
X (i.e., F is continuous on M and F(M) is contained in 
some compact subset of X). If F is completely continuous 
on @ (the closure of an open subset G of X) and a is a 
point of X not in /(@—G), where /(x)=x—F(x), then the 
degree d[f, G, a) has a meaning [see M. Nagumo, Amer. J. 
Math., 73 (1951), 497-511; MR 13, 150}. The author 
proves the following generalization of Borsuk’s theorem 
(Fund. Math. 20 (1933), 177-190]. Let U be an open 
convex symmetric neighborhood of the origin of X. Let / 
be defined on U (where /(x)=x— F(x) and F is completely 
continuous on J) and suppose that / does not vanish on 
0—U and that f(x) =—/(—x) for xe 0 — U. Then the 
degree d[f, U, 0] is odd. The proof follows from Borsuk’s 
theorem by using a suitable finite-dimensional approxi- 
mation of / and basic properties of the degree. 

E. H. Spanier (Princeton, N.J.) 
3532: 

Kuratowski, K. Sur l’extension de la notion de fonction 
rationnelle 4 l’espace euclidien »-dimensionnel. Bull. 
Acad. Polon. Sci. Sér. Sci. Math. Astr. Phys. 6 (1958), 
281-287. 

Let F be a compact subset of m-dimensional euclidean 
space €* (n>2), let Sq be the -sphere identified with the 
one point compactification of €*, and let $, denote &* 
minus its origin. Let 8,-1(F) denote the set of homotopy 
classes of continuous mappings of F into $y. Bn-1(F) is 
an abelian group by means of the cohomotopy multi- 
plication. Denoting by Ro the unbounded component of 
€*—F and by Ri, Re, --- the sequence of bounded 
components of €*—F, let p,¢ R; for i=1, 2, ---. The 
main result of the paper is the following theorem: The 
homotopy classes of the translations (x—)|F, (x—po)|F, 
‘++ form a free system of generators of B,-1(F). 

The arguments are similar to those of Borsuk [Fund. 
Math. 37 (1950), 217-241; MR 13, 150]. The author 
asserts that his main objective is to prove an analogous 
result for open subsets G (in place of F) to appear in a 
subsequent paper. E. H. Spanier (Princeton, N.J.) 


3533: 

Berstein, I. Sur un probléme de M. S. Stoflow. C. R. 
Acad. Sci. Paris 242 (1956), 2796-2798. 

Une surface topologique V, orientable ou non, peut 
toujours [R. J. Wille, Indag. Math. 15 (1953), 63-65; MR 
14, 865) étre appliquée dans le plan projectif P par une 
transformation intérieure gy. L’A. montre que, si V est 
orientable, on a toujours p=goy ou y est une transforma- 
tion intérieure de V dans la sphére S et g l’application de 
S sur P par identification des points diamétralement 









583 





3531-3537 


opposés. — Si @ est une transformation intérieure du plan 
projectif P; sur le plan projectif P2 il existe un homéo- 
morphisme + de P; en lui méme et une fonction rationnelle 
w=R(z), tels que yor peut s’obtenir par identification, 
sur les sphéres revétantes (z) et (w) de P; et Pg respective- 
ment, de z avec —1/Z et de w avec —1/®. 

S. Stoilow (Zbl 71, 390) 
3534: 

Vrublevskaya, I. N. On geometric equivalence of the 
trajectories of dynamical systems. Mat. Sb. N.S. 42(84) 
(1957), 361-424. (Russian) 

This paper contains a full exposition and proofs of the 
results announced earlier by the author [Dokl. Akad. 
Nauk SSSR 97 (1954), 9-12, 197-200; MR 16, 734.) 

Y. N. Dowker (London) 


ALGEBRAIC TOPOLOGY 
See also 3202, 3230, 3505, 3528, 3532, 3533, 3559, 3755. 


3535 : 

Rudin, Mary Ellen. An unshellable triangulation of a 
tetrahedron. Bull. Amer. Math. Soc. 64 (1958), 90-91. 

This paper presents a rectilinear triangulation K of a 
tetrahedron T such that if R is any tetrahedron (closed) of 
K, then T—R is not homeomorphic to T. 

S. S. Cairns (Urbana, II1.) 
3536: 

Wu, Wen-Tsiin. On the realization of complexes in 
euclidean II. Acta Math. Sinica 7 (1957), 79- 
101. (Chinese. English summary) 

[For part I, see same Acta 5 (1955), 505-552; MR 17, 
883.]In the present paper, the author gives a general 
theory of imbedding a given Hausdorff space into the 
euclidean space R™. This theory may be formulated in 
terms of the following fundamental theorem which is 
easily proved in the first few pages of the paper: 

For any Hausdorff space X, let X* denote the space of 
all ordered pairs (x1, xg), where x1, %2€ X and x, ~%2. Let 
t denote the homeomorphism of X* defined by ¢(x1, x2)= 
(xg, %1) and X* denote its quotient space X*/t. Applying 
the methods of P. A. Smith to the pair (X *, d), the author 
deduces a system of singular cohomology classes ®™(X) € 
H™(X*, Gm), where Gm=Z or Zg depending on m being 
even or odd. Then the theorem states that ®™(X)=0 is a 
necessary condition for X to be topologically realizable in 
R™ 


The author spends most of his paper in proving that 
the known results of Van Kampen [Abh. Math. Sem. 
Hamburg, 9 (1932), 72-78], Whitney [Lectures in topo- 
logy, pp. 101-141, Univ. of Michigan Press, Ann Arbor, 
1941; MR 3, 133), Thom [Ann. Sci. Ecole Norm. Sup. 
(3) 69 (1952), 109-182; MR 14, 1004), and part I of this 
paper are special cases of the present result and, in many 
cases, can be much strengthened. 

Sze-tsen Hu (Detroit, Mich.) 
3537: 

Dold, Albrecht. Homology of symmetric products and 
other functors of complexes. Ann. of Math. (2) 68 (1958), 
54-80. 

The main result of this paper is the fact that the 
homology groups of symmetric products [or more gener- 
ally, I'-products, as defined by S. D. Liao, Trans. Amer. 
Math. Soc. 77 (1954), 520-551; MR 16, 504) of a CW- 
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complex X are determined by the homology groups of X. 
Precisely, let X and Y be CW-complexes, G be a principal 
ideal domain, and gq a positive integer. The main theorem 
states that if the homology groups of X and Y over G are 
isomorphic for all dimensions less than g, then so are the 
homology groups of their I'-products over G for all 
dimensions less than q. 

At the end of the paper, there is an appendix which 
describes a splitting property of symmetric products [T- 
products] of direct sums of FD-modules, and thereby 
gives the splitting formula of Steenrod for symmetric 
products of FD-modules with base point. 

{Reviewer's note. It is well known that the homology 
groups of the two-fold symmetric product of a finite 
complex X are completely determined by X [see S. K. 
Stein, Ann. of Math. 59 (1954), 570-583; MR 15, 890; 
and the references thereof]. In fact, S. K. Stein deter- 
mined all the homology groups of the two-fold symmetric 
product of a finite complex by exhibiting formulas for the 
Betti numbers and the torsion coefficients. In the present 
paper, no effective computation of the homology groups 
of the -fold symmetric products is given.} 

Sze-tsen Hu (Detroit, Mich.) 
3538 : 

Toda, Hirosi. Non-existence of mappings of S*! into 
S16 with Hopf invariant 1. J. Inst. Polytech. Osaka 
City Univ. Ser. A. 8 (1957), 31-34. 

This paper contains the complete proof of the theorem 
mentioned in the title, which the author had previously 
announced without proof [C. R. Acad. Sci. Paris 241 
(1955), 849-850; MR 17, 289]. Essential use is made of a 
formula involving the reduced join and Whitehead 
product which was proved by the author in a previous 
paper [J. Inst. Polytech. Osaka City Univ. Ser. A 8 
(1957), 15-30; MR 19, 159]. The proof is too involved to 
discuss here. W. S. Massey (Providence, R.I.) 


3539: 

Adams, J. F. On the nonexistence of elements of 
Hopf invariant one. Bull. Amer. Math. Soc. 64 (1958), 
279-282. 

In this note the author sketches his proof of the deep 
and important result that there are no elements of Hopf 
invariant | in 2g,-1(S") unless n=2, 4, or 8. By using 
primary cohomology operations (Steenrod squares), and 
the relations between them, Adem showed that if 2_,~-1(S*) 
has an element of Hopf invariant 1, then n=2™. The 
author uses secondary cohomology operations (by which 
he understands relations between primary operations), 
and the relations between them, to prove that, in fact, 
one must have mS3. 

Using cohomology mod 2, secondary operations ®,; ; of 
degree 2'+-2/—1, OSi<j, 741+-1, are defined on elements 
# such that Sg?"(u)=0, OSrsj. The operation ©; is 
computed in complex projective space of infinite di- 
mensions; if ye H?(P) generates the cohomology ring, 
then ,; is defined on y* if s=0 mod 2/ and, by degree 
considerations, is zero unless i =0,7>0. In fact, Dg, ;(y**) = 
ny(*+)2, Next, the author shows that there must be a 


formula 
iti Qe) 
r Py : 44,5,n04,5(4) =ASg?”""(u), RES, 


holding modulo a certain subgroup Q, where Sg?"(s%s)=0, 
Osrsk, and a;,;,.¢A, the Steenrod algebra mod 2. By 
looking at the cohomology of P, the coefficient 4 is de- 
termined to be 1. The main theorem now follows by an 
adaptation of Adem’s argument. For if we could form a 
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space X by attaching a 2*+2-cell to S?” by a map of 

Hopf invariant 1, we would have Sq?(u)=0, O<r<k, 

Sq?*""(u) #0, where u generates H?*"(X); but ®, s(s#)=0. 
P. J. Hilton (Ithaca, N.Y.) 


3540: 

Barcus, W. D.; and Barratt, M. G. On the homotopy 
classification of the extensions of a fixed map. Trans. 
Amer. Math. Soc. 88 (1958), 57-74. 

This paper originates in the classification of extensions 
of a map /: KX to /: LX, where L and K are CW- 
complexes, and L—K consists of a single cell. However, 
the methods which are used in solving this problem have 
several other important applications. 

To begin, let K be a CW-complex, X a topological 
space. Let X* be the space of maps (K, ko)-—>(X, x»), 
given the compact-open topology. Let «:(K, ko)—>(X, xo). 
Then, corresponding to each aeéa,(K), the authors 
construct a unique map ay:2,(X¥%, u)—>79+1(X, xo). The 
map is then used to classify extensions of u to Kve¢@*!, 
assuming that » extends. 

Let fo and /; be two homotopic extensions of u (rel. ko). 
Let H designate the homotopy restricted to KxJ. H 
determines an element {H}¢€2(X*,u). Lemma: If 
a(fo, fi) designates the separation element, then 
a«( fo, f1)(e¢+1) =ay({H}). From this lemma, they easily obtain 
the following. Theorem: the classes of extensions of a map 
u: (K, ko)—>(X, xo) to (L, ko), rel. Ro, are in 1-1 corre- 
spondence with the elements of 2941(X, xo)/au71(X4%, u). 
The authors generalize this theorem to the case where 
L=Kv {ea+1} and the e@%+1 are disjoint. 

Secondly, the authors derive some basic properties of 
ay. They prove an addition theorem, evaluate [y, 4]4(é), 
and compute the composition element (fod¢),(&). This 
composition element is expressed in terms of suspensions, 
basic products, and the higher Hopf invariants in the 
sense of Hilton. These methods make it possible to 
compute a, in certain cases, for example when K is a 
bouquet of spheres. 

The most important application is to the computation 
of products of the form [aoy, 6). Theorem: If y € 2(S™), 
a« € Am(X), B € 19(X), m, n>1, then 


[aoy, B)=[a, B]oSe*-ly+ 
ES (—1)@+m+9p43(a, B)oSe"1Bp(y), 


p=0 
where Sy is suspension, op(«, 8)=[a, [a, ---, [a, B]]--*) 
(p+ 1 «’s), and By is a higher Hopf invariant. This result 
is derived from the composition theorem mentioned above, 
and generalizes a formula of G. W. Whitehead. 

An application is made to the group of homotopy 
equivalences. In the case of Kwvet+!, where K is a bouquet 
of spheres, the authors can determine this group of 
equivalences up to an extension. Finally, there is a short 
proof of the Jacobi identity for Whitehead products 
(including a generalization to the case where one factor 
is of dimension 1). 

{It should be noted that the conventions used in this 
paper make [a, #) differ from the product as defined by 
J. H. C. Whitehead by the factor (—1)7+¢-! (where 
aE Xp, BE m¢).} D. W. Kahn (New Haven, Conn.) 


3541: 

Weier, Joseph. Zweidimensionale Liésungen bei der 
Transformation von vierdimensionalen in zweidimen- 
sionale Mannigfaltigkeiten. Collect. Math. 9 (1957), 27- 
34 


Let M and N denote compact triangulated manifolds 
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with dim M=4 and dim N=2 and let f denote a mapping 
of M into N. The author constructs a related finite set of 
mappings of a circle into itself and shows that if each of 
these mappings is inessential, then / is inessential. 

E. Dyer (Chicago, Ill.) 
3542: 

Dold, Albrecht; und Thom, René. Quasifaserungen 
und unendliche symmetrische Produkte. Ann. of Math. 
(2) 67 (1958), 239-281. 

This paper gives detailed accounts and proofs of the 
results announced previously by the authors [C. R. Acad. 
Sci. Paris 242 (1956), 1680-1682; MR 17, 994]. Along with 
the infinite symmetric product SP(X) of a space X, the 
authors also introduce the topological free abelian group 
AG(X) and its quotient group AG(X, m) =AG(X)/mAG(X) 
and prove the isomorphisms: 


m(AG(X)) wHy(X, Z); 1(AG(X, m)) eHy(X, Zm), 


for every +>0O. At the end of the paper, the authors gave 
a proof of J. C. Moore’s theorem that every H-space has 
vanishing k-invariants. Sze-tsen Hu (Detroit, Mich.) 


3543: 

Conner, P. E. On the impossibility of fibring certain 
manifolds by a compact fibre.. Michigan Math. J. 4 
(1957), 249-255. 

It is well known that a Euclidean space does not admit 
a fibration by a compact fibre which contains more than 
one point. [See, e.g., A. Borel and J.-P. Serre, C. R. Acad. 
Sci. Paris 230 (1950), 2258-2260; MR 12, 120.) In the 
present paper, this result is extended to the simply- 
connected open manifolds whose one-point compactifi- 
cations are again manifolds. Sze-tsen Hu (Detroit, Mich.) 


3544: 

Conner, P. E. On a theorem of Montgomery and 
Samelson. Proc. Amer. Math. Soc. 9 (1958), 464-466. 

Generalizing a theorem by Montgomery and Samelson 
[Duke Math. J. 13 (1946), 51-56; MR 7, 471), the author’s 
principal theorem states: If the compact connected Lie 
group G acts effectively on the closed simply connected 
manifold M, and if there is a stationary point #, then the 
remaining orbits do not all have the same dimension. It is 
shown, by an argument involving a “‘horizontal”’ fibration 
into the fixed-point sets of the various stability groups, or 
rather of their e-components, that otherwise the orbit 
decomposition of M—# would be a fibration, with com- 
pact fiber, which is impossible by a theorem of the author 
[see review above]. H. Samelson (Ann Arbor, Mich.) 


3545: 

Vranceanu, G. Sur la factorisation de la sphére 
Sep+1 par de grands cercles. Com. Acad. R. P. Romine 
5 (1955), 1425-1428. (Romanian. Russian and French 
summaries) 

By means of explicit computation, a decomposition 
space of Sep+1 is defined, the elements of the decom 
sition being great circles. The decomposition space Vs, 
is a simply connected symmetric Riemann manifold, of 
positive curvature 1/R®, where R is the radius of Sep+1, 
and has a group of motions depending on 26+? para- 
meters. T. Ganea (Zbl 67, 395 


3546: 

Sugawara, Masahiro. A condition that a space is 
group-like. Math. J. Okayama Univ. 7 (1957), 123-149. 
The Spanier-Whitehead condition for a space F to be 
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an H-space is the existence of a fibration, having F as 
fibre, such that F is contractible in the total space. The 
author (Math. J. Okayama Univ. 6(1957), 109-129; MR 
19, 160] showed that, with a generalized notion of fi- 
bration, this condition is both necessary and sufficient. 
Now he obtains similar criteria for F to be a 
homotopy-associative H-space, or to be group-like in the 
following sense. A group-like space is an H-space satis- 
fying a certain infinite sequence of conditions, gener- 
alizations of homotopy-associativity. Loop-spaces are 
group-like, and Sugawara’s main theorem is that group- 
like spaces are equivalent to loop-spaces, in a certain 


sense. I. M. James (Oxford) 
3547: 

Berstein, I. Applications de sphéres dans l’espace 
euclidien. Rev. Math. Pures Appl. 2 (1957), 375-381. 


The following theorem is proved. Let T be the antipodal 
map of an m-sphere S*® and let there be a T-invariant 
triangulation K of S*. If F is a T-invariant subcomplex of 
K such that the integral ith homology group of F van- 
ishes for 1<k, where Oth homology sroup is reduced, then 
there exists a map/ of S* into the euclidean (n—k)-space 
such that F is the set of points x € S*® with f(x) =/(T(zx)). 

C. T. Yang (Philadelphia, Pa.) 
3548: 

Sabidussi, Gert. On a class of fixed-point-free graphs. 
Proc. Amer. Math. Soc. 9 (1958), 800-804. 

A number of papers have dealt with the construction of 
finite graphs X whose automorphism group G(X) is iso- 
morphic to a given finite group G. The author remarks 
that the graphs X constructed in these papers have the 
following properties. (i) For any two vertices x and y of X, 
there is at most one element of G(X) transforming x into 
y. (ii) The graphs X are generalized Cayley colour-groups 
of G in the sense of a definition given by the author. The 
author shows that the second property is a consequence 
of the first. W. T. Tutte (Toronto, Ont.) 


3549: 

Dulmage, A. L.; and Mendelsohn, N. S. Coverings of 
bipartite graphs. Canad. J. Math. 10 (1958), 517-534. 

Let K be a bipartite (even) graph. Let {S; 7} be a 
partition of its set of vertices such that each edge has one 
end in S.and one in T. An exterior cover of K is a pair 
{A, B}, ACS, BCT, such that each edge of K is incident 
with a member of A or a member of B. The authors are 
mainly concerned with the case in which there is an ex- 
terior cover {A, B} such that A and B are finite. In this 
case they define a minimal exterior pair (m.e.p.) as an 
exterior cover {A, B} for which AVB has the least 
possible number, denoted by E(K), of members. 

An edge of K is called admissible if it belongs to a set of 
E(K) edges of K such that no two have a common end. 

The authors show that K has m.e.p.’s {A«, B*} and 

A*, Bs} such that A+CA*, B+eCB*, and any other m.e.p. 
‘4. B} satisfies A*CACA*, BsCBCB*. They show further 
that A*—A+ can be partitioned into disjoint non-null sets 
Si, -++, Sy, and B*—Bs into disjoint non-null sets 7), - - 
T;, such that the following propositions hold. 

(i) {Ae Syu--- YS, Ty > ++ UT, Bs} is an m.e.p. 
for K; (ii) If A and [fl are complementary subsets of 
{l, 2, oes k}, then {(Utea SyVAse, (Usen T;)V Bs} 
is an m.e.p. of the “core” K, of K; that is, the graph ob- 
tained from K by removing the inadmissible edges; 
(iii) Any m.e.p. of K is a pair of the form given in (ii). 

The authors point out that a number of their results 
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are equivalent to theorems of O. Ore in the case of finite 
graphs [Duke Math. J. 22 (1955), 625-639; MR 17, 394). 
They apply their results to the theory of the term rank 
of a matrix. 

There are a number of confusing typographical errors; 
e.g., “admissible” for ‘inadmissible’ in the enunciation 
of Theorem 8. W. T. Tutte (Toronto, Ont.) 


3550: 

Povarov, G. N. On matrix analysis of connections in 
partially oriented graphs. Uspehi Mat. Nauk (N.S.) 11 
(1956), no. 5(71), 195-202. (Russian) 

The quasi-minor of ax; in the p x p matrix (a4) is defined 
to be age if R=/ and, if R#l, ¥ Gigi: + +42, the 
summation being taken over all choices of r (Sp—2) 
different integers from the set 1, 2, ---, p with k, / 
omitted. An expansion is given in terms of quasi-minors 
of the matrix formed by omitting row / and column k 
from (aq). If ag; is the number of immediate paths in a 
partly oriented graph from vertex k to vertex / then the 
total number of paths from k to / is the quasi-minor of a,j. 
The author obtains other results in graphs and linear 
networks in terms of quasi-minors and also gives a 
criterion for the irreducibility of a real matrix with non- 
negative elements. F. W. Ponting (Zbl 71, 390) 


3551: 

Fiedler, Miroslav; und Sedlatek, Jiti. Uber Wurzel- 
basen von gerichteten Graphen. Casopis Pést. Mat. 83 
(1958), 214-225. (Czech. Russian and German sum- 
maries) 

A source of a directed graph is a node on which no 
edge ends. The central concept of this paper is the W- 
basis of a finite directed graph: a subgroup which em- 
braces all the nodes and all of whose connected compo- 
nents are trees, each of these trees having just one source. 
Such trees are called W-trees. The following results con- 
cerning the W-bases of finite acyclic graphs and finite 
well-directed graphs (graphs in which it is possible to go 
from any given node to any other given node along the 
edges in the direction of the arrows) are obtained. |. Let 
A denote an acyclic graph with one or more sources and 
let B denote a subgraph of A whose connected compo- 
nents are all W-trees. Then A has a W-basis of which B is 
a subgraph and whose sources are all sources of A. 2. If 
corresponding to each node w of a finite directed graph G 
there is a W-basis of G which has w as its only source, 
then G is well-directed. 3. Let G denote a well-directed 
graph and B a non-empty subgraph of G whose connected 
components are all W-trees. G has a W-basis which has 
the same sources as B and of which B is a subgraph. 
4. A directed graph G is well-directed if and only if corre- 
sponding to each non-empty subset P of the nodes of G 
there is a W-basis of G whose sources are the nodes in P. 

An application of W-bases to the theory of determinants 
is also given. G. A. Dirac (Hamburg) 


3552: 

Harary, Frank. On the number of dissimilar graphs 
between a given graph-subgraph pair. Canad. J. Math. 
10 (1958), 513-516. 

The author obtains a generating function for the 
number of dissimilar graphs between a graph G and a 
given spanning subgraph H of G. This result generalizes 
the theorems on enumerating subgraphs and supergraphs 
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given in two earlier pape 
57-64; 7 (1957), 903-911; MR 18, 56; 19, 379). 
W. T. Tutte (Toronto, Ont.) 


rs. [Pacific J. Math. 6 (1956), 


DIFFERENTIAL GEOMETRY, MANIFOLDS 
See also 3377, 3383, 3384, 3385, 3545, 3665. 


3553: 

Cosnita, C. Sur une propriétée des courbes planes, 
Bul. Inst. Politehn. Bucuresti 18 (1956), no. 3-4, 81-88. 
(Romanian. Russian and French summaries) 

The orthoptic curve of a curve (I) is a circle when (T) 
is a central conic, a straight line when (I) is a parabola. 
The author solves the inverse problem: to find (I) when 
the circle or straight line is given. This leads to the func- 
tional equation /(z/2+«)+/(«)=0, which can be solved 
by means of trigonometric series. One special solution for 
the case of a circle is a hypocycloid with three cusps. The 
case of the isoptic curves is also analyzed. 

S. R. Struik (Cambridge, Mass.) 
3554: 

Kreindler, 0. La symétrie par rapport 4 une courbe. 
Bul. Inst. Politehn. Bucuresti 18 (1956), no. 3—4, 17-34. 
(Romanian. Russian and French summaries) 

A point A on the curve M has, right and left on the 
normal of M, two corresponding points B and B’, re- 
spectively, equidistant from A; a curve E is called sym- 
metric, with respect to M, to a curve I through B if it is 
the locus of all points B’, obtained by the same symmetric 
device from other points of J and a normal of M. This 
leads, e.g., for the circle M and its tangent J, to the curve 
E, a conchoid. If M is an ellipse and J the x-axis, E isa 
concentric ellipse. This notion of symmetry is extended 
also to three surfaces in space. 

S. R. Struik (Cambridge, Mass.) 


3555: 

Harant, M. Sur quelques rélations entre les courbures 
de courbe 4 E,. Acta Fac. Nat. Univ. Comenian. Math. 
1 (1956), 21-28. (Slovak. Russian and French summa- 
ries) 

3556: 


Harant, M. A la théorie des évolventes hyperplanaires 
d’une courbe dans l’espace E,. Acta Fac. Nat. Univ. 
Comenian. Math. 2 (1958), 187-192. 
and French summaries) 

The hyperplanar involutes of a curve in euclidean p- 
space are defined as the orthogonal trajectories of the 
osculating (p—1)-planes. Their equation is obtained by 
direct generalization of the procedure used for finding the 
involutes of plane curves. D. J. Struik (Cambridge, Mass.) 


(Slovak. Russian 


3557: 

Syptak, M. Hypercirconférences et hyperhélices géné- 
rales. Acta Fac. Nat. Univ. Comenian. Math. 1 (1956), 
179-199. (Czech. Russian and French summaries) 

Dans ce mémoire le sujet de l’étude est les courbes de 
l’espace euclidien 4 » dimensions dont les courbures sca- 
laires a), ag, --- sont telles que les rapports @;/a2, a2/4s, 

- sont des constantes, non nulles. Ces courbes sont 
appelées par l’auteur dans l’espace au nombre pair de 
dimensions hypercirconférences générales et celles dans 
espace au nombre impair de dimensions hyperhélices 
générales. Le mémoire est divisé en deux chapitres. Le 
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chapitre I présent les équations des courbes en question. 
Dans le chapitre II on trouve une série des conditions né- 
cessaires et suffisantes pour qu’une courbe soit de type 
en question. Du résumé de l’ auteur 


3558: 
Bakelman, I. I. Differential geometry of smooth non- 
surfaces. Acad. R. P. Romine. An. Romino- 
Soviet. Ser. Mat.-Fiz. (3) 11 (1957), no. 1, 5-39; no. 3, 5- 
32. (Romanian). 
Translation of a Russian article in Uspehi Mat. Nauk 
(N.S.) 11 (1956), no. 2(68), 67-124 [MR 18, 230}. 


3559: 

Evans, G. C. Surface of given space-curve boundary. 
Proc. Nat. Acad. Sci. U.S.A. 44 (1958), 786-788. 

Let s be a simple closed curve in Euclidean 3-space H3. 
Let SCH3 be compact and connected. The author calls S$ 
a “‘surface of boundary s’’ whenever: (i) outside a toroidal 
neighbourhood of s, S is composed of a finite number of 
regular (i.e., differentiable) elements, no two of which 
have in common more than an edge or vertex; (ii) every 
l-cycle having odd linkage with s will cut S; (iii) if any 
open portion of S be removed, (ii) will no longer be satis- 
fied. He then sketches proofs of the following facts. Any 
compact set 7 satisfying (i), (ii) and (iii) contains s, 
occludes from infinity no point of Hs—S, and is connected 
(and hence is a surface of boundary s). If T satisfies only 
(i) and (ii), then it contains a subset which is a surface of 
boundary s. IfS;, Sg are distinct surfaces of boundary s, 
there exists a bounded domain with boundary in S; So. 
If s1, sg are simple closed curves having odd linkage with 
each other, then any two surfaces with boundaries s), sg 
intersect. The methods of proof use homology theory. 

H. B. Griffiths (Bristol) 


3560: 

Creangd, I. Sur les entre 
variétés non-holonomes dans les espaces a trois dimensions. 
An. Sti. Univ. “Al. I. Cuza’’ Iasi. Sect. I. (N.S.) 2 (1956), 
145-150. (Romanian. Russian and French summaries) 

In this paper the author considers point-transformations 
between two euclidean spaces Ss and Ss which transform 
two given non-holonomic varieties V3? and V32, situated 
respectively in Sg and §3, into each other. He obtains 
the system of partial differential equations which must be 
satistied by the functions defining this transformation 
and the equation of the indicatrix of the moduli of ex- 
pansion. He then extends a Bompiani theorem referring 
to two surfaces in Ss and 8s [see, e.g., in MR 18, 924, the 
review of a paper by the same author] to two non-holo- 
nomic varieties in Ss and Ss. R. Blum (Saskatoon, Sask.) 


3561 : 
Cruceanu, V. Sur la relation entre les surfaces minima 
qui coupent une sous un constant et les 


courbes de Bertrand. An. Sti. Univ. “Al. I. Cuza’’ Iasi. 
Sect. I..(N.S.) 2 (1956), 151-156. (Romanian. Russian 
and French summaries) 

Let a minimal surface So cut the unit sphere under 
constant angle » along curve C. Let s be the arc length of 
C, x=x(s) its vector equation, and §=€(s) the unit normal 
vector to Sp along C. Then the curve x= /$¢xdx is a 
Bertrand curve with curvature and torsion 1/p9 and 
i/ro, where (*) (sin @)/p0+(cos @)/ro=1. 

Conversely, to each Bertrand curve Co for which (*) 
holds, there is a minimal surface Sg which cuts the unit 
sphere under constant angle y along a curve C which is 
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the binormal indicatrix of the Bertrand curve associated 
with Co. Further, let Cg be the Bertrand curve having arc 
length and principal normal in common with Co and 
tangent making an angle 6 with that of Co. Then there is a 
minimal surface Sg which cuts the unit sphere under the 
constant angle g—6@ along the curve C. For 6=@ and 
6=qg—4a this generalizes results of Cosserat [C. R. Acad. 
Sci. Paris 120 (1895), 1252-1254] and Tzitzéica [Mat. 
Pure Appl. 3 (1902), 186-187]. 

A. Schwartz (New York, N.Y.) 
3562: 

Su, Buchin. Godeaux sequences of a projective minimal 
surface and its Demoulin transforms. An. Sti. Univ. 
“AL. I. Cuza” Iasi. Sect. I. (N.S.) 2 (1956), 61-67. (Rus- 
sian and Romanian summaries) 

Let S be a non-ruled non-degenerate surface in ordi- 
nary projective space with four distinct Demoulin 
transforms. Suppose that there exists a surface § such 
that the Godeaux sequences of S and 8 


-++) Ug, «++, U1, U, V, Vi, -°+, Var, nile 
++, 0,4, -::, 01,0, V, Wi, ---, Wa, -° 


satisty the condition that the join of any two consecutive 
points in the second row of the array 


Us Uz Ui U 
(1) t 0 PV Ps) 
V Vy Ve Vs 


intersects the two lines joining the points in the columns 
of the original two points but the other two rows, and the 
points of intersection of each pair of the joins are different 
from the joined points. Then S is a projective minimal 
surface, and § is a Demoulin transform of S. Moreover the 
array (1) for a projective minimal surface S and a De- 
moulin transform S of S is extended to the most general 
form in both directions of the rows. 

C. C. Hsiung (Bethlehem, Pa.) 
3563: 


Vaona, Guido. Sulla deformazione 
trasformazioni puntuali di 1* specie fra piani. Boll. Un. 
Mat. Ital. (3) 13 (1958), 234-239. (English summary) 

Some recent results on the theory of projective appli- 
cability of three-webs of plane curves are applied to the 
theory of point transformations. Author's summary 


va delle 


3564: 

Tokarev, P. I. Geodesic nets not defined by the net 
angle. Akad. Nauk Kazah. SSR. Trudy Sektor. Mat. 
Meh. 1 (1958), 194-201. (Russian) 

Les réseaux de courbes géodésiques pour lesquelles il est 
possible de trouver les autres réseaux au méme angle du 
réseau (réseaux G) existent seulement sur les surfaces ex- 
ceptionnelles: 

1. Sur les surfaces de révolution pour lesquelles A,k= 
w’—2Ayw, Agk=a'-1(Agw—a"’Ayk), ob k est la courbure 
totale, w=arc cos{(A+B)*+(A4—B)}, A=b-(a+h), B 
=4/[b-2(a+k)?— 1], ilexiste un seul systéme de réseaux G. 

2. Sur les surfaces avec k=const il existe oo® de sys- 
témes de réseaux G; ils sont imaginaires pour k>0O; pour 
k<0 on trouve leurs construction géométrique a l'aide 
de la géométrie hyperbolique existant sur la surface; sur 
les surfaces développables les réseaux G sont les réseaux 
de Descartes. 

On trouve le méridien des surfaces 1, les équations 
finies des réseaux G pour toutes les surfaces et la pro- 
priété caractéristique du vecteur de Tchebisheff des ré- 
seaux G. Pour les surfaces 0>k=const on donne la con- 
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struction d’co* de réseaux G qui possédent le méme vec- 
teur de Tchebisheff. A. Svec (Prague) 


3565: 

Sasaki, Shigeo. A global formulation of the funda- 
mental theorem of the theory of surfaces in three dimen- 
sional Euclidean space. Nagoya Math. J. 13 (1958), 69- 
62. 

As an application of the theory of fiber bundles the 
author proves the following theorem (well-known in the 
small): Suppose that a symmetric positive definite tensor 
gy of class C? and a symmetric tensor Ay of class C1 are 
defined on a two-dimensional differentiable manifold D 
and they satisfy the Gauss-Codazzi relations; then there 
exists in Es a surface S defined on D which has the given 
tensors gy and Ay as its first and second fundamental 
tensors. L. A. Santalé (Buenos Aires) 


3566: 

Kanitani, Jéy5. Généralisation projective des équa- 
tions de Codazzi. Mem. Coll. Sci. Univ. Kyoto. Ser. A. 
Math. 29 (1955), 93-106. 

If x°=x9(u*) (o=0, 1, 2,3; 4, j=1, 2) defines a surface in 
projective 3-space, the formulas Hy=hy(+A)+, hy= 
|xxyx—xy|, dx=—adul, dxy=Mydwx+ (Ty*— pK y*)dwx, 
+Hydw*x¢, dxg=Nydwix+-Nj*dwix, define the funda- 
mental form Hydw'dw, its corresponding I'y*, and the 
tensor Ky;. The equations are derived which define the 
Ky when the Hy are given, without introducing inter- 
mediary functions. They are partial differential equations 
of order 5. Thus, if the Hy are given, the corresponding 
Ky can be computed and thus a surface found, de- 
termined but for a projective transformation. 


D. J. Sirwik (Cambridge, Mass.) 


3567 : 

Svitek, V. Démonstration analytique du théoréme de 
Chasles élargie sur les courbes rationelles normales c’ et les 
théorémes duales dans l’espace |P,;|. Acta Fac. Nat. 
Univ. Comenian. Math. 2 (1957), 49-59. (Slovak. Rus- 
sian and French summaries) 


3568 : 

Muracchini, Luigi. Sul contatto fra superficie e coniche. 
Una caratterizzazione differenziale della su romana 
di Steiner. Ann. Mat. Pura Appl. (4) 44 (1957), 331-356. 

Siano Z una superficie analitica non rigata dell’Ss 
proiettivo e P un punto di Z. Come é noto, gli oo! piani 
passanti per P e seganti = secondo curve aventi in P 
punto sestattico, inviluppano un cono algebrico K, gene- 
ralmente irriducibile, di classe 9, avente il piano tangente 
a = in P come piano 7-plo, le relative rette di contatto 
essendo le due tangenti asintotiche, ciascuna contata due 
volte, e le tre tangenti di Darboux. Pud tuttativa avvenire 
che per qualche particolare posizione di P il cono K si 
spezzi: cid si verifica ovviamente se £ é la superficie ro- 
mana di Steiner e P un suo punto generico, perché in 
tal caso K contiene come parte i] cono (di 3® classe) cir- 
coscritto da P a &, inviluppo di piani che segano = se- 
condo coniche. Nella Memoria presente l’Autore deter- 
mina tutte le superficie non rigate per le quali avvenga 
che K si spezzi qualunque sia P. Esse sono: la superficie 
di Steiner e la sua duale (superficie cubica di C. Segre), ed 
ogni superficie £ che sia inviluppata da oo! quadriche 
ciascuna delle quali osculi Z lungo la relativa curva carat- 
teristica. Tale curva, che @ una conica, é una curva di 
Darboux di 2. In particolare si ha che: Le uniche super- 








ficie per cui K si spezzi in due o tre componenti di classe 
<6, sono la superficie di Steiner e la sua duale. 

Per cid che concerne le superficie rigate non sviluppabili, 
K é riducibile in ogni punto, contenendo come parte il 
fascio di asse, la generatrice passante per P contato 5 
volte. L’Autore dimostra che la parte residua Ky si spezza 
se e solo se E é una rigata cubica. Per una rigata svilup- 
pabile, K si spezza in 9 fasci di piani, 8 dei quali (tutti e 9 
se X @ un cono) coincidono con quello avente per asse la 
generatrice. D. Gallarati (Genova) 


3569: 

Ichij6, Yoshihiro. On Darboux lines contained in a 
Riemannian J. Gakugei Tokushima Univ. 8 
(1957), 27-32. 

M. Prvanovitch has defined a Darboux line for a Rie- 
mannian V, immersed in a Vm. (Bull. Sci. Math. (2) 78 
(1954), 89-97; MR 16, 400). Let gy be the first funda- 
mental form of a V, imbedded in a Vy4:. Let Hy, the 
second form, be such that 


Hiyge=("+-2)—(H yA t+ hp Ait Anh), 


where Aye=}(Ay 2+ Ape t+ Aes) and Hy= APH yy. 
The author shows that a necessary and sufficient condition 
that every curve of the V, be a Darboux line is that there 
be a constant p such that Hy=pgy. 

Let a V, be immersed in a V4; which is in tum 
immersed in a V+. The author finds a necessary and 
sufficient condition that a Darboux line of the V, as 
immersed in the Vx4¢ shall be a Darboux line of the V, 
as immersed in the V,+. He also gives the name Darboux 
variety to certain V,’s thus imbedded, this definition 
generalizing the concept of a Darboux line in a V3, 
immersed in a V3. A. Schwartz (New York, N.Y.) 


3570: 

Solodovnikov, A.S. On with common geodesics. 
Dokl. Akad. Nauk SSSR (N.S.) 108 (1956), 201-203. 
(Russian) 

The geodesic class of a given metric ds?=gydx‘dxJ is the 
manifold of all metrics dé* which have the same geodesics 
as ds*. The properties of such manifolds are based on the 
fundamental theorem of Levi-Civita [Ann. Mat. 24 (1896), 
255-300] which connects a metric ds*= D211 p'lip—/al@sa* 
with a corresponding metric dsg.»* depending on two 
constants. Another concept is that of the adjoint metric 
ds*2= SP_1 Tp’ \/p—fal(dy*)® of Fubini [Atti Accad. Sci. 
Torino Cl. Sci. Fis. Mat. Nat. 53 (1903), 262-276]. If ds** 
has no constant curvature, ds? is called of the basic type. 
For such metrics the representation in the form of Levi- 
Civita is only possible in a single form, and the geodesic 
class consists of the co? metrics dsg,»*. Examples are given 
and some remarks are made on the non-basic (or “ex- 
cluded’’) type. If the adjoint metric ds*2 has non-vanishi 
curvature, then the group of holonomy of the spaces 
is the full orthogonal group. 

D. J. Siruik (Cambridge, Mass.) 
3571: 


Caraman, Petru. Contributions a |’étude des familles 

d’hypersurfaces isothermes géodésiquement paralléles (iso- 

). Acad. R. P. Romine. Fil. Iasi. Stud. 

Cerc. $ti. Mat. 8 (1957), no. 2, 191-208. (Romanian. 
Russian and French summaries) 

A family of hypersurfaces f(s, «, ---, #*)==const ina 
Riemannian space R, is called isoparametric if it satisfies 
the relations A,/=g(f) and Ae/=A(f), where A; and Ag are 
Beltrami’s first and second differential parameters of Rs. 
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These hypersurfaces have been studied by Levi-Civita 
[Atti Accad. Naz. Lincei. Rend. Cl. Sci. Fis. Mat. Nat. 
26 (1937), 355-362] and B. Segre [ibid. 27 (1938), 203-207] 
in the case of euclidean spaces and by E. Cartan [Math. 
Z. 45 (1939), 335-367] in the case of Riemannian spaces 
of constant curvature. 

In the present paper the author shows that the hyper- 
surfaces in Ry which are isothermic for the steady-state 
and geodesically parallel are identical with the family of 
isoparametric hypersurfaces in Ry. 

There follow a number of theorems concerning, mainly, 
families of isoparametric hypersurfaces in Riemannian 
spaces of constant curvature which are at the same time 
Lamé families (i.e., they are part of an m-tuply orthogonal 
system of hypersurfaces in Ry). 

The paper concludes with the consideration of a number 
of particular cases of Rs’s which admit families of iso- 
parametric surfaces. R. Blum (Saskatoon, Sask.) 


3572: 

Lemlein, V. G. The curvature tensor and certain 
types of spaces of symmetric, nearly symplectic connec- 
tivity. Dokl. Akad. Nauk SSSR (N.S.) 117 (1957), 755- 
758. (Russian) 

In a previous paper [same Dokl. 115 (1957), 655-658; MR 
20 #2019] the author defined the spaces with symmetric 
almost symplectic connectivity and gave a set of their 
characteristics. In this paper two classes of such spaces 
are considered, which satisfy either of the following con- 
ditions: 

ViVjau1—VjV 141=0, 
by= 4a4* Tyy5=0; 


where ay is a fundamental tensor, and 
_3( 244 | Gaye , Gari 
Tear + Gato) 


T. P. Andelié (Belgrade) 
3573: 

Sen, Hrishikes. On a type of Einstein space. Bull. 
Calcutta Math. Soc. 49 (1957), 153-156. 

It is shown that the #-dimensional space (n24) with a 
diagonal metric tensor gi:=¢?, geo=—(x!)?, gag= 
—(x!)? sin? x2 sin® x8---sin®? x4-1 (2<h<n), gan=—1/¢? 
is an Einstein space if and only if ¢?=—(1+c¢(x1)?+ 
¢a(x1)3-®)-1, where ci, cg are arbitrary constants. Further, if 
¢;=0, the curvature invariant R vanishes, while for 
¢2=0 the space is of constant Riemannian curvature ¢. 
The class of these spaces is at most 2. 

A. Raychaudhuri (Calcutta) 


3574: 

Matei, I. Sur les espaces 4 connexion affine A2 admet- 
tant le groupe orthogonal ou pseudo-orthogonal de trans- 
formations de Bul. Inst. Politehn. Bucures- 
ti 18 (1956), no. 3-4, 139-143. (Romanian. Russian 
and French summaries) 

Supported by the work of V. Dumitras [Acad. R. P. 
Romine. Stud. Cerc. Mat. 4 (1953), 213-232; MR 16, 71] 
it is shown that the necessary and sufficient conditions 
that the Ag admit the orthogonal group dé1=cos 6ds!+ 
sin@ds*, ds?=— sin @ds!+-cos 6ds®, or the pseudo-orthog- 
onal group dél=cosh @ds!+sinh 6ds®, dé*=sinh 0ds!+ 
cosh @ds®, is that the form y=ypads*ds* be non-degener- 
ated and that the form /=r,gds*ds* be zero. A canonical 
form of the connection is derived. 

D. J. Strwik (Cambridge, Mass.) 
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3575: 

Tevzadze, G. N. On certain nets of of affine 
connection. SoobS¢. Akad. Nauk Gruzin. SSR. 19 (1957), 
no. 6, 641-648. (Russian) 

M. V. I. Sulikovskij [Ué. Zap. Kazan. Univ. 111 (1951), 
no. 8, 13-41] a trouvé dans l’espace 4 connexion affine 
sans torsion des réseaux au vecteur de Tchebisheff donné 
qui sont apolaires au réseau donné. L’A. donne une so- 
lution plus simple de ce probléme. A. Svec (Prague) 


3576: 

Ulanovsky, M. A. On the conditions defining the 
objects of affine connectivity in Riemannian space. 
Dokl. Akad. Nauk SSSR (N.S.) 113 (1957), 507-508. 
(Russian) 

The author investigates the integrability conditions of 
the equations (1) Dgg=O (¢,7=1, 2, ---, m), where 
D denotes absolute differentiation. Conditions are 
sought for the existence of such solutions gy of the 
equations (1), which will be, with respect to a given 
affine connectivity, fundamental tensors of riemannian 
or pseudoriemannian spaces. For »=3 a theorem is. 
quoted without proof which is based, the author states, 
on the improved theorem of A. Nijenhuis [Nederl. Akad. 
Wetensch. Proc. Ser. A 56 (1953), 233-249; 57 (1954), 
17-25; MR 16, 171, 172). T. P. Andelié (Belgrade) 


3577: 
Fukami, Tetsuzo. Invariant tensors under the real 
tation of symplectic and their applications. 
Téhoku Math. J. (2) 10 (1958), 81-90. 

A characterization of tensors with components V,, 
hy, Ty* and Rey*=— Rjxe*, invariant under the standard 
real representation of the symplectic group, yields infor- 
mation on the metric, torsion and curvature tensors of 
connectionsin Hermitian quaternion manifolds. In partic- 
ular, if M admits a group of motions whose isotropy 
group at one point contains the symplectic group, then 
the space is locally flat. Further theorems state properties 
of the curvature tensor when different assumptions are 
made on the automorphism or holonomy groups. 

The present results are a considerable extension of the 
work of M. Obata [Jap. J. Math. 26 (1956), 43-77; MR 
20 #1796), as far as motions and holonomy groups are 
concerned. A. Nijenhuis (Seattle, Wash.) 


3578: 

Ermakov, Yu. I. Three-dimensional with a 
cubic semimetric. Dokl. Akad. Nauk SSSR (N.S.) 118 
(1958), 1070-1073. (Russian) 

Three-dimensional manifolds, Fs;®, with ds*= 

yaxdxPdxy have been studied by K. Tonooka [Tensor 
6 (1956), 60-68; MR 18, 232}. Using Tonooka’s notation 
the present author constructs a connection invariant 
under the conformal transformations *dapy= In 
this case *I’,,’=T,,4+-$0,6,’. Necessary and sufficient 
conditions that the F3‘) be conformally flat are 1) 
BV aagy=0, 2) Ty,” is semi-symmetrical, and 3) 
Iu»” is a gradient vector. Now a different kind of X3, 
denoted by #3), is introduced, not dependent on a 
tensor a@agy, but on a pseudotensor Aggy, from which a 
tensor density is derived by multiplication with (Discri- 
minant of Agg,y)—¥/12. On this density Wag,, of discriminant 


W=— +1, the connection of the $s is based, which differs 
somewhat from the connection of Tonooka for Fs). A 
necessary and sufficient condition that there exists in this 
3 a coordinate system, for which 8,%,g,=O0, is that 
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A—JAP PyV, HA», and y,—sA- BV, both 
veniiehs, where the PY and B are dclined in sorelllnestas 
way to the F3®); they are densities of weight +1. Every 
differential comitant of the basic density Wag, is an alge- 
braic comitant of the Magy, Pvp and y, and their covariant 
derivatives with respect to the connection. 

D. J. Struik (Cambridge, Mass.) 
3579: 

Haimovici, Adolf. Su alcuni invarianti negli spazi tridi- 
mensionali a connessione affine. Rend. Mat. e Appl. (5) 
15 (1956), 385-452 (1957). 

In his preceding papers [Acad. R. P. Romine. Bul. Sti. 
Sect. $ti. Mat. Fiz. 6 (1954), 31-48; 7 (1955), 595-622; 
Acad. R. P. Romine. Fil. Iasi. Stud. Cerc. $ti. 6 (1955), 
123-133; MR 16, 1151; 17, 661; 18, 68) the author studied 
the affinely connected spaces admitting invariants with 
respect to the parallel displacement of a system of k 
vectors or of k directions. Evidently, part of these in- 
variants has areal character and part has angular 
character; these may be considered as special cases of 
the areal spaces studied by A. Kawaguchi ([e.g., Trudy Sem. 
Vektor. Tenzor. Anal. 5 (1941), 290-300; MR 8, 604] and 
V. Vagner f[e.g., Mat. Sb. N.S. 19 (61) (1946), 341-406; 
MR 8, 490] and of the Finsler spaces. The object of the 
present paper is to study three-dimensional spaces with 
affine connection in which one can associate with a system 
of vectors some invariants with respect to the parallel 
displacement. Let X*, Y*, --- be vectors of the system, 
I'y* be the components of the affine connection and 
f(x; X, Y, ---) be the desired invariant; then the system 
of equations in the problem is 


of of a 
rr — Diy X9 axe +’ jyr + )=0. 


The conditions of complete integrability of the system 
are of the form 
of of 
ak _ 
af*(Xt ye + VI ayer +°-*)=0. 

where a;* are constructed from the components of the 
curvature tensor Ry,* and its covariant derivatives. 
If the matrix fja,)*|| with 3 rows and 3 columns is denoted 
by A* and the linear system defined by these matrices 
by #, then the condition for completeness of the system is 
AtAt—AtAteF. 

One can easily see that there always exist some in- 
variants for the parallel displacement of at least 4 vectors. 
However, in certain special spaces there exist invariants 
for less than 4 vectors; i.e., 3 vectors for r=8, 7 or 6; 2 
vectors for r=5, 4 or 3; and only one vector for r=2, 1 
or 0; where 7 denotes the number of linearly inde- 
pendent matrices of the system ¥. The system can be 
simplified by making use of linear combinations of its 
equations and of linear transformations of the components 
of vectors. By these means the author classifies all possible 
cases of the system F into 42 types: 3 types if F has 
no nilpotent matrix, one type each forr=9 and 8, 2types for 
r==7, 3 types for r=6, 6 types for r=5, 8 types for r=4, 
13 types for r=3, 3 types for r=2, 2 types for r=1. For 
spaces of all these types, he finds the form of the system 
of matrices, determines the invariants and recovers the 
— of the spaces admitting these invariants. 

or example, (1) a 3-dimensional space with affine con- 
nection admits the 3 invariants J=(TYZ)/(XYZ), 
J=(XTZ)|(X YZ), K=(XYT)/(XYZ) with respect to 
the parallel displacement of four vectors X*, Y*, Z*, T¥, 
where (JT YZ), etc., are the determinants formed by the 








components of three of these four vectors; (2) the space 
admitting 2 invariants, J=(X1Z2— X2Z1)/(Y1Z2— Y2Z}), 
J=(X1Y2—X?2Y})/(Y¥1Z2— Y2Z}), admits a parallel direc- 
tion field; etc. A. Kawaguchi (Sapporo) 


3580: 

Varga, Otto. Normalkoordinaten in Kawaguchischen 
Raumen und seinen affinen Verallgemeinerungen sowie 
eine Anwendung derselben zur Bestimmung von Differen- 
tialinvarianten. Math. Nachr. 18 (1958), 141-151. 

In the same way as in his previous paper on normal 
coordinates in Finsler space [C. R. Premier Congrés Math. 
Hongrois, 1950, pp. 131-162, Akadémiai Kiadé, Budapest, 
1952; MR 15, 160), the author shows that one can intro- 
duce normal coordinates in the spaces defined by 
the reviewer [Monatsh. Math. Phys. 43 (1933), 289-297; 
Tensor (N.S.) 1 (1950-51), 14-45, 67-88, 89-103; MR 12, 
536; 13, 384, 385] (the reviewer himself called these spaces 
areal spaces) and in their affine generalizations. In the last- 
mentioned spaces the existence of the fundamental 
function F(x, p) of a point (x) and an m-direction repre- 
sented by a simple m-vector pits is not necessary, but 
one must have the existence of the affinely generalized 
connection parameters Cyy,..4,4 and Iyz‘, such as the 
absolute differential of a vector é*, which is defined by 


bE = dEt4+-C py,...4,.8F*d ph te + Typ hdr EF, 


with the assumption mC xy,...4,,"%p'*'s"%)=0, The existence 
of such parameters follows from the fundamental function 
F(x, p) in Kawaguchi spaces, as the reviewer proved. In 
§ 1 the outline of such spaces is explained and the ex- 
istence of quasigeodesics is shown. A quasigeodesic is 
defined as a curve for which the tangent vectors are 
parallel with respect to the parallel elements of support 
pits along the curve. Making use of quasigeodesics 
in place of geodesics, in the way analogous to the affine 
one, we can easily define normal coordinates (#*) referred 
to a fixed element of support (xo, #9) and belonging to the 
coordinate system (x*). Then the normal coordinates 
referred to the same element of support and belonging to 
different coordinate systems are related to each other by 
a linear and homogeneous transformation. Then in § 2 
the process of the extension is discussed which is obtained 
by making use of normal coordinates and enables us to 
introduce the normal tensors, and the determination of 
differential invariants is studied. In the last section the 
relation between the principal curvature tensors and the 
normal tensors is made clear, and it is shown how one can 
get the differential invariants from a base system. {Re- 
viewer’s remark: Though in the paper there is no ex- 
planation concerning the derivatives @phi"Je of the 
components of a simple m-vector pii"Ja, the reviewer 
understands by the derivative the one defined by the 
reviewer [loc. cit., p. 96], unless the derivative is meaning- 
less, because there are some identities among the com- 
ponents of a simple m-vector.} A. Kawaguchi (Sapporo) 


3581 : 

Freeman, J. G. Finsler-Riemann systems. Quart. J. 
Math. Oxford Ser. (2) 7 (1956), 100-109. 

The fundamental form of a subspace of a Riemannian 
space is, under certain conditions, expressible in the form 
ds®=gap(x, u)dx%dx>, where the x’s are the coordinates in 
the subspace and the w’s the components of a vector field 
in the subspace, the g’s being homogeneous of zero order 
in the #’s. This fundamental form is similar to that of 
a Finsler space. The properties of such a Riemannian 









in ie eee, ee ene ee he ao a A ak Be oe an on atk ok 


ee ee ee ee ee 


onrn & 






lian 
orm 
s in 
‘ield 
rder 
t of 
nian 












system are obtained and compared with those of a Finsler 


In a Riemannian space S, of y=2n—1 dimensions and 
coordinates y*, equations of the form y*=y%(x!, x2, ---, «®; 
im+l ja+2 ..- #) determine, for given values of the?’s, a sub- 
space S, of m dimensions and coordinates x*. (Affixes «, 
B, y, «++ will run from | to ¥; a, 6, c, --+ from 1 to ; and 
A, B,C, --- from n+1 to ».) Variation of the ?’s is accom- 
panied by deformation of S,. For constant values of the 
x’s, the above equations define a family of (m—1)-di- 
mensional subspaces, in each of which the ?’s may be taken 
as coordinates. These subspaces are called the trajectories 
of the deformable subspace Sy. In S, an (m—1)-para- 
meter family of curves is defined by m equations of the 
form xO—x9(J1, 22, tee, An-l; B; intl int? tee, ), in 
which, for a given curve of the family, the 4’s are constant 
and gw alone varies; these curves are called the generators 
of Sg. If the last equations are solved for the /’s and yp, 
equations of form A!=A}(z, 2), A®-1=J*-1(x, 2), 
p=p(x, t) result. 

Let «* be the S,-components of a vector field every- 
where tangential to the generators. The vector of this 
field at any point of S, is called the element of support at 
that point. The ratios u*/u*® are equal to @x*/@u:dx"/dp, 
and @x%/8u are functions of the /’s, wu and #, so that such 
m—1 equations enable us to give a result of the form 
iA—tA(x, u), in which the ?’s are homogeneous of zero 
order in the #’s. If the fundamental form of S, is gagdy“dyP, 
then that of S, for given values of the ?’s is gapdx%dx?, 
where gap=£ag(@y*/0x*) (dy8/dx>). The Sag are, in general, 
functions of the y’s and thus of the x’s and?’s. Hence, gap 
are also functions of x’s and ?’s, so that the gap may finally 
be expressed in terms of x’s and u’s. Thus we have ds?= 
£av(x, «)dx*dx> for the S,, where the ggpare homogeneous 
of zero order in #*. This quadratic form is similar to that 
of a Finsler space. The deformable S,, together with its 
families of trajectories and generators, is called a Finsler- 
Riemann system. The length L of the elements of support 
is L?=gqgpu%u>. In the Finsler geometry, we have gap= 
422L2/du¢du>. In general, the gap of S, are not restricted 
in this way, and the system is called a generalized F-R 
system. When the last equations are satisfied, it is called 
the normal F-R system. 

The induced connections are studied and the parameters 


{nc} Toct= Ad xs {oa} atA/axe, Cyt= {ora} 2e4/oue are 


considered. e connection parameters I'pe*, Cye* are 
homogeneous in the w’s, being of orders 0 and —1, re- 
spectively, as in Finsler geometry. The conditions for 
orthogonal trajectories and those for a system with de- 
formation vectors parallel in S, for displacement along 
generators in relation to the normal F-R system are ob- 
tained. The fololwing is also proved: Given an arbitrary 
function 2¥ (x, «), homogeneous of second order in the 
u's, there is a normal F-R system in which the square of 
the length of the elements is equal to this function. 

T. Takasu (Yokohama) 
3582: 

Stoka, Marius I. Sur la mesure de l’ensemble des 
coniques du . An. Univ. “C. I. Parhon” Bucuresti. 
Ser. Sti. Nat. 5 (1956), no. 11, 41-44. (Romanian. Rus- 
sian and French summaries) 

The invariant measure of the group x’=a,x+a2y+4s3, 
y'=agy+as is given by the integral of the differential 
form (a,a42)—1{da,dagdagdagdas) and coincides with the 
measure {invariant with respect to the projective group) 
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for sets of conics written in the form (a1x-+agy+a@3)?+ 
(agy+a5)?=1. L. A. Santalé (Buenos Aires) 


3583: 

Stoka, Marius I. Sur la mesure des ensembles de 
variétés d’un espace euclidien E,. Com. Acad. R. P. 
Romine 7 (1957), 313-317. (Romanian. Russian and 
French summaries) 

Let F be a family of varieties in E, and G a group of 
transformations which leaves F invariant. The author 
(theorem 2) affirms that if F admits a measure invariant 
with respect to G, this measure is unique (independent of 
G). However, the groups of euclidean and non-euclidean 
motions give different invariant measures for the family 
of straight lines on the plane, a fact which seems to the 
reviewer to contradict the theorem. 

L. A. Santalé (Buenos Aires) 
3584: 

Stoka, Marius I. Sur les groupes G, mesurables d’un 
espace R,. Com. Acad. R. P. Romine 7 (1957), 581-585. 
(Romanian. Russian and French summaries) 

Let G, be a Lie transformation group operating in Ey. 
The author gives again in slightly modified form the con- 
ditions for the existence in E, of an invariant integral by 
G, [same Com. 6 (1956), 745-751; MR 18, 403}. 

L. A. Santalé (Buenos Aires) 


PROBABILITY 
See also 3077, 3174, 3426, 3527, 3644, 3751, 3752. 


3585: 

Studnev, Yu. P. On the behavior of the remainder term 
under the conditions of the theorem of Lyapunov. Uzgo- 
rod. Gos. Univ. Nauén. Zap. 18 (1957), 183-189. (Rus- 
sian) 

Let &, &2, be mutually independent random 
variables with a common distribution for which, for 
some « satisfying 0<a<1, E{\&|2+*}<oo. (The author 
also tacitly supposes that the random variables have mean 
O and variance 1.) Let Fy be the distribution function of 
n+*>S7 &. Let dn=supg |¢(x)—F,(x)|, where ¢ is the 
normal distribution function with mean 0 and variance 1. 
According to Lyapunov’s classical work, (*) 6g<Cn-”?, 
where C is an absolute constant. The author exhibits an 
example which shows that the exponent in (*) cannot be 
increased. The case a=1 has been treated with more 
definitive results by Esseen [Skand. Aktuarietidskr. 39 
(1956), 160-170; MR 19, 777]. If the random variables 
have finite variance but infinite absolute moments of 
every order higher than 2, let o(x)=/\j)2. dP{&<2}. 
Then it is shown that, if 0<£<4, 6, <C0(n?) for large n, 
where C, depends only on F and f. Since lim,,,, x~*o(x) = 
co for every strictly positive ¢, it is easy to construct ex- 
amples for which 6,—>0 more slowly than every negative 
power of n. J. L. Doob (Urbana, Il.) 


3586 : 

Pompilj, Giuseppe. Teoria affine delle variabili casuali. 
Fac. Sci. Statist. Demogr. Attuar. Ist. Statist. Ist. Calcolo 
Probab. Publ. no. 15 (1956), 23 pp. 

This is a review of publications by Pompilj and others 
that center loosely around those properties of random 
vectors that are invariant under the group of affine linear 








3587-3592 


transformations, or under various subgroups. Particular 
attention is paid to bivariate distributions. 

About half of the discussion concerns several func- 
tionals of multivariate distributions, functionals that 
describe aspects of ‘variability’ and ‘dissimilarity’. Most 
of the rest of the paper concerns geometrical aspects of 
regression; for example, starting with the bivariate 
distribution of (X, Y), one may consider the totality of 
straight lines, y=ag+dgx, of which the 6th minimizes 
expected squared deviation in the direction 6. The paper 
ends with a brief discussion of intrinsic mdependence: 
X and Y are intrinsically independent if, for some affine 
transformation of (X, Y), (U,V), U and V are (sto- 
chastically) independent. This topic is treated by the 
author in English [Bull. Inst. Internat. Statist. (2) 35 
(1955), 91-97]. W. Kruskal (Chicago, Ill.) 


3587: 

Ottaviani, Giuseppe. Su una proprieta di un sistema 
di due variabili casuali seguenti la legge di Poisson, degli 
eventi rari. Atti Accad. Naz. Lincei. Rend. Cl. Sci. Fis. 
Mat. Nat. (8) 23 (1957), 230-232. 

In questa nota mi occupo della ricerca di quei sistemi 
di due variabili casuali X, Y tali che: a) la prima segua la 
legge di Poisson, caratterizzata da un dato valore medio 
m; b) la seconda dipenda dalla prima in modo tale che, 
se in una prova la X assume il valore x (=0, 1, 2, ---), la 
Y segua la legge di Poisson con valore media mg; c) la 
somma delle due variabili segua la legge di Poisson. 


Riassunto dell’ autore 


3588 : 

Linnik, Yu. V.; and Skitovit, V. P. Again on the 
generalization of H. Cramer’s theorem. Vestnik Lenin- 
grad. Univ. Ser. Mat. Meh. Astr. 13 (1958), no. 1, 39-44. 
(Russian. English summary) 

Let B be the class of functions V of bounded variation 
on (—co, co), with /@,, dV=1. It is proved that, if the 
convolution of V; and Vz, elements of B, is a normal 
distribution function, and if (*) the variation of V; 
outside (—y, y) is O[exp(—y!+7)} for some y>0, then V 
and Vg are normal distribution functions. The theorem 
becomes false if the limiting expression in (*) is replaced 
by Ofexp(—/4y) In(y+1)]. If Vi and V¢ are distribution 
functions, the theorem reduces to Cramér’s classical 
theorem, in which case the condition (*) is unnecessary. 

Let h=D}? aX, lea=S7 4X; be independent linear 
combinations of independent random variables, where X; 
has distribution function V;. According to a theorem of 
Skitovié [Dokl. Akad. Nauk SSSR (N.S.) 89 (1953), 217- 
219; MR 14, 1098), each V; for which a;b;0 is a normal 
probability distribution function. The authors prove that, 
if this theorem is given the obvious interpretation when 
V; is only supposed an element of B, and if (*) is true, 
then the conclusion remains true, but it becomes false in 
general if (*) is weakened as described above. 


J. L. Doob (Urbana, IIl.) 


3589: 
Wallace, David L. Asymptotic approximations to 
distributions. Ann. Math. Statist. 29 (1958), 635-654. 
An expository lecture reviewing some important 
problems, methods and results concerning approximations 
of distributions by standard distributions (particularly by 
the normal distribution) and asymptotic expansions. 


H. Bergstrém (Géteborg) 
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3590: 

Shapiro, J. M. Sums of powers of independent random 
variables. Ann. Math. Statist. 29 (1958), 515-522. 

The author considers a double sequence (%nx) (ISAShq) 
of infinitesimal random variables which are row-wise 
independent and investigates the limiting distribution 
F(x) of SF; |xayl"—Ba(r) (r=1), where Ba(r) are suita- 
bly chosen constants. He is also concerned with the case 
r—»co and for this he gets the result that the limiting 
distribution lim,... F(x) is necessarily the distribution 
of the sum of two independent random variables with 
Gaussian and Poisson distribution, respectively. There is 
(with the exception of the well-known book of B. V. 
Gnedenko and A. N. Kolmogorov [Limit distributions for 
sums of independent random variables, Gosudarstv. Izdat. 
Tehn.-Teor. Lit., Moscow-Leningrad, 1949; English trans- 
lation published by Addison-Wesley, Cambridge, Mass., 
1954; MR 12, 839; 16, 52]) no reference to previous work. 
However, cf. K. Kunisawa, and G. Maruyama [Rep. 
Statist. Appl. Res. Union Jap. Sci. Eng. 1 (1951), no. 3, 
22-27 ; MR 14, 294] and S. Bochner [Proc. Nat. Acad. Sci. 
U.S.A. 40 (1954), 699-703; MR 16, 379). 

L. Schmetterer (Berkeley, Calif.) 
3591: 

Esseen, Carl-Gustav. On mean central limit theorems. 
Kungl. Tekn. Hégsk. Handl. Stockholm, no. 121 (1958), 
31 pp. 

Let X1, Xe, «++ be a sequence of independent random 
variables with the same distribution function F(z), 
the expectation 0, the variance 1, and finite absolute 
third moment. F,(x) is the distribution function of 
(Xi+-+-+-+Xn)/4/n, O(x) is the normal distribution, and 
Cy) =f... |Fn(x) —(x)|?dx. The author shows for p21! that 
Cy‘? =O(n-?/2) as n-+oo. An explicit expression is given 
for the constant Ay, of the asymptotic development 
Cy?) =A gn-?/24-0(n-P/2), with no restrictions when 
p=1, 2, and with the restriction that F(x) is not a lattice 
distribution with a non-zero third moment when #21. 
It is noted that limy_,,, C,‘?)=0 still holds when the ran- 
dom variables have different distributions, provided the 
ordinary central limit theorem holds. 

H. P. Edmundson (Santa Monica, Calif.) 
3592: 

Dobrushin, R. L. Central limit theorem for non- 
stationary Markov chains. [I. Teor. Veroyatnost. i 
Primenen. 1 (1956), 365-425. (Russian. English sum- 
mary) 

This is the second part of a dissertation and it gives in 
full the proofs of the theorems stated in the first part 
[same Teor. 1 (1956), 72-89; MR 19, 184]. For the con- 
venience of readers chiefly interested in Markov chains 
with only a denumerable infinity of states the author 
gives many of the proofs separately for this special case, 
which does not require the complicated apparatus of 
measure theory needed in the general case. In the special 
case his “ergodic coefficient” (cf. the review cited] takes 
the form a(P)=infg,; D721 min(pzy, Py), where P=(py) 
is a matrix of transition probabilities. 

The proofs depend on the dissection of a sum of de- 
pendent random variables (connected in a Markov chain) 
into sections, some of which are nearly independent and 
are separated by the remaining sections, which are 
negligible. Also, to obtain the strongest version of his 
main theorem the author uses results obtained for 
martingales by P. Lévy [Théorie de]’addition des variables 
aléatoires, Gauthier-Villars, Paris, 1937; pp. 237-243). 
H. P. Mulholland (Exeter) 
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3593: 

Wang, Shou-Jen. On the limit of the common distri- 
bution of terms of variational series. Acta Math. Sinica 
6 (1956), 389-404. (Chinese. English summary) 

Let £:SéeS---S&, be the variational series of n 
(independent) samples from a fixed population. For 
every given norming constant, necessary and sufficient 
conditions are found in order that &%, and é%, have a 
joint limiting distribution in the cases (1) kyn-1-+Aj, 
Ron} —Ag; (2) ky fixed; koen-1—A. 

K. L. Chung (Syracuse, N.Y.) 
3594: 


Kac, M.; and Kesten, Harry. On rapidly mixing 
transformations and an application to continued fractions. 
Bull. Amer. Math. Soc. 64 (1958), 283-287; correction, 
65 (1959), 67. 

Let Q be a probability measure space, T a measure- 
preserving transformation of Q, B a fixed set of positive 
measure in Q. Let V(w)=1 for w in B; =0 for w not in B. 
The authors prove that, under a suitable restriction on T, 
the distribution of >?.1 V(7*w), conditional on m in B, 
is asymptotically normal. The restriction on T is that 
there exist an e and a sequence of H» such that for every 
measurable A 


H{T-*A NBAT-™B} _ 
u{T-¥A}a{BAT™B) 
An application is adduced to the distribution of the 
integers appearing in continued fractions. (The correction 
notes that the latter result is contained in Doeblin, Com- 
positio Math. 7 (1940), 353-371 [MR 2, 107]}.) 
S. Katz (New York, N.Y.) 





1| SH me**. 


3595 : 

Morimura, Hidenori. Some limit theorems concerning 
with the renewal numbers. Kédai Math. Sem. Rep. 10 
(1958), 47-53. 

The author proves some new theorems related to 
renewal theory developed by Cox and Smith [Skand. 
Aktuarietidskr. 36 (1953), 139-150; MR 15, 722, 1140] 
and Kawata [J. Math. Soc. Japan 8 (1956), 118-126; 
MR 18, 75). In particular he proves (theorem 2) that 
when the independent random variables a have the 
probability density P(x<ajSx-+dx)=(1/a)e-*/4¢dx for 
x>0, and =0 for <0, and X; are independent random 
variables having the means m>O with the property 
(1/n) S31 mm when m-—>oco, then the _ stochastic 
variable A,’(X)=(A,(X)—ah/m)/B(X), where A)(X)= 
(1/X) fF A(x, h)dx, A(x, h)=DP, anP(x<SySx+h), 
Sn= Lifer Xt, BUX) = Der {(1/X)/F P(x <SaSx+h)dx}, 
will be distributed normally N(0, a2). Some special cases of 
this theorem are considered. L. Térnqvist (Helsinki) 


3596: 

Mihoc, Gh. Une application de la théorie des réserves 
mathématiques a l’étude des processus stochastiques. 
An. Univ. “C. I. Parhon” Bucuresti. Ser. $ti. Nat. 5 
(1956), no. 12, 13-18. (Romanian. Russian and French 
summaries) 

Using systematically certain probabilistic schemes, the 
author gave in several previous papers a substantial 
theory for various forms of insurance. In the present paper 
the author presents a general insurance-scheme relative 
to the following quantities: (x, #), the frequency of the 
probability of transition of an individual from the state 
* at the time-instant ¢ to another state; p(t, x, y), the 
frequency of the probability of transition from the state x 
at the time-instant # to the state y; 9/(s, y), the amount 
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paid per unit time by the individual who, at the time 
instant s, is in the state y; A(s, y, z), the amount received 
if the individual passes at the time instant s from the 
state y to the state z; F(s, x, t, y), the conditional proba- 
bility that an individual who at the time instant s is in 
the state x, at the time instant ¢ will be in a new state 
represented by a number less than y; and, finally, R(¢, 2), 
the mathematical reserve corresponding to the individual 
who at the time instant ¢ is in the state x. Methods 
appropriate to the theory of insurance yield an integro- 
differential equation for the mathematical reserve, 
generalizing that given by Thiele and, further, Kolmo- 
goroff’s and Feller’s equations as fundamental equations 
of the insurance corresponding to null mathematical 
reserve. Only the latter is mentioned here: 


OE, si 7) +p(u, y)i(t, x; ™, y) 


_ ) os (um, z)f(t, x; «, 2)p(u, 2, y)dz=0, 


where / is the frequency function corresponding to F. 
O. Onicescu (Bucharest) 
3597: 

Theodorescu, Radu. Sur un équation rencontrée dans la 
théorie des processus stochastiques. An. Univ. “C. I. 
Parhon” Bucuresti. Ser. Sti. Nat. 5 (1956), no. 11, 39-40. 
(Romanian. French and Russian summaries) 

The author considers a system to be met in the theory 
of completely-linked stochastic processes 


“04 af [Pt dz) Olt, z, X)P(t, Y)) (s <i), 


P(s, X)=6(x, X), 

where Q(t, z, X|P(t, Y)) is continuous with respect to 3, 
integrable with respect to z, completely additive with 
respect to X (X is here supposed to be an event of the 
measurable space {E, K}) and a functional with respect to 
P(t, Y). It is shown that there exists an unique solution, 
represented by a conditional probability P(s, x; ¢, X), ifa 
certain boundedness condition is assumed. 

O. Onicescu (Bucharest) 





3598: 

Theodorescu, Radu. Un théoréme ergodique pour les 
processus stochastiques continus de multiplicité £; An. 
Univ. “C. I. Parhon” Bucuresti. Ser. Sti. Nat. 5 (1956), 


no. 10, 23-24. 
maries) 

Using a generalization which he gives for multiple 
Markoff processes of an ergodic theorem by R. Rodeanu, 
the author shows that if there exists a sequence 


r(t#) (O<r(t#) <1, 4 r(t#) =00] 


(Romanian. Russian and French sum- 


such that P(é, #; ¢*, A)2r(é*) or P(é, Z; *, B)2r(t*) for 
any complementary Borel sets A and B and for any 
vectors #€R?, Ze RP, then 


lim [P6, %, t®, X)—P(, z, t*, X))=0. 
O. Onicescu (Bucharest) 


3599: 
Lamperti, John. Stationary measures for certain sto- 
chastic Pacific J. Math. 8 (1958), 127-132. 


Let Y be a (possibly infinite) set of integers and let Q 
be the product space ---x YX ¥YxX---. Let {Za}, n=0, 
+1, +2, ---, be a stochastic process, determined by a 


3600-3604b 


measure » on Q, with Z,e€ Y. Let X be a measurable 
space and let g be an essentially 1 — 1 mapping of sequences 
(to, 41, --*), tn € Y, onto X, such that g and its inverse 
are measurable. Define Xasii1=—g(Zn, Zn-1,°°*), "= 
0, +1, +2, ---. If for each %, 1, we have 
P(Zn=10, Zn-1=11, * - >) =0, then {X q} isa Markov process. 
If wis such that {Z,} is stationary and if Q, is the correspon- 
ding measure of any Xq, then either (a) Z, executes a cycle 
of period m deterministically and Q, concentrates on at 
most m points of X; or (b) {X,} is a Markov process, Q, is 
nonatomic, and any two measures of this type resulting 
from different u’s are orthogonal. A special case, for 
chains of infinite order, was given by the reviewer [same 
J. 5 (1955), 707-724; MR 17, 755). An application is made 
to learning models. 7. E. Harris (Santa Monica, Calif.) 


3600: 

Skorohod, A. V. On the differentiability of measures 
which correspond to stochastic processes. I. Processes 
with independent increments. Teor. Veroyatnost. i 
Primenen. 2 (1957), 417-443. (Russian. English sum- 
mary) 

Ist &(¢) ein stochastischer ProzeB mit Werten in R™), 
wobei OStS1, so bedeute ye das dadurch nach dem Kol- 
mogoroffschen Erweiterungssatz bestimmte Wahrschein- 
lichkeitsmaB im Produktraum X; R; mit R;=R™» fiir alle 
t. Im vorliegenden ersten Teil der Arbeit werden im Falle 
zweier Prozesse §,(¢) und &(¢) mit unabhangigen Zu- 
wachsen notwendige und hinreichende Bedingungen 
dafiir aufgestellt, daB yg, totalstetig in bezug auf yg, ist, 
und es werden Methoden zur Berechnung der Radon- 
Nikodymschen Ableitung von yg, nach ye, angegeben. 
Diese Bedingungen und Rechenmethoden bedienen sich 
der charakteristischen Funktionen der Prozesse und sind 
zu kompliziert, um sie hier zu beschreiben. Besonders be- 
handelt werden Prozesse, die nur endlich viele Werte 
annehmen, und normale Prozesse; von dort aus gelangt 
man zum allgemeinen Fall durch Summenbildungen 
und Grenziibergange. Zum Beispiel ist im Fall zweier 
normaler Prozesse mit charakteristischen Funktionen 
E(exp 4<z, &(t)>) =expf{t<z, a;(t)>—2-1< Ag(é)z, z>}, 7=1, 2, 

MaB8B yg, dann und nur dann totalstetig in bezug auf 
“g,, wenn die symmetrischen Transformationen A;(¢) und 
A(t) von R™) fiir jedes ¢ zusammenfallen und wenn eine 
Abbildung # von (0, 1} in R® existiert, mit der ag(t) —a;(t)= 
S¥ (drAx(x)}p(r) und J} <[d_A1(r)}p(2), P(2)> <0, wobei 
<-, *> das innere Produkt in R™) bedeutet. Der Verf. 
kiindigt die Behandlung desselben Problems im Fall 
Markoffscher Prozesse fiir den zweiten Teil der Arbeit an. 
K. Krickeberg (Heidelberg) 

3601 : 

Ciucu, George. Propriétés asymptotiques des chaines 
a liaisons complétes. Atti Accad. Naz. Lincei Rend. Cl. 
Sci. Fis. Mat. Nat. (8) 23 (1957), 11-14. 

Dans cette note nous allons donner quelques résultats 
sur les chaines a liaisons complétes ayant un ensemble 
dénombrable d’états possibles, et sur les chaines a liaisons 
complétes dont les probabilités de passage s’expriment 
par des densités. Résumé de l’auteur 


3602: 


Homma, Tsuruchiyo. On some fundamental traffic 


problems. Yokohama Math. J. 5 (1957), 99-114. 

The traffic problems in question are those of finding 
transition probabilities and loss in a many server system 
with Poisson input and exponential service times when 
the demands unable to find a free server are dismissed 
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(and constitute the loss). For the transition probabilities, 
a set of integral recurrence relations is obtained by 
classifying according to the epoch of first departure 
(completion of service); the formulation of certain 
auxiliary probabilities entailed by this procedure is not 
clear to the reviewer. No comparison of the procedure 
with the usual formulation as a birth-death process 
appears. It is shown how the Laplace transforms of the 
generating functions for given initial state may be deter- 
mined. A similar procedure is followed for the loss (number 
of demands not served) in a given time interval with given 
initial state, and it isshown that the expected loss is given by 
a formula due to Erlang [Brockmeyer, Halstrom and Jen- 
sen, Trans. Danish Acad. Tech. Sci. 1948, no. 2; MR 
10, 385). Finally, the last result is also shown to follow 
from a formulation in differential recurrence relations; 
these have previously been given by Kosten, Mannin 
and Garwood [J. Roy Statist. Soc. Ser. B. 11 (1949), 
54-67; MR 11, 376). J. Riordan (New York, N.Y.) 


3603: 

Ueno, Tadashi. On a method for investigation of 
sequences of dependent stochastic variables. Sigaku 8 
(1956/57), 16-24. (Japanese) 

[Editors’ note: The English version has already been 
reviewed: J. Fac. Sci. Univ. Tokyo. Sect. I 7 (1957), 
449-462; MR 19, 891.] A measure of the degree of devi- 
ation from independence is defined by the quantity Q(P), 


Q(P)=4 sup{total variation of (P(x, E)—P(y, E)}, 


for a Markov transition probability P=P(x, dy). The 
fundamental inequality 


Q(P-P’)SQ(P)-Q(P’) (P-P'(x, E)={ P'\y, E)P(x, dy)) 


is proved. Q(P) is 0 or 1 according to whether the process 
goes on independently or deterministically, except in the 
trivial case where the variables are constants. A Markov 
process X;, Xe, «++, Xn, is called of the mixing type with 
respect to Q(P) if lima... Q(Pm:Pm+1°--Pm+n)=0 holds 
for every natural number m. Then the convergence to 
limit distributions, the O—1 law and the convergence of 
series are discussed in reference to the measure introduced 
by the author. T. Kitagawa (Fukuoka) 


3604a : 

Ueno, Tadashi. On a method for investigation of 
sequences of dependent stochastic variables. II. Sigaku 8 
(1956/57), 83-94. (Japanese) 


3604b: 

Ueno, Tadashi. Some limit theorems for temporally 
discrete Markov processes. II. J. Fac. Sci. Univ. Tokyo. 
Sect. I. 7 (1958), 557-565. 

[Japanese and English versions of the same paper.] 
This is a continuation of the paper reviewed above. In 
the present paper the author discusses the strong law of 
large numbers for mutually dependent random variables, 
a class of inhomogeneous processes with a common 
invariant distribution. The method is the same as that of 
the previous paper, in which the author applies the meas- 
ure of the degree of deviation from independence Q(P). 
The two papers in total show how much success the uses 
of the measure of the degree of deviation from independ- 
ence have in dealing with several limit theorems for 
temporally discrete Markov processes. 


T. Kitagawa (Fukuoka) 
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3605 : 

Jacobs, Konrad. F Markoffsche Pro- 
zesse. Math. Ann. 134 (1958), 408-427. 

In a previous paper [Abh. Math. Sem. Univ. Hamburg 
21 (1957), 194-246; MR 19, 778] the author treats the 
asymptotic behavior of an almost periodic Markov process 
with discrete time and finite space. Here he extends his 
results to continuous time and general space. He discusses 
the difficulties and how they are overcome in the intro- 
duction. K. L. Chung (New York, N.Y.) 


3606: 

Breiman, Leo. Transient atomic Markov chains with a 
denumerable number of states. Ann. Math. Statist. 29 
(1958), 212-218. 

A Markoff chain is called atomic if for any set of states 
A and any initial distribution the probability of entering 
A infinitely often (i.o.) is either one or zero. The author 
proves (among others) the following theorem: Let xo, 
%, -** be an atomic chain and 4 be the expected 
number of visits to k if x»=1. Then for every sequence of 
non-negative integers a, satisfying Dx 40,42" <00, and for 
every e>O, the set of states Ag—{t; Dx u,xa~¢2e} has the 
property P(X, € A,i.o.)=0. Conversely every set of 
states A such that P(X, € A i.o.)=0 is included in at least 
one of the sets A, as defined above. The author applies 
this theorem to the equilibrium positions of the coin 
tossing game. P. Erdés (Haifa) 


3607: 
Maruyama, Gisir6; and Tanaka, Hiroshi. Some prop- 
erties of one-dimensional diffusion Mem. Fac. 


Sci. Kyusyu Univ. Ser. A. Math. 11 (1957), 117-141. 
The authors prove a variety of results for a one-dimen- 
sional diffusion process X(#), with transition probability 


P(t, x, E)=Pr(X(t) ¢ E|X(0)=2). 


The principal results, shorn of their detailed formulations 
and conditions, can be summarised as follows: If f(x) is 
bounded continuous on the state space, then so is 
Sty) P(t, x, dy), with corollary that the probability that 
time of escape from an interval be greater than ¢ is 
O(e-*) for some c. The limit Q(E) of P(t, x, E) as too 
exists if mean first passage times are finite. If the latter 
condition is not satisfied, an invariant measure, effectively 
unique, can still be constructed if the process is recurrent. 
An ergodic theorem is also proved for the recurrent case, 
and a necessary and sufficient condition given that the 
canonical measure be an invariant measure. 

aii P. Whittle (Wellington) 


Tanaka, Hiroshi. Certain limit theorems concerning 
one-dimensional diffusion processes. Mem. Fac. Sci. 
Kyusyu Univ. Ser. A. Math. 12 (1958), 1-11. 

The author considers the normalised integral Yy(t)= 
[w(t))"L/§ {(X(s))ds—M(t)] of a Baire function f(-) of a 
one-dimensional diffusion process X(é). Under certain 
regularity conditions, and for suitably chosen M/(#) and 
u(t) (determined in the paper), he is able to show that Y 
obeys the central limit theorem and the law of the iterated 
logarithm as t->oo. P. Whittle (Wellington) 


3609: 


Zitek, Franti$ek. Sur la durée des 
Czechoslovak Math. J. 8(83) (1958), 122-130. 


linéaires. 
(Russian 


The author names “essential interval of a linear 
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stochastic process’’ the set of values of ¢ (constituting, as 
shown, an interval) for which the law of the process 
remains indefinitely divisible (i.d.). Given two elements 
yi(s)=y/(s, #1) and we(s)=y(s, te) (t1<te) corresponding to 
i.d. laws (where y(s, #)=log ¢(s, ¢), y(s,#) being at any 
instant ¢ the characteristic function) the question is put to 
find the greatest real 79 for which y;—roye also corre- 
sponds to an i.d. law. The answer is 


Gi(x+h)—Gilz)_ ml B) 


= seh, Ga(x+h)—Golx)  pe@ ma(B)’ 
a> ma(B)>0 





where Y;(x) and Ye(x) are the nondecreasing functions of 
finite variation figuring in the canonical representation of 
yi(s) and we(s), respectively, and m, mg are the measures 
induced by 9;(x) and Y(x) on the system of Borel 
sets of R. 

One example concerning Brownian movements and 
another concerning Poisson’s process show the usefulness 
of the notion of “‘essential interval’’, or “duration”, of a 
linear process. O. Onicescu (Bucharest) 


3610: 

O’Connor, Denis. A simplified method of solution for a 
random walk problem of a few unequal steps. Acta 
Phys. Polon. 17 (1958), 273-279. 

A particle pursues a random walk of m steps: the 
magnitudes of the individual steps are known, their 
directions are independent and random. In the case of 
three dimensions (this qualification is not mentioned) the 
author gives a method, suitable when m is small, for 
finding the probability (7) that the walk finishes at a 
distance r from the start. The method is essentially one of 
induction on m, the main difficulty being the different 
analytical expressions for the probability in different 
ranges of 7. D. V. Lindley (Cambridge, England) 


3611: 

Karlin, Samuel; and McGregor, James. Many server 
queueing processes with Poisson input and exponential 
service times. Pacific J. Math. 8 (1958), 87-118. 

A stochastic (Markovian) birth-and-death process 
whose state-space is the set of non-negative integers and 
whose birth- and death-rates are, respectively, 4; and 
fy (where 720 is the number of individuals in the system) 
is called by the authors a queueing process when (i) zo=0 
and (ii) A4j=A for all 7. We obtain the one-server process 
M/M/\ when wy=p (j7=]1) and the m-server process M/M/n 
when yws=ju (1S7Sn) and wy—np (j72n), but the authors’ 
general model allows the mean of the (negative-expo- 
nential) distribution of service-time to depend in an arbi- 
trary way on the number of persons present in the system. 
The equilibrium behaviour of such a general Markovian 
queueing process has been determined by the reviewer 
and G. E. H. Reuter [Acta Math. 97 (1957), 103-144, 
MR 19, 469]; the authors discuss its transient behaviour. 
The transient behaviour of M/M/1 was determined by W. 
Ledermann and G. E. H. Reuter [Philos. Trans. Roy. 
Soc. London Ser. A 246 (1954), 321-369; MR 15, 625], 
who gave Laplace-Stieltjes representations for the 
transition-probabilities P;,(#) associated with a time- 
interval ¢. The authors have recently [Trans. Amer. Math. 
Soc. 85 (1957), 489-546; ibid. 86 (1957), 366-400; MR 
19, 989; 20 #1363] shown how the theory of the Stieltjes 
moment-problem can be adapted to yield similar Laplace- 
Stieltjes representations for the transition-probabilities 
of general birth-and-death processes, and they have ex- 
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ploited their methods to obtain the answers to a large 
number of outstanding problems concerning (Markovian) 
queueing processes. (For a general theory of such Laplace- 
Stieltjes representations, see an article by the reviewer 
[Bull. Amer. Math. Soc. 64 (1958), 358-362].) 

The formulae obtained by the authors are of the type 


Pyx(t)=74fF e~*Q4(x)QOe(x) d(x), 


where the numbers aj; and the polynomials Q;(-) are de- 
termined from recurrence relations involving the birth- 
and death-rates 4; and py (i.e., the input and service 
parameters). The orthogonality relations 


SP Qsl%)Qu(x) d(x) =Sju/ry 


hold, and for a. queueing process they determine the 
measure y uniquely (moment-wise). But this is a de- 
termination “in principle’’ only; the actual calculation of 
the spectral measure py requires considerable ingenuity, 
and by its exercise the authors show, for example, that 
when the queueing process is M/M/n, then the spectral 
measure wy consists of an absolutely continuous component 
whose support is the closed interval [A+nu—2,/(npd), 
A+np+2+/(mpd)} plus a finite number (not exceeding m) 
of atoms located in the interval OS%<A+np—2,/ (mpd). 
The atom at x=0 occurs if and only if the limits P;,(0o) 
are positive, and the order of magnitude of Ryz(t)= 
P3x(t)—Pyx(co) is determined by the location of the 
smallest positive atom, if there is one; otherwise it is 
O(e-**), where a=A-+-nyu—2+/(npd). 

The authors also adapt their arguments to permit a 
discussion of “busy periods’ and other first-passage 
phenomena. For example, they are able to discuss the 
maximum length attained by the queue during the course 
of a busy period. D. G. Kendall (Oxford) 


3612: 

Finch, P. D. The effect of the size of the waiting room 
on a simple queue. J. Roy. Statist. Soc. Ser. B 20 (1958), 
182-186. 

The author studies the queue M/G/1 [for notation see 
the reviewer's papers: J. Roy. Statist. Soc. Ser. B 13 
(1951), 151-173; Ann. Math. Statist. 24 (1953), 338-354; 
MR 13, 957; 15, 44] by the method of the imbedded 
Markov chain in the case when the queue-size is restricted 
(the input switches off when there are N+1 persons in 
the system and switches on again at the next departure). 
{There seems to be an error in the main result (eq. (2.4)); 
the reviewer thinks that a factor k(x) has been omitted 
from the first term on the right-hand side. After this 
correction is made it appears that the distribution of 
the number of persons left behind by a departing customer 
is generated by a polynomial Py(x) which is just the 
normalisation of the first N+1 terms of the generating 
function P,,(x) given by the Pollaczek formula for M/G/1 
when the queue-size restriction is lifted (this is true 
whether or not an equilibrium behaviour is possible for 
the unrestricted queue).} D. G. Kendall (Oxford) 


3613: 

Moyal, J. E. Theory of the ionization cascade. 
clear Phys. 1 (1956), 180-195. 

The author solves the problem of the ionization cascade 
in shower theory in general terms by making use of the 
characteristic functional of the actual distribution 
function itself. The integrodifferential equation for the 
characteristic functional describing the process is set up 
and solved using an iteration procedure. The resultant 
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solution is in series form with each term corresponding to 
a collision process. No numerical results are given. 
H. Messel (Sydney) 


STATISTICS 


3614: 

Kamat, A. R. Moments of a certain distribution. 
Math. Student 25, (1957), 147-152. 

Let the random vector X;, ---, Xw equal each of the 
permutations of 1, 2, ---, N with equal probability. 
Define random variables Rm=max X,—Xj;, Rg= 
max X,—X;j, the first maximum being over 4,7 from 1, ---, 
m, the second maximum over m+ 1, ---, m+n=N. (This 
notation for the “‘range’”’ random variables Rm, Ry is the 
author’s, and is ambiguous for m=n). Moments, ER,!R,J, 
are evaluated for small + and 7. The evaluations are by 
elementary combinatorial methods. 

M. Dwass (Evanston, IIL) 
3615: 


Hodges, J. L., Jr. The significance probability of the 
Smirnov two-sample test. Ark. Mat. 3 (1958), 469-486. 
The paper reviews different methods for computing 
probability values of the Smirnov two-sample test. Let 
m and m be the sample sizes and c=m—xn. A lower bound 
(exact for c=1) for one-sided probabilities P; is derived. 
A table is given which facilitates the numerical compu- 
tations involved. An asymptotic expression, with ¢ 
bounded, gives P; with error of order 1/n. Among terms 
of order 1/4/m there is an oscillatory component, as 
indicated by a numerical examination. 
S. Malmquist (Stockholm) 
3616: 

Moore, P. G. Interval analysis and the logarithmic 
transformation. J. Roy. Statist. Soc. Ser. B 20 (1958), 
187-192. 

The intervals between random events have a negative- 
exponential (}72”) distribution, and the use of the natural 
logarithm y of the interval ¢ leads to tests for homogeneity 
which are independent of the average interval-length. 
M. S. Bartlett and the reviewer (Suppl. J. Roy. Statist. 
Soc. 8 (1946), 128-138; MR 8, 474] have discussed the 
logarithm transformation of y,?-variables in connexion 
with the analysis of heterogeneity of variances but, as the 
author points out, the case »=2 with which he is con- 
cerned cannot be dismissed as a special case of the earlier 
problem in which » was “‘large’’. He therefore calculates 
the first four cumulants of the distribution of U= 
= (vs—F)?, where (y1, ---, yw) are observed log-intervals 
and 7 is their arithmetic mean; he fits the appropriate 
Pearson type curves, and then computes and tabulates 
the 5 percent and | percent significance-levels for 
U/(N—1) and for a related statistic constructed from the 
lengths of intervals taken together in pairs. The paper 
concludes with an interesting discussion of problems of 
this type and of the various techniques which can be 
employed. D. G. Kendall (Oxford) 


3617: 

Oktaba, W. On the linear hypothesis in the theory of 
normal Bull. Acad. Polon. Sci. Sér. Sci. Math. 
Astr. Phys. 6 (1958), 75-78. 

Three ways of expressing the F statistic for Model I 
linear hypothesis testing are given in matrix form. The 
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three ways are appropriate to different matricial modes of 
presentation for the admissible and null hypotheses, 
where in each case the matrices are of maximal rank. The 
first expression for F is standard, and may be found in 
various notations, for example, as corollary | of theorem 
43 (p. 37) in “Analysis and design of experiments,” by 
H. B. Mann [Dover, New York, 1949; MR 11, 262). But 
all three expressions are really simple consequences of 
canonical forms for the F statistic, together with the 
following fact, which is just a restatement of the corollary 
cited above. Let M be the p-dimensional manifold in n- 
space of all Euclidean vectors of form Xf, where X is a 
given »Xp matrix (psn), and rank X=. Let N be the 
submanifold of M of all vectors Xf satisfying RB=O, 
where R is a given gX matrix (gS) of rank g. Let 
M—N be the orthogonal complement of N with respect 
to M, and let y be an m-vector. Then the orthogonal 
projection of y onto M—N has squared length 
(RB)'(RS-1R’)-1(RB), where B=S-1X'y and S=X’X. 

Although the three forms of F given by this article are 
not truly novel, the last two do not seem to have ex- 
plicitly appeared in the literature, and it is useful to have 
the three stated in compact form by a single brief article. 

W. Kruskal (Chicago, II.) 
3618: , 

Steyn, H. S.; and Wild, A. J. B. On eightfold proba- 
bility functions. Nederl. Akad. Wetensch. Proc. Ser. A 
61=Indag. Math. 20 (1958), 129-138. 

A multivariable series of hypergeometric form, namely 
F(a; by, ---, bg; c; ty, «++, te), considered by Steyn in 
previous papers [e.g., same Proc. 58 (1955), 588-595; MR 
17, 634) is specialized as a function of three variables by 
taking k=7 (accounting for the eightfold in the title), and 
ih=t, teu, tg=v, te=tu, ts=tv, tge—vt, ty=tuv. The first 
order moments of the corresponding probability distri- 
bution are determined, and conditions on the parameters 
are established for a linear regression of one variable on 
the other two. It is noted that marginal distributions are 
also of hypergeometric form and that the limiting 
distribution for large values of the parameters is tri- 
variate normal. These results are illustrated for there 
special cases. J. Riordan (New York, N.Y.) 


3619: 

Taga, Yasushi; and Suzuki, Tatsuzo. On the estimation 
of average length of chains in the communication-pattern. 
Ann. Inst. Statist. Math., Tokyo 9 (1958), 149-156. 

Let a group 2 of N elements (points in the plane) be 
given which are numbered 1, 2, ---, N. If there exist 
successive directed connections from # to 7 through /—1 
distinct elements belonging to x, this connection from 4 
to7 is called a 1-chain from 4 to 7. The total number of - 
chains is denoted by 7, and T denotes the average 
length of the chains. The author considers a sample of n 
elements drawn from the universe of N elements by equal 
probability and gives sample estimates of 7; and 7. 
inn H. Bergstrém (Goéteborg) 


Connor, W. S. The uniqueness of the triangular 
—_ scheme. Ann. Math. Statist. 29 (1958), 262- 


Consider a partially balanced incomplete block design 
with n(m—1)/2 treatments of the triangular class. Then 
(1) the number of first associates of any treatment is 
%=2n—4; (2) with respect to any two treatments 6; and 
Os which are first associates, the number of treatments 
which are first associates of both 6; and 6 is $111(01, 62)= 
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n—2; and (3) with respect to any two treatments 63 and 
64 which are second associates, the number of treatments 
which are first associates of both 63 and 64 is $112(03, 04)= 
4. The author proves that for »29, conditions (1), (2), 
and (3) imply that the treatments have the triangular 
association scheme. M. Zelen (Washington, D.C.) 


3621: 

James, A. T. The relationship algebra of an experi- 
mental design. Ann. Math. Statist. 28 (1957), 993-1002. 

A relationship among a set of N plots can be expressed 
as an NXN matrix R=(rq) of O’s and 1’s: ry=1 if 4 is 
related to 7 by the relationship R; 740 otherwise. To 
each design of experiment corresponds the relationship 
algebra. The author discusses such algebras corresponding 
to the randomized block, latin square and balanced in- 
complete block design. The relationship algebra leads also 
to a simple and natural notation for the component sums 
of squares appearing in an analysis of variance, Some 
implications of the relationship algebra are indicated for 
further development. T. Kitagawa (Fukuoka) 


3622: 

*Vincze, Istvan (Editor). Statisztikai min 
zés: az ipari minéségellen6rzés matematikai statisztikai 
médszerei. [Statistical quality control: The mathematical- 
statistical methods of industrial quality control.] Kéz- 
gazdaségi es Jogi Kényvkiadé, Budapest, 1958. 460 
pp. (ll inserts) 90.00 Ft. 

This book is written for engineers and technicians who 
wish to acquire familiarity with the theoretical founda- 
tions and with the applications of statistical quality 
control. An introduction into the elements of probability 
theory and mathematical statistics is given; the view- 
point of the quality control engineer is stressed and 
determines the choice of examples. The prerequisites are 
modest; only some sections require a knowledge of ele- 
mentary calculus. Seven authors participated in writing 
the book; its homogeneity indicates the good cooperation 
of the authors of the various parts and testifies to the 
ability of the editor. 

Part I, Theoretical foundations (written by K. Sarkadi 
and I. Vincze), presents the necessary mathematical 
theory; some proofs which are omitted in this part are 
given in the appendix. The brief presentation of proba- 
bility theory culminates in an informal statement of the 
central limit theorem. The statistical sections deal with 
testing hypotheses and estimating parameters; the most 
important tests, such as the #-tests, chi-square test, F- 
test, are discussed. One section is devoted to the analysis 
of variance, another to contingency tables. Part II, 
chapter 1 (written by A. Fontanyi and Mrs. G. Vas) deals 
with statistical methods for the control of a manufacturing 
process. There is some emphasis on the possible occurence 
of non-normal distributions. An interesting method which 
was developed by A. Fontdnyi, K. Sarkadi and Mrs. G. 
Vas [Magyar Tud. Akad. Alkalm. Mat. Int. K6zl. 2 (1953), 
307-334; MR 16, 270), and which uses order statistics, 1s 
discussed in detail. This method mects a real need of 
quality control engineers and is, unfortunately, not suf- 
ficiently known in this country. Part II, chapter 2 
(written by K. Kollar) treats the statistical methods of 
acceptance control. The theory is adequately discussed, 
and sampling plans, with due reference to the American 
sources, are given. Part III has the title “Applications of 
statistical quality control’. Chapters | and 2 (written by 
T. Tallid4n) deal with problems of organizing quality 


en6r- 
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control in a plant. Chapter 3 (written by M. Borbély) 
discusses specific applications in the textile industry. A 
mathematical appendix to part I, a collection of statistical 
tables and a bibliography conclude the book. 

E. Lukacs (Washington, D.C.) 
3623: 

Leunbach, G. An illustration of the application of 
statistical decision functions in a telephone plant. Nordisk 
Tidsskr. Tekn. Okon. (1955), 146~—150. 

An obstacle to the application of Abraham Wald’s 
theory of statistical decision functions is the requirement 
of a common scale of measurement for the results of each 
possible decision under each possible state of nature (as 
well as for costs of observation if these are not held con- 
stant). By a strongly simplified example from telephony 
the author illustrates a type of problems where this 
requirement is met in a natural way, and, in addition, he 
gives an approximation to the minimax solution of the 


example. A. Jensen (Copenhagen) 
NUMERICAL METHODS 
See also 3177, 3467. 
3624: 


Forsythe, George E. Singularity and near singularity in 
numerical analysis. Amer. Math. Monthly 65 (1958), 
229-240. 

The purpose of this paper is to point out and illustrate 
the importance of recognizing the presence of neighboring 
singularities, when they occur, and modifying the compu- 
tational approach accordingly. The first illustration is the 
integral 


fferarodt—e(1 —x~*)=log x—e(log x)?/2+---, 


the series being suggested by the singularity at «=0. 
{N.B.: Professor Robert Frucht points out to the author 
that on p. 230, lines 9 and 19, the numbers should be 
0.693123 and 0.693147, the last two and the last digits 
having been in error.} 

More sophisticated examples are a differential equation, 
the characteristic polynomial having equal roots; the use 
of Newton’s method for nearly equal roots; Aitken’s 6? 
process; and a tridiagonal matrix with vanishing off- 
diagonal elements. The paper is worth a careful study by 
the practical computer. 

A. S. Householder (Oak Ridge, Tenn.) 
3625: 

Kwan, Chao-Chih. La méthode de col pour la résolution 
des équations fonctionnelles non-linéaires. Acta Math. 
Sinica 6 (1956), 638-650. (Chinese. French summary) 

Let F be an operator (in general non-linear) defined on 
a Hilbert space H and taking its values in H. Assume that 
for each x € H, the Fréchet differential dF (x, -) of F at x 
exists. Assume further that there exist constants 
M>m>O0 such that mlly|?<(dF(x, y), y)SM|ly\||* holds for 
x,yeH. If Flyo)=0, 0<K<(m/M)?, and if M%e,2— 
2me,+Ks0, then for any arbitrary xo € H, the sequence 
{x,} defined by %n41=%_n—énF (xq) is shown to converge 
to yo, with the rate of convergence given by ||x%n+1—Yol/2S 
(1—K)|l%n—yoll*. In the finite dimensional case, this 
iterative process becomes a known gradient method [cf. 
J. B. Crockett and H. Chernoff, Pacific J. Math. 5 (1955), 
33-50; MR 17, 790). For the linear case F(x)=Ax—b 
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with a bounded positive definite symmetric operator A, 
and be H, the method of steepest descent as treated by 
L. V. Kantorovit [Uspehi Mat. Nauk (N.S.) 3 (1948), no. 
6(28), 89-185; MR 10, 380] and a gradient method of M. 
A. Krasnosel’skii and S. G. Krein (Mat. Sb. N.S. 31(73) 
(1952), 315-334; MR 14, 692] are special cases corre- 
sponding to particular choices of the e,s. The paper also 
includes an application to non-linear integral equations of 
Hammerstein type. Ky Fan (Notre Dame, Ind.) 


3626: 

Cherubino, _ Salvatore ; e Passaquindici, Maria. Sui 
sistemi di lineari e su alcune loro a 
zioni. Ann. reals Norm. Sup. Pisa (3) 12 (1958), 31-53. 

This note considers the problem of finding nonnegative 
solutions of systems of linear inequalities. The method 
suggested involves taking up the constraining inequalities 
successively and keeping track of edges and vertices. Thus, 
it is quite similar to the “double description method” of 
Motzkin, Raiffa, Thompson and Thrall [Contributions to 
the theory of games, vol. 2, pp. 51-73, Princeton Univ. 
Press, 1953: MR 15, 638]. The natural application to 
linear programming is mentioned. Two other interesting 
applications are discussed. One is to the problem of 
finding sufficient conditions that an integral curve of the 
vector linear differential system dy/dt=yA+f(t) be 
confined to a given n-dimensional interval in y-space for 
some stretch of time. When the matrix A is constant, this 
reduces to the requirement that « > ce4t> 6 for given 
a, 8. When the elements of A are functions of time, a more 
complicated treatment in terms of its matrizant is 
required. The final application is to systems of m poly- 
nomials of degree ~ in a single variable, with positive 
constant terms, and the problem is to characterize the 
interval around the origin for which all the polynomials 
remain positive. R. Solow (Cambridge, Mass.) 


3627: 

Samuel, Isaac. Calcul des mineurs non diagonaux. 
Chiffres 1 (1958), 83-87. 

Let A=|A—lIy|, Ar =4rr— J, Ar=@A/dz,, Ag= 
8A OyrOy9, A’ =0A/Oy, A1=Grs, Aa=Agy (7 #5) and Ay denotes 
the determinant “‘obtenu a partir de A, en supprimant 
dans ce dernier les éléments A, et Ag”. The author de- 
scribes the purpose of the paper as follows: ‘“‘Un procédé 
d’étude graphique des déterminants A=A)+K/i+ 
Kedg—AjAoAzs appliqué au calcul de A permet de calculer 
simultanément Ay, As, Arg et Ay. Nous désignons ces der- 
niers par déterminants affiliés 4 A. Il est facile de voir que 
les mineurs non diagonaux ne sont pas affiliés 4 A, et que 
leur calcul constitue un probléme nouveau. Nous nous 
proposons donc, en premier lieu, d’établir des relations 
entre les mineurs non diagonaux et A et ses affiliés”’. 

H. Schwerdtfeger (Montreal, P. Q.) 
3628: 

Kreyszig, Erwin. Einschliessung von Eigenwerten und 
Mohrsches Spannungsdiagramm. Z. Angew. Math. Phys. 
9a (1958), 202-206. 

Let N be the set of pairs (a, 6), a#b, of points of the 
projective y-axis which bounds two closed segments each 
containing at least one characteristic value A, of the hermi- 
tian matrix A. Let Pin the upper (y, z)-half-plane be called 

“exceptional” if it lies on the y-axis and has some 4, as 
coordinate, or if every circle through it having its 
center on the y-axis cuts the y-axis in a pair of exceptional 
points. Then P lies in a region bounded above by the semi- 
circle having 4; and A, as extremities of a diameter 
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(zAe=--+2An), and bounded below by semicircles 
each having a A, and A,+; as extremities of a diameter. For 
n=3, this figure is the Mohr strain diagram; in general, 
the construction provides a new proof for a theorem due 
to Wielandt [Arch. Math. 1 (1949), 348-352; MR 11, 4]. 

A. S. Householder (Oak Ridge, Tenn.) 
3629: 

Kulik, Stephen. A method of approximating the 
complex roots of equations. Pacific J]. Math. 8 (1958), 
277-281. 

An iteration is developed for the simultaneous ap- 
proximation of a pair of the roots a; of multiplicity my, 
of {(z)=0, where f(z) is analytic within and on a circle C. 


| The pair may be conjugate complex, real and consecutive, 


or the least and greatest of the real roots. The author 
starts with the expansion 


(w—z)*f' (z)/f(z) =X my(u—ay)*/(z—ay) +-y(2), 
where # is arbitrary and y; analytic in and on C. Differ- 
entiation yields 


On,e/[/(2)]*=E my(u—ay)*/(2—ay)*-+-val2), 
n—l 
Ona="E (4) (wz) Dn. 


The functions D,(z) are independent of « and can be 
evaluated recursively. Quotients of the Q’s with large 
indices provide simple functions of the roots when « and 
zare selected suitably. Most of the paper discusses criteria 
for the selection. A. S. Householder (Oak Ridge, Tenn.) 


3630: 

Mott, Thomas E. Newton’s method and multiple roots. 
Amer. Math. Monthly 64 (1957), 635-638. 

A proof is given of the so-called ‘““Newton’s method”’ 
for the computation of the roots of equations. The proof 
uses only results which are available in the calculus. A 
generalization of the method is also given, and the prob- 
lem of multiple roots is considered. 

E. Frank (Chicago, Il.) 
3631: 

Kogan, Ya.M. On an integral form of an approximate 
solution of an equation. KuibySev. Aviacion. Inst. 
Trudy 2 (1954), 12-15. (Russian) 

Approximation to a root x of /(x)=O in an inter- 
val (@;, 61) is considered by using the formula x;= 
Sh xf" (x)dx|f% }’’(x)dx. Repeated use of this formula, to- 
gether with a decision at each stage as to whether the appro- 
ximation is in excess or in default, is shown to give a conver- 
gent process if max |/’’(x)|<2 min |/’’(x)|. Conditions for 
this, affecting the third. derivative, and some mechanical 
interpretations are added. 
~~ A. ]. Macintyre (Cincinnati, Ohio) 


Rimini, Cesare. Un metodo per il calcolo approssimato 

— quadrate. Boll. Un. Mat. Ital. (3) 13 (1958), 
7. 

A general formula is obtained for the construction of 

successions rapidly convergent to the square root of a 

given number. Author's summary 


3633: 

Gower, J. C. A note on an interative method for root 
extraction. Comput. J. 1 (1958), 142-143. 

A double iterative method for evaluating y/x'/" is 
derived and the rate of convergence is discussed. Special 
cases for n=1, 2, and 3 indicate that »=—1 is a valid basis 
for a division subroutine, »=2 is a basis for a square root 
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3629-3639 


subroutine and m=3 can be used for the cube root 
evaluation. The convergence is exceptionally rapid. 

S. Davis (Philadelphia, Pa.) 
3634: 

Martin, D. W. Runge-Kutta methods for integrating 
differential equations on high speed digital computers. 
Comput. J. 1 (1958), 118-123. 

The author describes three adaptations of Runge- 
Kutta type numerical procedures for solving ordinary 
differential equations numerically due to Gill, Strachey, 
and Boulton. He then proposes an alternate method also 
devised to save storage space and based on Kutta’s 
Simpson rule method. Comparative errors and compu- 
tational experience with the various methods are de- 
scribed. P. C. Hammer (Madison, Wis.) 
3635: 

Huta, A. Une amélioration de la méthode de Runge- 
Kutta-Nystrém pour la résolution numérique des 
différentielles du premier ordre. Acta Fac. Nat. Univ. 


Comenian. Math. 1 (1956), 201-224. (Slovak and Rus- 
sian summaries) 


3636: 
Huta, A. Contribution a la formule de sixiéme ordre 
dans la méthode de Runge-Kutta-N m. Acta Fac. 


Nat. Univ. Comenian. Math. 2 (1957), 21-24. (Slovak 
and Russian summaries) 


3637 : 

Hartree, D. R. A method for the numerical in 
of the linear diffusion Proc. Cambridge Philos. 
Soc. 54 (1958), 207-213. 

Es wird eine Methode zur numerischen Lésung der 
Differentialgleichung @c/@t=0%c/@x® bei den Randbe- 
dingungen c->0 fiir x-+0o, adc/@x+fc=—¢(t) fur x=—0 
(c=c(x,t)) mitgeteilt. Ersetzt man @c/@ durch einen vor- 
deren Differenzenquotienten, so erhailt man fir jedes 
Zeitintervall eine gewdhnliche Differentialgleichung zwei- 
ter Ordnung. Jede dieser Differentialgleichungen kann 
man in zwei Differentialgleichungen erster Ordnung vom 
Typ (*) y'+y=g(x) aufspalten. Die Randbedingungen 
lassen es zu, dass man eine dieser Differentialgleichungen 
in Richtung fallender x und die andere in Richtung wach- 
sender x integriert, wobei beide Integrationen stabil sind. 
Zur Ermittelung von y aus (*) wird vorgeschlagen, Lé- 
sungswerte (x) zu berechnen, indem man die bekannte 
Lésungsformel fiir (*) nacheinander auf die Intervalle 
[%3,%541] mit *ys1=%4-+ 0% anwendet und das dabei auf- 
tretende Integral e—*®2/{? g(x;+-é)e*€dé durch eine Linear- 
kombination (6x)[aog;+60g7+1+426%g;+---] anndhert. 
Fiir bestimmte Werte kéx sind die Konstanten 4p, bo, 42, 
-++ hier tabuliert. Es wird ferner angegeben, wie man 
diese Methode auf bestimmte andere lineare Differential- 
gleichungen tibertragen kann. J. Schréder (Hamburg) 


3638: 

in, Kiin. Sur la généralisation du procédé de Newton 
et de la méthode de col pour la résolution des équations 
fonctionnelles non-linéaires et quelques simplifications de 
la démonstration de leur convergence. Advancement in 
Math. 3 (1957), 263-267. (Chinese. French summary) 


3639: 

Kwan, Chao-Chih. Une remarque sur le procédé de 
Newton pour la résolution des équations fonctionnelles non- 
linéaires. Advancement in Math. 2 (1956), 290-295. 
(Chinese) 








3640-3647 


3640: 

Plainevaux, J. E. Calcul graphique des intégrales de 
Stieltjes. Acad. Roy. Belg. Bull. Cl. Sci. (5) 44 (1958), 
217-229. 

For the Stieltjes integral /2 /(t)dg(t), g(t) monotone, a 
simple method is devised for plotting v=/(t) as a function 
of w=g(t), so that / fdg is the area under v=/(u) in the 
(w, v)-plane. This leads to a method for the graphical 
evaluation of Stieltjes integrals. 

T. H. Hildebrandt (Ann Arbor, Mich.) 
3641: 

Plainevaux, J. E. Plans utilisables en intégration 
graphique. Acad. Roy. Belg. Bull. Cl. Sci. (5) 44 (1958), 
444 456. 

La représentation graphique de y défini par y’=/(z) 
peut se faire soit dans le plan des x, y, soit dans le plan des 
y’, y soit en cotant la courbe /(x). 

Toutes les constructions données reviennent a des inté- 
grations d’équations différentielles. 

J. Kuntzmann (Grenoble) 
3642: 

Goertzel, Gerald. An algorithm for the evaluation of 
finite trigonometric series. Amer. Math. Monthly 65 
(1958), 34-35. 


3643: 

Jarden, Dov. Table of Fibonacci numbers. Riveon 
Lematematika 11 (1957), 70-90. (Hebrew) 

A table of the Fibonacci numbers U, and the associated 
sequence V_g=U2,/U, for n<385, including tactorizations 
in so far as they are known. 

E. G. Straus (Los Angeles, Calif.) 
3644: 

Douglas, J. B. Fitting the Neyman type A (two para- 
meter) contagious distribution. Biometrics 11 (1955), 
149-173. 

This article contains the tables described in the author’s 
article in Biometrika 43 (1956), 489 [MR 18, 238). 


COMPUTING MACHINES 
See also 3097, 3633. 


3645: 

Nadler, Morton. Division in digital machines by the 
method of radixes. Stroje na zpracovani informaci 4 
(1956), 79-102. (Czech. Russian and English summa- 
ries) 

After an introductory discussion on the peculiar nature 
of division as an arithmetic operation in mathematical 
machines, a survey is presented of certain methods used 
in machines. The methods are classified as successive 
subtraction with restoring, successive subtraction with 
prepared products, non-restoring fixed routines for both 
binary and decimal systems, iteration and interpolation. 

The major part of the article is devoted to a discussion 
of a radix method of division, based on an old method for 
forming logarithms of many places, invented by Flower 
in 1771. The essence of the method consists in multi- 

lying the number whose reciprocal value is required 
itive divisor) by a series of factors such that the product 
is equal to unity. Multiplying the dividend by the same 
series of factors then gives the quotient. The advantages 
of the method are simplicity and speed. In binary arith- 
metic the only operations required are shifting and adding 
(or subtracting), and the average duration is about 
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0.37N steps, where N is the number of significant digits 
to which the operation is carried. The maximum number 
of steps required is N—2. 

A further advantage of the method is the fact that 
square roots may be extracted by the same procedure with 
only a slight modification. 

The article concludes with proofs of the major assertions 
concerning the properties of the proposed method. 

Author's swmmary 
3646: 

Linek, Allan; and Novak, Ctirad. The use of a machine 

for the synthesis of Fourier series for the solution of higher 


order algebraic equations. Stroje na zpracovdni infor- 
maci 4 (1956), 289-295. (Czech. Russian and English 
summaries) (1 insert) 

3647: 


*Karplus, Walter J. Analog simulation: Solution of 
field problems. McGraw-Hill Series in Information Pro- 
cessing and Computers. McGraw-Hill Book Co., Inc., 
New York-Toronto-London, 1958. xv+434pp. $10.00. 

Since (at least in Britain) the term “simulator” is 
often used to describe electronic analogue computers of 
the differential analyser type for solving ordinary differ- 
ential equations, the main title, “Analog Simulation”, 
does not well convey the field treated by this book; the 
author is concerned with the use of discrete (network) 
analogues and continuous analogues (electrolytic tanks, 
conducting sheets, etc.) for solving field problems, 
represented mathematically by partial differential equa- 
tions. The book covers comprehensively the necessary 
mathematical background (applied mathematics, finite 
differences, etc.), the various types of analogues, and their 
applications to a variety of physical problems; it is the 
first book the reviewer has seen covering precisely this 
field and he feels it to be unfortunate that the scope is 
indicated only by the sub-title “Solution of field prob- 
lems’’, which does not appear on the cover. 

An introductory chapter covers the difference between 
lumped-parameter and distributed parameter physical 
systems, the concepts of analogue representation and 
concludes with a section entitled ‘Analog versus digital”. 

Part 1 (Chs. 2-4) is concerned with the basis of the 
formulation of field problems as partial differential equa- 
tions, a bird’s-eye view of the mathematical manipulations 
useful in the study thereof, and discrete approximations 
to continuous systems expressible as partial differential 
equations. The latter is treated from both the physical 
point of view of a lumped parameter approximation toa 
distributed parameter system, and the mathematical 
approach of using finite difference expressions to ap- 
proximate to a partial differential equation. 

Part 2 (Chs. 5-10) deals with ““‘hardware’”’ — the various 
analogue systems used. It covers the type of apparatus, 
how it is employed and its scope. Its six chapters are 
entitled: 5. Conductive-solid analogs; 6. Conductive 
liquids — the electrolytic tank; 7. Resistance networks; 
8. Resistance-reactance network analogs; 9. Electronic 
analog computers; 10. Nonelectric-analog simulation 
systems. ; 

The four chapters of Part 3 (Chs, 11-14) are again 
problem-oriented; they cover elliptic, parabolic, hyper- 
bolic, and biharmonic equations, respectively. 

The value as a source-book in a subject hitherto un- 
covered by text books is enhanced by detailed lists of 
references to each chapter and a 24-page general bibli- 
ography. J]. G. L. Michel (Teddington) 
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48: 
Vandiver, H. S. The rapid computing machine as an 
instrument in the discovery of new relations in the theory 


of numbers. Proc. Nat. Acad. Sci. U.S.A. 44 (1958), 
459 464. 

The use of high powered computing machines in the 
theory of numbers is illustrated by a discussion of the 
trinomial equation ax™+-by*+d=0 (mod #), where a, b, 
d, x, yO (mod #). There is no loss of generality in sup- 
posing that kip—1 and m|p—1. The equation can be 
written in the form | +g*+*r =gi+™s (mod p), where g is a 
primitive root modulo p. Let [#, 7] denote the number of 
solutions (7, s) with Osr<(p—1)/k, OSs<(p—1)/m. Ex- 
tensive tables of [t,7] have been prepared using the 
SWAC computer. These have been used to discover 
summation, divisibility, and other properties of this 
function. W. H. Mills (New Haven, Conn.) 


MECHANICS OF PARTICLES AND SYSTEMS 
See also 3354, 3769, 3770. 


HAI: 

Nazarov, A. G. On the of similitude. Akad. 
Nauk Armyan. SSR Dokl. 25 (1957), no. 3, 101-106. 
(Russian. Armenian summary) 


350: 

Blinskii, A. Yu. On the equations of the problem of 
determining the position of a moving object by gyroscopes 
and velocity indicators. Prikl. Mat. Meh. 21 (1957), 
725-739. (Russian) 

Le probléme de la détermination autonome de la po- 
sition d’un objet en mouvement n’a pas pu étre résolu 
pratiquement étant donné le manque d’appareils de 
mesure d’une sensibilité suffisante. 

En utilisant les giroscopes et les newtonométres, c’est- 
a-dire les indicateurs d’accélération, l’auteur étudie un 
certain type d’équations (parmi d'autres possibles) qui 
permet de prévoir la position de l’objet en supposant que 
les indications des appareils de mesure ne sont pas enta- 


chées d’erreurs. M. Kiveliovitch (Paris) 
3651: 
Oderfeld, J. On a certain application of the adjustment 


calculus to the kinematics of mechanisms. Zastos. Mat. 
4(1958), 176-194. (Polish. Russian and English sum- 
maries) 


3652: 

Dubosin, G. N. The differential equations of transla- 
tional-rotational motion of mutually attracted rigid bodies. 
Astr. Z. 35 (1958), 265-276. (Russian. English sum- 


L’auteur montre que dans le cas du mouvement des 
corps solides les équations du mouvement admettent les 
mémes dix int es classiques que dans le cas du mou- 
vement d’un systéme de points matériels. La décomposi- 
tion des équations en deux systémes indépendants, l'un 
des centres des masses et l’autre les rotations autour de 
ces centres, est possible seulement dans le cas ot chacun des 
corps est une sphére dont les densités ont une distribution 
sphérique. Une séparation analogue est encore possible 
lorsque dans les équations différentielles du mouvement 








3648-3657 


on néglige les termes d’ordre >3 des inverses des distances 
mutuelles. M. Kiveliovitch (Paris) 


3653: 

Beleckil, V. V. Some problems of the motion of a body 
in a Newtonian force field. Prikl. Mat. Meh. 21 (1957), 
749-758. (Russian) 

Pour étudier le mouvement l’auteur décompose la 
fonction des forces U en deux parties, Up+Uj, en dé- 
veloppant U en séries entiéres en x/R, y/R et z/R ou ox, oy 
et oz sont les directions des axes principaux d’inertie du 
corps et R la distance du point fixe au centre d’attraction 
qu’on suppose trés grand. U9 représente les termes de U 
jusqu’au deuxiéme ordre inclus. U; représente dans ce 
cas la fonction perturbatrice. 

L’introduction de la fonction perturbatrice U; permet 
une étude assez compléte de la stabilité de certains mou- 
vements que |’auteur illustre par quelques examples. 

M. Kiveliovitch, (Paris) 


3654: 

Artanyh, I. S. Direct proof of a theorem concerning 
the universal of contact transformations. 
Akad. Nauk Uzbek. SSR. Trudy Inst. Mat. Meh. 21 
(1957), 35-39. (Russian) 

The author gives a direct proof for the invariance under 
contact transformations of a system of canonical equations 
of rank greater than zero. The term “universal” is used in 
the sense that any system of even order can be reduced to 
the form of a canonical system of rank ter than zero, 
(cf. also Arzanyh, Dokl. Akad. Nauk SSSR 66 (1949), 
817-820; MR 11, 35). E. Letmanis (Vancouver, B.C.) 


3655: 
Narimanov, G. S. On the motion of a symmetric 


te tee eh oe ee 
fluid. Prikl. Mat. Meh. 21 (1957), 696-700. (Russian) 


L’auteur forme un systéme d’équations pour étudier 
les petites perturbations dans le mouvement stationnaire 
d’un gyroscope symétrique dont la partie cylindrique est 
remplie par un liquide. En introduisant quelques simpli- 
fications l’auteur arrive 4 un systéme infini des équations 
différentielles linéaires 4 coefficients constants. 

M. Kiveliovitch (Paris) 


3656: 
Kartveligvili, N. A. Stability in the small of d 
with small parameters. Izv. Akad. Nauk SSSR. 
Otd. Tehn. Nauk 1957, no. 9, 19-26. (Russian) 

A discussion is given of possible simplifications in 
determining the stability of a dynamical system when 
some of the parameters of the system are small. As the 
parameters approach zero some of the characteristic 
roots approach the roots of a polynomial of lower degree. 
The other roots approach infinity, and a procedure is 
discussed for determining how these roots go to infinity. 


Special cases are discussed. 
J. P. LaSalle (Baltimore, Md.) 


3657: 

Gulyaev, M. P.; and OSibaev, M. On stability of 
rotation of a heavy solid body with one fixed point in the 
case of D. N. and S. A. Caplygin. Akad. Nauk 
Kazah. SSR. Trudy Sektor. Mat. Meh. 1 (1958), 144-146. 
(Russian) 

Using the method of Lyapunov’s V-functions, a neces- 


3658a-3662 


sary and sufficient condition for the stability of perma- 
nent rotations about the vertical is obtained for the case 
mentioned in the title. However, as has been pointed out 
by Wundheiler in his review of an analogous paper by 
Cetaev [Akad. Nauk SSSR Prikl. Mat. Meh. 18 (1954), 
123-124; MR 15, 754], Routh had solved the stability 
problem for uniform precessions about the vertical 
without any restrictions concerning the moments of 
inertia and the position of the mass center of the body. 


E. Leimanis (Vancouver, B.C.) 


3658a : 

¥Taratynova, G. P. The motion of an artificial earth 
satellite in the non-central gravitational field of the earth 
when atmospheric resistance is present. The Russian 
literature of satellites. I. 71-85. Translated from Uspehi 
Fiz. Nauk 63 (1957), no. la. International Physical 
Index, Inc., New York, 1958. vi+181 pp. (1 plate) 
$10.00. 


3658b : 

Taratinova, G. P. The motion of an artificial earth 
satellite in the non-central gravitational field of the 
earth when atmospheric resistance is present. Acad. 
R. P. Romine. An. Romino-Soviet. Ser. Mat.-Fiz. (3) 
12 (1958), no. 1 (24), 32-41. (Romanian) 

[ #3658b est aussi traduit du russe.] 

Etant donné que la solution analytique de ce probléme 
présente de grosses difficultés, l’auteur développe une 
méthode en vue d’une solution numérique par les ma- 
chines électroniques. 

En partant des équations différentielles classiques des 
éléments osculateurs en prenant comme variable indé- 
pendante non plus le temps mais l’anomalie vraie 6, on 
obtient de cette fagon un systéme d’équations qui dé- 
termine le mouvement du satellite. 

En se bornant seulement aux termes du premier ordre 
de l’applatissement ¢ (p=(a—/)/a, a et 1 grand axe et petit 
axe de la terre) et en introduisant les termes provenant de 
la résistance de l’atmosphére (y inclus sa rotation diurne) 
on obtient un systéme d’équations différentielles non 
linéaire. 

Si on essaie d’intégrer directement le systéme par les 
méthodes numériques, les erreurs commises pour la dé- 
termination des paramétres inconnus s’accumulent par 
suite des nombreuses révolutions du satellite artificiel 
autour de la terre. Pour parer a cette difficulté l’auteur 
propose d’introduire des nouvelles fonctions (1) a= 
Se (dhy/d0)d0, oc hy sont les cing anciens paramétres et 0 
l’anomalie moyenne, avec ag=/@, (dt/d0)d0. 

L’auteur assure que pour la vie entiére du satellite 
(sauf pour les dix premiéres révolutions) les perturbations 
sont a peu prés égales aux dérivées des éléments d’orbite 
par rapport aux nombres des révolutions et ceci avec une 
grande approximation. On doit donc considérer le systéme 
final (2) dhyjdN=cyy, avec ayy—[ay]0=09+2nk avec 
i=1, 2, ---, 6, ot N est le nombre des revolutions. Pour 
le calcul de la solution du systéme (2) l’auteur distingue 
deux cas suivant que l’altitude du satellite est moyenne 
ou trés grande. Pour le dernier cas on applique la méthode 
de Runge-Kutta. 

L’auteur étudie un exemple particulier pour un sa- 
tellite sphérique de 10k et de diamétre de 50 cm, la ré- 
sistance aérodynamique C, étant égale a 2. 


M. Kiveliovitch (Paris) 
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STATISTICAL THERMODYNAMICS AND MECHANICS 


3659: 

Kurth, Rudolf. Die Zustandsgleichung der klassischen 
statistischen Mechanik. Arch. Rational Mech. Anal. 2 
(1958), 32-40. 

Introducing both a temperature and a pressure tensor 
and without assuming statistical equilibrium, the author 
derives an equation of state which, under certain con- 
ditions, reduces to the perfect gas law. 

D. ter Haar (Oxford) 
3660: 

Truesdell, C. La crise actuelle dans la théorie cinétique 
des gaz. J. Math. Pures Appl. (9) 37 (1958), 103-118. 

In diesem Auszug eines bereits 1955 gehaltenen Vor- 
trages beschreibt der Verfasser zunachst das Dilemma 
zwischen kinetischer Gastheorie und Experiment. Die 
Versuchsergebnisse der letzten Zeit fiir Absorption von 
Ultraschall und Dicke von StoBwellen zeigten, daB zwar 
die aus der klassischen kinetischen Theorie (mit der Max- 
well-Boltzmann’schen Gleichung als Basis) folgenden 
Navier-Stokes’schen Gleichungen einwandfrei bestehen 
bleiben kénnen, daB aber bei starker Verdiinnung der 
Gase weitere Folgerungen der Theorie (“‘héhere Nahe- 
rungen”) unzureichende Ergebnisse liefern. Wenn man 
von dem méglichen Einwand absieht, daB die Maxwell- 
Boltzmann’sche Gleichung eine zur Beschreibung der 
Wirklichkeit unzureichende Theorie liefert, besteht die 
Méglichkeit, daB die bisher aufgestellten héheren Niahe- 
rungen” keine Geltung haben. Der Verfasser stellt nun 
sein zusammen mit E. Ikenberry verdéffentlichtes Ver- 
fahren der Differential-Iteration fiir die Momente auf, 
und zeigt an Hand eines mathematischen Modells fir 
diese Gleichungen, daB zwar die Konvergenz der Nahe- 
rungen bei m->co gegen eine ausgezeichnete Lésung statt- 
finden kann, die einzelnen Naherungen selbst aber schlecht 
sein kénnen. Die ausfiihrlichen Gleichungen und die Satze 
tiber das Modellgleichungssystem finden sich in den weit 
inhaltreicheren Arbeiten, E. Ikenberry, C. Truesdell 
[J. Rational Mech. Anal. 5 (1956), 1-54; MR 17, 796; 
siehe auch Truesdell, ibid., 55-128; MR 17, 796] und 
werden auch in dem Bericht: C. Truesdell, D. Morgen- 
stern, Neuere Entwicklungen in der klassischen statis- 
tischen Mechanik und in der kinetischen Gastheorie 
[Ergebn. Exakt. Naturwiss., Springer, Berlin-Géttingen- 
Heidelberg, 1958; pp. 286-343] besprochen. 

D. Morgenstern (Berlin) 


3661 : 
Truesdell, C. Une solution exacte des équations de 
Maxwell. J. Math. Pures Appl. (9) 37 (1958), 119-133. 
In diesem anschlieBenden Vortrag stellt der Verfasser 
die von ihm gefundene exakte Lésung der Maxwell- 
Boltzmann’schen Gleichung dar. Diese Lésung ist die 
erste, die weder raumlich homogen, noch lokalmaxwel- 
lisch ist. Sie entspricht der makroskopischen Scherbewe- 
gung. Ihre Darstellung und Diskussion, insbesondere im 
Zusammenhang mit der Differential-Iteration, findet sich 
bereits in der oben angefiihrten Arbeit des Verfassers. 
D. Morgenstern (Berlin) 


3662: 

Philippot, J. Le théoréme H pour la matrice de densité. 
Acad. Roy. Belg. Bull. Cl. Sci. (5) 44 (1958), 240-243. 

A direct proof is given of a theorem concerning 
limiting form of non-diagonal elements of the density 
matrix which arises in the quantum statistical mechanics 
of irreversible processes. A. Dalgarno (Belfast) 
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3663: 
Teitler, S.; and Wallis, R. F. Entropy, irreversible 


and fluctuations. Physica 24 (1958), 625-631. 

M. J. Klein [Physica 22 (1956), 569-575; MR 18, 82] 
has discussed the definitions of entropy according to 
Boltzmann and to Gibbs, using the Ehrenfest urn model. 
The discussion is here extended to the more general 
Markov process by which the irreversible behavior of 
physical systems can be described. It is shown that again 
the Gibbs entropy increases monotonically, in contrast 
to the Boltzmann entropy. In fact, the latter, being 
defined as a function of the precise state of the system, 
fluctuates up and down, even in equilibrium. 

The authors describe the non-equilibrium states of the 
system by means of a distribution function F(a), which 
differs from the equilibrium distribution F*(a) only by 
linear terms in «. This seems to me incorrect. 

N. G. van Kampen (Utrecht) 


ELASTICITY, PLASTICITY 
See also 3628. 


3664 : 

Vakulenko, A.A. Relation between stresses and strains 
in non-elastic media. Dokl. Akad. Nauk SSSR (N.S.) 
118 (1958), 665-668. (Russian) 


3665 : 

Graiff, Franca. Sul significato della funzione e del 
tensore di congruenza. Ist. Lombardo Sci. Lett. Rend. 
Cl. Sci. Mat. Nat. 91 (1957), 707-713. 

The author starts from the fact that a symmetric 
tensor can be always represented as a sum of an isotropic 
tensor and a deviator (a tensor with vanishing first in- 
variant). If an arbitrary deformation that does not 
satisfy the compatibility equations is considered, the 
author makes it satisfy them by adding another defor- 
mation with vanishing first invariant or of general form. 

Only two- and three- dimensional varieties of constant 
curvature are discussed. Some particular interpretations 
are given for the so-called compatibility function and the 
compatibility tensor defined in this paper. Cf. also L. 
Finzi [Atti Accad. Naz. Lincei Rend. Cl. Sci. Fis. Mat. 
Nat. (8) 20 (1956), 205-211; MR 19, 996). 

T. P. Andelié (Belgrade) 
3666: 

Boggio, Tommaso. Sull’equilibrio delle membrane elas- 
tiche piane. Ann. Mat. Pura Appl. (4) 44 (1957), 173-184. 

The author first obtained a solution for the problem of 
an elastic membrane, displaced in its own plane with 
known displacements on the boundary, in a paper 
published sixty years ago! In this paper he solves the 
problem more concisely using complex variables. {This 
reviewer feels that the systematic methods developed 
independently by Muskhelishvili and Stevenson would 
yield an even more concise solution.} 
on D. R. Bland (Manchester) 


DanyuSevskii, E. E. Calculation of stresses and defor- 


mations in a disk, vertically on a flexible band. 
Astr. ' Z. 35 (1958), 277-282. (Russian. English sum- 
mary 


The author considers a thin disc suspended vertically 








603 





3663-3672 


on a flexible band which embraces the lower half of its 
circumference, and under the load of its own weight. 
Using the complex variable method he solves the 
elasticity problem, finding the stresses and strains. From 
the point of view of strength, the stresses and strains are 
negligible, but if the disc is an optical instrument, like a 
lens or a mirror, then the displacements cause aberration 
of light. The computation shows that for a disc 3 meters 
in diameter and 50 cm thick the aberration is negligible, 
meaning that it does not exceed the Rayleigh limit for 
an ideal image. For discs larger than that the aberration 
exceeds the Rayleigh limit and the image ceases to be 
ideal. T. Leser (Aberdeen, Md.) 


3668: 

Verma, Ghasi Ram. Notes on the problem of a semi- 
infinite elastic solid with loads distributed along the circum- 
ference of a circle on the plane surface. Bull. Calcutta 
Math. Soc. 49 (1957), 217-220. ) 

Delta function and Hankel’s inverson formula are used 
to obtain the stress distribution in a semi-infinite elastic 
solid subjected to normal and shearing loads along the 
circumference of a circle on the plane boundary. Veri- 
fication is done by deducing known results for a con- 
centrated load and a torque. B. R. Seth (Kharagpur) 


3669 : 

Fulton, J.; and Sneddon, I. N. The dynamical stresses 
produced in a thick plate by the action of surface forces. 
Proc. Glasgow Math. Assoc. 3 (1958), 153-163. 

An infinite thick plate is considered, with normal 
forces, functions of both time and position, applied to the 
two faces. Use of Fourier integrals gives expressions for 
the stress and displacement at interior points in the form 
of triple integrals. In the case of axial symmetry, and also 
in the two-dimensional problem, the solutions are simpler. 
For pulses of pressure moving with uniform velocity 
along the boundaries, the integrals in the two dimensional 
problem reduce to single integrals which can be calculated 
numerically. Some results for a strip loaded symmetrically 
by two moving point loads are given in form of a graph. 


R. C. T. Smith (Armidale) 


3670: 

Chattarji, P. P. Torsion of a circular cylinder having a 
rigid spherical inclusion. Bull. Calcutta Math. Soc. 49 
(1957), 199-205. 

Instead of using the stress function, as done by C. B. 
Ling [Quart. Appl. Math. 10 (1952), 149-156; MR 13, 
886], the angle of rotation of an elemental ring is employed 
to obtain the solution of the torsion of a circular cylinder 
having a rigid spherical inclusion. The modified Bessel’s 
equation of Ling’s solution is replaced by a Legendre’s 
associated equation. 

The author again has to solve an infinite set of linear 
equations in the coefficients. The numerical results show 
agreement with those of Ling. 3B. R. Seth (Kharagpur) 


3671: 

Hlittijev, J. M. Torsion eines J[-T Bull. 
Internat. Acad. Yougoslave. Cl. Sci. Math. Phys. Tech. 
5 (1955), 109-114. 


3672: 
Skorobagat’ko, A. A. Torsion of cylindrical shafts 
with circular grooves. Dokl. Akad. Nauk SSSR (N.S.) 


119 (1958), 896-898. (Russian) 


3673-3682 


3673: 

Nowitski, Jerzy. Application of the Laplace transfor- 
mation for the determination of arch deflection. Roz- 
prawy Inz. 4(1956), 413-428. (Polish. Russian and 
English summaries) 

The author considers a one-dimensional problem of a 
parabolic arch of small curvature and of small rise to span 
ratio. He derives differential equations, one for small 
deflections and one for large deflections, and solves these 
equations by applying the Laplace transformation. The 
solutions are called “the general equations for arch 
deflection”’, in which the load consists of distributed and 
concentrated forces and of moments. The author gives a 
numerical example of a doubly hinged arch loaded by a 
concentrated force acting at the key and compares the 
results obtained by the small and by the large deflection 
formula. T. Leser (Aberdeen, Md.) 


3674: 

Drobot, S.; and Mikusinskii, Ya. On the displacement 
operator and its application to the statics of beams. 
Uspehi Mat. Nauk (N.S.) 13 (1958), no. 2(80), 73-92. 
(Russian) 

Applications, involving Heaviside’s unit function, of 
the operational calculus. R. C. T. Smith (Armidale) 


3675: 

Cernyh, K. F. On conjugate problems in the theory of 
thin shells. Dokl. Akad. Nauk SSSR (N.S.) 117 (1957), 
949-951. (Russian) 

Conjugate problems as introduced by G. V. Kolosov 
[Application of complex variables in the theory of 
elasticity, ONTI, Leningrad-Moscow, 1935], are applic- 
able only in plane problems. In this note the author 
demonstrates that the property of “conjugateness’’ could 
be used advantageously in the theory of thin shells. 
Assuming that the boundary of the middle surface is a 
closed curve of constant curvature, that the Poisson ratio 
equals zero, and that the shell is homogeneous, he writes 
down the generalized Hooke’s law and the expressions for 
internal forces and moments, in terms of special stress 
functions (functions of Lurye-Goldenveizer) as given by 
V. V. Novoédilov [Theory of thin shells, Gosudarstv. Izdat. 
Sudostr. Lit., Moscow, 1951; MR 17, 915). 

He introduced complex forces and displacements in the 
above expressions. The boundary conditions must also be 
written in a complex form, in which the real part repre- 
sents the assigned force on the boundary, and the im- 
aginary part represents the force due to the assigned 
displacement. The real part is called the “static’”’ con- 
dition, the imaginary part the “geometric” condition. For 
example, if the real part represents a fixed boundary, the 
imaginary part represents a free boundary, and both cases 
are solved simultaneously if the author’s complex forces 
and displacements are used. T7. Leser (Aberdeen, Md.) 


3676: 

Bassali, W. A. Problems concerning the bending of 
isotropic thin elastic plates subject to various distributions 
of normal pressures. Proc. Cambridge Philos. Soc. 54 
(1958), 265-287. 

Continuing his previous work [same Proc. 53 (1957), 
728-743, 744-754; MR 19, 788] the author uses the 
complex variable method to obtain explicit solutions for 
singularly loaded circular plates and a half plane with 
particular reference to a free boundary. No numerical 
results are given. B. R. Seth (Kharagpur) 
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3677: 

Gladwell, G. M. L. Some mixed boundary value prob- 
lems in isotropic thin plate theory. Quart. J. Mech. Appl. 
Math. 11 (1958), 159-171. 

This paper is concerned with two problems of the small 
transverse displacement of a thin plane semi-infinite 
elastic plate, one part, C;, of the straight boundary of the 
plate being clamped. In the first problem the other part, 
Ce, of the boundary is free, and the displacement is 
caused by an external isolated force; in the second the 
displacement is caused by the application of external 
forces to C2. The complex variable methods developed by 
N. Muskhelishvili are used, and it is shown how to extend 
the analysis to a plate bounded, either internally or ex- 
ternally, by a circle. W. R. Dean (London) 


3678: 

Magnus, K. Uber den Zusammenhang verschiedener 
Naherungsverfahren zur Berechnung nichtlinearer Schwin- 
gungen. Z. Angew. Math. Mech. 37 (1957), 471-485. 
(English, French and Russian summaries) 

It is shown that the variational method given by Ritz- 
Galerkin comprises as special cases a number of other 
approximation methods frequentiy used in non-linear 
mechanics. F. Oberhettinger (Madison, Wis.) 


3679: 

Voicehovskaya, K. F. Equilibrium stability of rods in 
the mathematical theory of elasticity. Dokl. Akad. Nauk 
SSSR (N.S.) 119 (1958), 903-906. (Russian) 


3680: 

Alekseev, A. S.; and Gel’tinskii, B. Ya. Determination 
of head wave intensity by the method of rays in the theory 
of elasticity. Dokl. Akad. Nauk SSSR (N.S.) 118 (1958), 
661-664. (Russian) 


3681 : 

Grigolyuk, E.I. Plastic buckling of shells of revolution. 
Izv. Akad. Nauk SSSR. Otd. Tehn. Nauk 1958, no. 2, 
130-132. (Russian) 

The local loss of stability of thin shells of revolution was 
investigated by Yu. N. Rabotnov, [Dokl. Akad. Nauk 
SSSR 52 (1946), 111-112; MR 8, 118], who derived a 
formula for the critical load of symmetrically loaded shells 
of revolution within the limit of elasticity. The author of 
this note solves a similar problem, but one which goes 
beyond the elastic limit. He presents three independent 
solutions: one based on the assumption of plastic flow 
and two others on the Hencky theory of deformations; in 
the first neglecting the compressibility of the material 
and in the second taking compressibility into account. 
Rabotnov’s formula for the elastic case is a special case 
of the author’s formula derived by the theory of plastic 
flow. The three solutions do not coincide and the author 
does not investigate, in general, how much they differ 
from each other, but in the case of a spherical shell he 
shows under which conditions the formulas coincide. 

T. Leser (Aberdeen, Md.) 
3682: 

Thomas, T. Y. Plastic flow and fracture in solids. J. 
Math. Mech. 7 (1958), 291-322. 

The problem of the discontinuities in the stress- and 
the velocity-fields of an elastic-plastic material defined 
by the von Mises plasticity condition and the Prandtl- 
Reuss stress-strain relations (with absolute time deriva- 
tive of the stress-deviation) subject to uniaxial tension, 1s 
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dealt with in terms of a “wave surface” to which these 
discontinuties are confined, and the propagation of which 
is associated with the transition from the elastic into the 
plastic state. The various types of discontinuities, both 
stationary and moving, are discussed and the mathe- 
matical distinctions between so-called ‘‘strong’’ discon- 
tinuities and “weak” discontinuities are developed with 
the aid of the compatibility conditions. 

While the mathematical conclusions are of intrinsic 
interest, their physical interpretation appears to be pure- 
ly speculative. Thus, the well known problem of the 
uniaxially loaded elastic-plastic flat strip yielding along 
oblique pianes of zero extension, which has been ex- 
haustively dealt with by A. Nadai [Theory of flow and 
fracture of solids, McGraw-Hill, New York, 1950; pp. 316- 
322}, P. Bijlard [Iniernat. Assoc. Bridge Struct. Engr. 
6 (1940/41), p. 27} and R. Hill [The mathematical theory 
of plasticity, Clarendon Press, Oxford, 1950; MR 12, 
303; p. 324], emerges as a particular application, and is 
discussed as if the discontinuities in the velocities at the 
elastic-plastic interfaces were actually related to fracture 
and as if the proposed identification of the “‘strong 
discontinuities” with fracture planes were self-evident 
rather than a speculation unsupported by physical 
evidence. 

The author’s assumption that ‘“‘from the mathematical 
standpoint...fracture in solids is connected with the 
discontinuities in the velocity and stress-components ... 
which necessarily arise in the transition from the equations 
of elasticity theory to the equations governing the plastic 
state” is, in fact, contradicted by all physical evidence. 
The experimental evidence ‘‘that plastic deformation .. . 
can usually be observed after the occurence of fracture’”’ 
can hardly be construed as evidence that ‘‘the onset of 
plastic flow can be a factor in the cause of failure’. In 
reality, the evidence points exactly in the opposite 
direction: plastic flow is a mechanism of dissipation of 
applied elastic strain-energy competing with that of the 
creation of surfaces of separation (fracture); crack 
initiation follows the partial or total exhaustion of the 
capacity of the solid for plastic flow. It does not seem that 
any of the mathematical concepts discussed in this paper 
is related to the physical concept of fracture; the title 
of the article is therefore misleading. It is moreover 
regrettable that the author seems to claim experimental 
support for some of his results by referring to a photo- 
graph in Nadai’s book [loc. cit. p. 346] which is clearly 
labelled as representing a cylinder of porcelain, a charac- 
teristically brittle material for which the mathematical 
assumptions made are not even approximately valid. 

{It appears desirable to this reviewer that whenever a 
mathematical paper claims to achieve results of physical 
significance, the relation between the assumptions of 
the theory and the physical reality should be treated in a 
somewhat less cavalier fashion than has become the 
habit in connection with some recent developments in the 
theory of discontinuous solutions of plastic flow.} 

A. M. Freudenthal (New York, N.Y.) 


3683 : 

*Neal, B. G. Die Verfahren der plastischen Berech- 
nung biegesteifer Stahlstabwerke. Ins Deutsche iiber- 
tragen von Thomas Jaeger. Springer-Verlag, Berlin- 


Géttingen-Heidelberg, 1958. xi+312 pp. DM 48.00. 
This is a German translation of “‘The plastic methods of 
_ analysis’ [Wiley, New York, 1956; MR 18, 
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3683-3689 


3684 : 

il’éevskii, N. A. The theorem of work reciprocity and 
construction of the Green tensor in the theory of small 
elasto-plastic deformations. Prikl. Mat. Meh. 21 (1957), 
634-643. (Russian) 

The author’s mains object is to construct a Green tensor 
for small elasto-plastic deformations. Tensorial methods 
are employed throughout the paper. The details of the 
analysis are too complicated to be reproduced here. Some 
of the details can be found in a book by Katanov [Osnovy 
teorii plastitnosti, Gosudarstv, Izdat. Teck.-Tehn. Lit., 
Moscow, 1956). 

The author also indicates (for certain small values of 
certain parameters) an approximatn method of solntion 
of the fundamental system of equations. However, no 
explicit approximations are obtained in this connection. 

K. Bhagwandin (Oslo) 
3685 : 
Johnson, W. Upper bound loads for extrusion through 
circular dies. Appl. Sci. Res. A. 7 (1958), 437-448. 

The author has previously “‘solved’”’ numerous extrusion 
problems [see, for instance, W. Johnson, Proc. 3rd U.S. 
Nat. Congr. Appl. Mech. pp. 571-579, Amer. Soc. Mech. 
Engrs, New York, 1958, where other references are given}. 
These problems have been solved in the sense that upper 
bounds on the extrusion load have been obtained. In a 
few cases where exact, lower bounds or experimental 
results are available, these upper bounds have proved to 
be reasonably accurate. Further, they are always relati- 
vely simple to obtain. 

All previous work has been concerned with extrusion 
through wedge shaped dies with straight sides. The 
present paper uses similar methods for dies bounded by 
portions of circular arcs. Concave, convex, and bell- 
mouthed dies are considered, as well as a combined wedge- 
convex die and an unsymmetrical pair of convex dies. 

P. G. Hodge, Jr. (Chicago, Ii.) 
3686: 

Storchi, Edoardo. Linearizzazione delle equazioni della 
plasticita ristretta. Atti Accad. Naz. Lincei. Rend. Cl. 
Sci. Fis. Mat. Nat. (8) 23 (1957), 45-51. 


3687 : 

Krylov, A. L. Propagation of limit equilibrium in the 
axially-symmetrical two-dimensional elastic-friable body 
case. Dokl. Akad. Nauk SSSR (N.S.) 118 (1958), 882- 
883. (Russian) 


3688 : 

Derrington, M. G.; and Johnson, W. The onset of 
yield in a thick spherical shell subject to internal pressure 
and uniform heat flow. Appl. Sci. Res. A. 7 (1958), 
408-420. 

The radius p of the initial yield surface in a thick spherical 
shell depends on the ratio of internal pressure todifference of 
temperature at the surfaces and on the ratio of internal 
radius @ to external radius 6. The authors show that in 
certain circumstances a<p<6 (in the cylindrical case 
p=a or p=b) and they suggest that it may be possible, 
in practice, to reduce the stresses caused by internal pres- 
sure by the superposition of a temperature gradient. 

D. R. Bland (Manchester) 
36839: 

Paria, Gunadhar. Coupling of elastic and thermal 
deformations. I. Appl. Sci. Res. A. 7 (1958), 463-475. 

The author considers the distribution of stress and 
temperature in the half-space z20 in the case where the 








3690a-6390h 


surface z=0 is free from stress and suddenly has its 
temperature increased from zero to a constant value 7, 
at the time ‘=0. The equations used are the full linear 
equations discussed by Biot [J. Appl. Phys. 27 (1956) 
240-253; MR 17, 1035], which include a rate of strain term 
in the heat conduction equation. The equations are solved 
using integral transforms — Laplace in the time variable 
and Hankel in the cylindrical coordinate r. In this way, the 
author obtains integral expressions for the components of 
stress and displacement. These integrals are then evalu- 
ated approximately for small values of the time by ex- 
panding the integrand in powers of ¢ and integrating term 
by term. No estimate is made of the error involved in this 
approximation. A special case is considered numerically, 
but not enough calculations are reported for the results 
to be of physical interest. I. N. Sneddon (Glasgow) 


FLUID MECHANICS, ACOUSTICS 
See also 3266, 3375 3393, 3718, 3770. 


3690a : 

*#Tsien, H.S. The equations of gas dynamics. Funda- 
mentals of gas dynamics. Vol. 3. High speed aerody- 
namics and jet propulsion. Edited by H. W. Emmons. 
pp. 3-63. Princeton University Press, Princeton, N. J., 
1958. xili+749 pp. $20.00. 


3690b : 

¥Crocco, L. One-dimensional treatment of steady gas 
dynamics. Fundamentals of gas dynamics. Same Vol. 
pp. 64-349. 


3690c : 

*Kantrowitz, A. One-dimensional treatment of non- 
steady d i Fundamentals of gas dynamics. Same 
Vol. pp. 350-415. 


3690d: 

Hayes, Wallace D. The basic theory of gasdynamic 
discontinuities. Fundamentals of gas dynamics. Same 
Vol. pp. 416-481. 


36908 : 

*Polachek, H.; and Seeger, R. J. Shock wave inter- 
actions. Fundamentals of gas dynamics. Same Vol. 
pp. 482-525. 


36908 : 

%Stever, H. Guyford. Condensation phenomena in 
high speed flows. Fundamentals of gas dynamics. Same 
Vol. pp. 526-573. 


3690g : 

#von Kaérman, Th. ; Emmons, H. W.; Taylor, Geoffrey ; 
and Tankin, R. S. ‘Gas dynamics of combustion and 
detonation. Fundamentals of gas dynamics. Same Vol. 
pp. 574-686. 


3690h : 

*#Schaaf, S. A.; and Chambré, P. L. Flow of rarefied 
gases. Fundamentals of gas dynamics. Same Vol. 
pp. 687-739. 

The reviewer considers that nowhere else can the 
student find such a full and up-to-date account of the fun- 
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damentals of gas dynamics. Each section will besummarized 
separately, not only because the book appears to be the 
most important on fluid dynamics since Prandtl’s 
“Essentials” [“Fiihrer durch die Strémungslehre”’, Vie- 
weg, Braunschweig, 1942, Edwards, Ann Arbor, 1947; 
MR 9, 540; English translation by W. M. Deans, Blackie, 
London, 1952], but also because it is such a large mouth- 
ful to digest that a summary of its contents may be of 
real value to those wishing to make the attempt. There 
are many overlaps between different sections of the book. 

The author of the first section derives the basic partial 
differential equations of gas dynamics by considering the 
rates of change of mass, momentum and energy for a 
cube ot fluid, although his treatment of energy gives no 
clear consideration to the non-uniformity of pressure over 
the cube, the kinetic-energy contributions, or the detailed 
effects of shearing stress. However, the integral forms of 
the equations are also obtained, whence, as the author 
remarks, the differential forms can, “if preferred”, be 
derived. The expressions for viscous stress and heat flux 
are briefly discussed, together with the role of relaxation 
phenomena. Conditions for dynamical similarity are ob- 
tained. 

Special relations involving stagnation enthalpy, en- 
tropy and vorticity are inferred for flows without viscous 
stress or heat flux. For irrotational flows the equation for 
the potential, and also Bateman’s variational equation, 
are given. For steady adiabatic rotational flows the 
specially simple equations governing the “reduced ve- 
locity vector’’ are shown to imply that from any solution 
one can derive innumerable others by arbitrarily varying 
the distribution of stagnation enthalpy among the 
streamlines. In addition, when the flow is two-dimen- 
sional, various stream functions can be used effectively, 
and when, further, it is irrotational, the hodograph 
transformation makes the equation linear. After dis- 
cussing these points and referring briefly to the treatment 
of deviations from the assumed simple equations of state, 
the author ends by giving forms of the equations in a 
variety of orthogonal curvilinear coordinates. 

The two-hundred-and-eighty-pages of the second sec- 
tion give an account of “one-dimensional’’ steady-flow 
theories and related experimental data that is extremely 
compendious and illuminating. 

The opening discussion of the basic thermodynamics 
contains large quantities of valuable data in a practical 
form, including compressibility factors, a careful account 
of convenient approximate treatments of the thermo- 
dynamics of combustion, specific-heat data for products 
of combustion, correction factors to the entropy-temper- 
ature relationship for various real gases as against perfect 
gases with constant specific heat, and similar correction 
factors for enthalpy-temperature, enthalpy-entropy, den- 
sity-temperature, and sound velocity-temperature re- 
lationships. 

The conservation laws are next discussed, and applied 
to one-dimensional steady flow. In general, mass, mo- 
mentum and energy are allowed to flow in through the 
walls, but the author notes carefully the particular 
consequences of the equations when any of these effects 
is absent. Particular simplicity is found with frictionless 
adiabatic flow, adiabatic constant-area flow, frictionless 
constant-pressure flow (in which, however, heating and 
area changes may be present but cancel in their effects in 
pressure), frictionless constant-area flow, and an inter- 
esting combination of the last two in which the pressure 
varies as a power of the cross-sectional area. 
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In the light of the well-known fact, discussed later on, 
that flows in ducts with given upstream and downstream 
conditions cannot normally be represented by a single 
continuous solution of the equations of one-dimensional 
motion, but require rather that two different continuous 
solutions be joined at a discontinuous jump, the conditions 
to be satisfied at such a jump are now studied. They are 
of course the ordin Rankine-Hugoniot ‘“‘shock”’ 
conditions, but the author emphasizes that the detailed 
phenomenon represented by such a jump in the one- 
dimensional theory is often not a plane shock wave but 
a “pseudo-shock’’, extending over a length of several duct 
diameters and involving many oblique shocks, boundary- 
layer thickening, etc. Much interesting detail about 
pseudo-shock structure is set out, from experimental 
observations and various theoretical approaches. 

Frictionless adiabatic flow in nozzles (effusers) is then 
given careful and comprehensive treatment, with special 
emphasis on choking and conditions at the sonic throat. 
Corrections due to friction and departures from one- 
dimensional flow are discussed, as are the relationships 
between different measures of the “‘efficiency’’ of nozzles. 
The Prandtl theory of the “incorrectly expanded” Laval 
nozzle is then given, and the role of shocks and pseudo- 
shocks carefully elucidated. Diffuser efficiencies, and the 
problems of “starting’’ a supersonic diffuser, are then 
discussed, following Kantrowitz and Donaldson. 

The author turns next to the effect of friction in flow 
through long ducts, mainly the adiabatic flow in ducts of 
constant area. The well-known surprising effect of 
friction, by which it causes a subsonic flow to accelerate, 
even up to the sonic speed, because the pressure drop 
that it calls for induces a density drop, is fully discussed, 
together with ‘choking by friction” and frictional 
deceleration from supersonic flows, leading to a transition 
to subsonic flow by a shock or pseudo-shock. Long ducts 
preceded by Laval nozzles are also studied. 

Highly turbulent flows in ducts with either heat ex- 
changes or chemical reactions are then given a uniform 
treatment, on the assumption that the effect is simply to 
make the stagnation enthalpy vary in a purely one- 
dimensional manner. Not only is there substantial infor- 
mation on ducts of constant area, but interesting results 
on the concomitant effect of area change are found by 
studying ducts of the ‘“‘pressure-area power family”. The 
author investigates thoroughly ‘‘choking by heating”’, in 
which for given inlet conditions the stagnation temper- 
ature may increase sufficiently along the duct as to render 
impossible any steady flow at all (so that the inlet 
conditions have to change, as in nozzle choking). Con- 
siderations on efficient design of combustion ducts for 
engines are carefully set out. 

Conditions in a duct with oblique flame fronts trailing 
behind a central flame holder are treated by a “‘piece- 
wise uniformity’ assumption which anticipates a later 
section. There, mixing of two streams is similarly treated, 
with the “ejector” as an important example, and the 
duct with sudden enlargement as another. In all these 
cases two one-dimensional flows proceed in parallel, but 
certain assumptions on exchange of mass, momentum and 
energy between them are made. The predictions of these 
theories are notably successful. 

A turbulent flow in ducts with a temperature difference 
between fluid and walls is next treated, by Reynolds’ 
analogy between heat and momentum transfer and by 
extensions thereof. This is followed by the application of 
the methods of the paper to gases of complicated thermo- 
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dynamic properties, by use of the enthalpy-entropy 
diagram, covered with the appropriate Fanno (adiabatic 
constant-area) and Rayleigh (frictionless constant-area) 
lines, and by various correction-factor methods. Inter- 
esting results are given for the flow of the mixture of a 
liquid with small gas bubbles, and of air with evaporating 
droplets. 

The paper ends with two especially interesting sections 
which treat the problem of improving the one-dimensional 
theories of steady flow by relaxing the assumption of 
perfect uniformity of physical quantities across a cross- 
section. The method introducesinto the equationstwo “‘non- 
uniformity coefficients’, namely, f, the ratio of the mean 
square velocity to the square of the mean velocity (each 
averaged across the duct with equal weight given to equal 
elements of mass flow) and «, the product of mean gas con- 
stant, mean enthalpy and mass flow, divided by the product 
of pressure, mean velocity and mean specific heat at 
constant pressure. Their values for different types of flow 
are exhibited graphically. The influence of different 
values of « and # on some of the different types of flow 
previously discussed is finally displayed, and applied to 
the problem of optimizing the shape of combustion ducts. 

The editor’s introduction to the third section informs 
us that this account of “one-dimensional” unsteady-flow 
theories was written in 1952 and has not since been re- 
vised, a piece of information which makes its originality 
and modernity all the more astonishing. 

The equations of unsteady one-dimensional frictionless 
adiabatic flow with area changes are derived, and applied 
first to the well-known theory of plane isentropic waves of 
infinitesimal or finite amplitude in a duct of constant 
area. The Riemann invariants, one of which is constant in 
any simple progressive wave, are defined. The inevitability 
of shock formation is clearly brought out, and the Ran- 
kine-Hugoniot relations are derived and approximated for 
weak shocks, at which the changes both in entropy and in 
the appropriate Riemann invariant are shown to be very 
small. 

If these are neglected, the development of the flow with 
the shock waves taken into account is shown to be 
accurately determined by the ‘‘pulse-area”’ method, also 
derived by the reviewer [Surveys in mechanics, pp. 250—- 
351, Univ. Press, Cambridge, 1956; MR 17, 1024) in 
ignorance that it was already available in a manuscript 
written in 1952. In this, the variation of the other Rie- 
mann invariant with distance is determined by a simple 
graphical construction at some later time, assuming 
continuous flow, and then is rendered one-valued by 
putting in such discontinuities as do not alter the area 
under the curve. The tendency of pulses to approach 
triangular or ‘“N-wave’’ shape follows. 

Next, there is a section which sets out to explain why 
“reversed Laval-nozzle flow’’ (without shocks) is never 
observed, even for the precise pressure ratio for which a 
continuous steady-flow solution exists; rather, as the back 
pressure is slowly increased from such a value that purely 
supersonic flow near the throat is followed by a shock 
downstream of it, this shock is seen to weaken and move 
up towards the throat, but then, instead of disappearing 
as steady-flow solutions would lead one to expect, it 
jumps to a position upstream of the nozzle and the mass 
flow is substantially reduced. The situation is explained by 
considering the “stability” of the continuously deceler- 
ating flow through the nozzle, that is, how it responds to 
pulses that come from downstream and become ‘‘trapped”’ 
in the throat. Using results on pulse-area conservation, it 








is shown how these build up and alter the basic steady 
flow. The same methods are used to uncover the kinetics 
of shock formation in ordinary Laval-nozzle flow when 
the back pressure is first lowered through the choking 
value. 

Finally, ihe behaviour of very strong spherical ex- 
plosions is treated by Taylor’s theory, and that of 
“implosions” by Gudoley’s theory. There is discussion of 
numerical solutions of more complicated problems by the 
method of characteristics, with proper account taken of 
shocks and contact discontinuities, and references to how 
the phenomena discussed are put to practical use in 
““pulse-jet” and other engines. 

The fourth section discusses the Hugoniot-type con- 
ditions to be satisfied at shock waves, deflagration waves, 
detonation waves and condensation shocks, when re- 
garded as discontinuities, and also considers the internal 
structure of such waves. 

The basic Hugoniot relation, that the specific-enthalpy 
change at the discontinuity is equal to the pressure 
change times the arithmetic mean of the specific volumes 
upstream and downstream of it, is plotted by a graph of 
downstream pressure against downstream volume. The 
point representing upstream values lies on this curve 
in the simple case when the same fluid is present on both 
sides of the discontinuity, but lies below it in the many 
important and more difficult cases when some exothermic 
process occurs there. Then the part of curve with the 
volume less than its upstream value is the “detonation 
branch”, and is separated from the “deflagration branch” 
(where the pressure is less than its upstream value) by a 
gap corresponding to physically unrealizable solutions 
(requiring imaginary mass flow). Each branch is separated 
into ““weak’’ and “strong” portions by a “Chapman- 
Jouguet”’ point; these points are obtained by drawing 
tangents to the curve from the point representing up- 
stream conditions. The entropy, and (in a frame of 
reference in which the shock wave is stationary) the up- 
stream velocity, the mass flow and the stagnation 
enthalpy, are stationary at a Chapman-Jouguet point, 
having minima normally on the detonation branch and 
maxima on the deflagration branch. Rules about the 
relative positions of the stationary values of other 
physical quantities are obtained. The velocity behind the 
discontinuity is subsonic for a strong detonation or weak 
deflagration, but supersonic for a weak detonation or 
strong deflagration; it is sonic at the Chapman-Jouguet 
points. The velocity ahead of the discontinuity is super- 
sonic for detonations and subsonic for deflagrations. 
These facts and others permit a strong (or Chapman- 
Jouguet) detonation to be regarded as equivalent to a 
shock wave followed by a weak (or Chapman-Jouguet) 
deflagration (respectively). 

The great questions, to be discussed more fully in the 
seventh section, are why detonations are normally 
observed to be of Chapman-Jouguet type, and why strong 
deflagrations are not observed. Contributions to these 
topics made in the present paper include a discussion of 
determinacy for steady flow through a duct with the 
discontinuity stationary. A strong detonation would be 
completely determined by the upstream state and down- 
stream pressure, but a weak one would not, since it could 
not “know” what the downstream pressure was. A weak 
deflagration could send an acoustic signal to alter the 
upstream state and so needs an extra condition, in prac- 
tice the flame speed, related to chemical-kinetic consider- 
ations, to determine it. This would not make a strong 
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deflagration determinate, on the other hand, as it, again, 
would lack a downstream condition. There is, in fact, a 
possibility of drift from one solution to another, which 
leads the author to call the strong deflagration “internally 
unstable’. 

There is also a full treatment of ordinary steady shock 
waves, whose structure is investigated by the Navier- 
Stokes equations, while that of various unsteady weak 
shock waves are derived from the Burgers equation. 
There are references to shock waves followed by relax- 
ation “tails”. Finally, the structure of exothermic 
discontinuities is discussed using the assumption that the 
internal energy and enthalpy vary linearly with the mass 
fraction e of gas that has reacted, and that e satisfies a 
simple rate equation. This analysis suggests that weak 
deflagrations can exist with a particular value of the 
speed, determined by this rate (and that the same is 
probably true of weak detonations) but that strong 
deflagrations cannot exist. Strong detonations of all 
strengths can exist. 

The fifth section gives an account of shock-wave inter- 
actions, beginning with the fourth detailed discussion of 
the Rankine-Hugoniot equations in this book (and there 
are more to come). It goes on to analyse normal reflexion 
of a shock wave at a rigid wall, and at an interface with 
a second medium, and head-on collision with a rarefaction 
wave or second shock. Surprisingly, the uniting of two 
shock waves travelling in the same direction is omitted. 

Oblique reflexions are next treated. Theory and ex- 
periment on “regular’’ and ““Mach’’ reflexion are system- 
atically described. No explanation of the observed oc- 
currence of regular reflexion at angles of incidence slightly 
greater than those permitted by theory is given. A 
similar detailed analysis of data on shock refraction at an 
interface follows. The good agreement with theory of R. 
Jahn’s work [J. Fluid Mech. 1 (1956), 457-489] on regular 
refraction is noted, but not Jahn’s later observations 
fibid. 2 (1957), 33-48; MR 18, 844] on regular refraction, 
although these throw valuable light also on the reflexion 
discrepancy. The paper concludes with some results 
on reflexion of exothermic discontinuities and the like. 

The sixth section is a valuable account of the kinetics 
of condensation and its application to high-speed gas 
flows in which the gas may be supercooled (below its 
equilibrium liquefaction point), or supersaturated with 
water vapour, but be unable to condense onto the walls 
because they are at higher temperatures, closer to the 
stagnation temperature of the flowing gas. 

Any foreign particles that are present, if their radius 
exceeds a “‘critical’’ value (inversely proportional to the 
degree of supercooling), will act effectively as nuclei of 
condensation because condensation onto them produces a 
greater drop in bulk free energy than increase in surface 
energy. Such particles are, however, far too few to account 
for the observed rate of condensation of water in high- 
speed flows supercooled by 50°C or more. This makes 
necessary a study of the spontaneous formation and 
growth of liquid droplets. 

The number of vapour molecules which in unit time 
strike a unit area of drop surface is well known, and the 
number evaporating from it can be derived by multi- 
plying by a Boltzmann factor which takes into account the 
change in free energy (including surface energy). From 
these is inferred an equation for the rate of change of 
number of drops containing a given number g of molecules, 
taking into account loss by condensation or evaporation, 
and gains by condensation onto drops with (g—1) 
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molecules or evaporation from drops with (g+1) mole- 
cules. Approximate solution of this differential equation 
gives an expression for the rate of formation of drops of 
the critical radius mentioned above. Their subsequent 
rate of increase of radius is approximately constant, being 
determined by the rate at which the latent heat of 
condensation can be conducted away. Free molecule theory 
is appropriate for considering such conduction, as the 
drops of greatest importance are smaller than the mean 
free path in the gas. 

Following Oswatitsch [Z. Angew. Math. Mech. 22 (1942), 
1-14] the author uses these considerations to derive 
equations for supercooled gas flow in a nozzle with 
forming droplets, and gives numerical solutions which 
agree well with experiments of Yellott [Engineering 
137 (1934), 303-305] and Binnie and Woods [Proc. Inst. 
Mech. Engrs. 138 (1938), 229-266] on condensation of 
steam. It is noted that condensation of oxygen and ni- 
trogen in hypersonic nozzles occurs with a much smaller 
amount of supercooling, probably because numerous 
particles of ice and solid carbon dioxide are present al- 
ready at the temperatures involved to act as nuclei of 
condensation. 

The first chapter of the seventh section, by Dr. von 
Karman, surveys the aerothermiochemical field, by study- 
ing strictly one-dimensional steady flow, with special 
reference to what simplifying assumptions can approxi- 
mately be made under different conditions. 

Equations with a reasonably moderate number of 
dependent variables are obtained if one is willing to 
characterize a state of the gas by its mass density, 
momentum density, temperature and a further variable « 
representing the progress of the reaction which is being 
studied ; the author defines ¢ as the mass flow of a selected 
reaction product, divided by the total mass flow. The 
equations of mass, momentum, energy and state are 
supplemented by a single equation of diffusion represent- 
ing diffusion of the selected reaction product through the 
other components of the gas. 

The equations are then simplified by assuming small 
values of a, the ratio of a mechanical transport time scale, 
tmech=4/P, to a chemical reaction time scale, tonem. 
In this case, provided that the Mach number M is not also 
small, viscosity, heat conduction and diffusion can be 
neglected, and we fall back on the theory (second section) 
of frictionless constant-area flow with heat addition. 
Shock-wave formation is to be expected, with chemical 
reaction following it, the combination being a detonation 
wave. A puzzling argument is then given for the Chapman- 
Jouguet condition, postulating an isentropic expansion 
in the constant-area flow behind the wave even though 
this has been assumed steady. 

For Mach numbers small of order +/a, diffusion 
effects must be retained but other simplifications, 
notably uniformity of pressure, are available. Two equa- 
tions remain, those of heat conduction and diffusion, and 
are soluble if reaction rate is a known function of temper- 
ature and reaction-product concentration. Solutions of 
these laminar-flame equations with various simple 
choices for this function are referred to. 

The second chapter of the seventh section, by Dr. Em- 
mons, begins with a more detailed analysis of laminar 
flames, and distinguishes propagation by heat conduction 
ahead of the reaction zone and propagation by diffusion 
of active species like atomic hydrogen. The former case, 
the “thermal flame’’, can be treated reasonably satis- 
factorily by matching an exponential temperature rise by 
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conduction to near the final temperature with a reaction- 
zone solution in which heat capacity is neglected and an 
Arrhenius rate equation is used. It is well established by 
the author that present knowledge of the relevant 
chemical kinetics simply does not warrant more elaborate 
analysis. 

Normal and oblique plane flame fronts are then treated 
as discontinuities, and the normal-flame-front conditions 
for steady flow in ducts are also discussed as representa- 
tions of flow at speeds greater than the flame speed 
through systems of oblique fronts. The vorticity produced 
at curved flame fronts is estimated, and calculations on 
the flame-front shape in ducts with flame-holders are 
referred to. 

Finally, the stability of the flame front to waviness of 
shape is treated by Landau’s theory, giving instability for 
all wavelengths, and by Markstein’s modification, 
assuming a flame speed which increases with curvature 
concave to the unburned gas; this gives instability only 
for large enough wavelengths, in agreement with obser- 
vations, some of which are exhibited photographically. 
Gravitational stability is noted as also important in some 
cases. 

The third chapter of the seventh section, by Sir 
Geoffrey Taylor and Dr. R. S. Tankin, is on detonation, 
and begins by giving the first satisfactory account in the 
book of the Chapman-Jouguet theory. After very careful 
discussions of the calculation of the Hugoniot curve (see 
the fourth section) for particular reactions, the authors 
describe “‘ideal experiments” that would produce different 
kinds of detonation waves. If a piston moved at constant 
speed into unburned gas at rest, which was ignited at the 
piston when it started to move, a solution by means of a 
“strong” detonation wave would be possible if the piston 
velocity exceeded the value appropriate to a Chapman- 
Jouguet condition. If, however, the piston velocity were 
initially the critical value producing a Chapman-Jouguet 
detonation, and then fell to a smaller value, no signal 
communicating this fact could be transmitted to the 
detonation front. Instead, a “simple wave” (progressive 
wave of rarefaction of finite amplitude) would separate 
the piston from the detonation front. This indicates 
that “weak detonations” would not be produced by any 
such mechanical process, and suggests that pistonless 
detonation would be accomplished by a Chapman- 
Jouguet wave followed by a centered simple wave of 
refraction. However, weak detonations are not intrinsic- 
ally impossible (fourth section), and could perhaps be 
realised by firing sparking plugs at a succession of points 
down the tube to ignite the mixture at a speed equal to 
the one required. 

The structure of the detonation wave, a shock wave 
followed by a continuous deflagration-type pressure fall, 
is analysed, and followed by a study of how the defla- 
gration in an explosive mixture accelerates, pushes a 
shock wave ahead of it, and turns it into a detonation, 
sending back as it does so a second shock wave (the so- 
called retonation wave). Experimental values on deto- 
nation speeds, which agree well with the Chapman- 
Jouguet theory, are quoted. Spherical detonations, with 
physical quantities behind them functions of r/t, are 
analysed; constant speeds of propagation, comparable 
with those for plane waves, are theoretically possible, 
and there is some observational evidence that they can 
occur. 

Oscillations in the flow in a circular tube behind a 
detonation wave are analysed by means of Bessel func- 
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tions and related to observations of “spinning deto- 
nation’’. The paper ends with an account of detonations in 
solid and liquid explosives, and modifications to the 
theory that are required in those cases. 

The eighth section is a survey of general and aero- 
dynamic aspects of the mechanics of “rarefied gases’’, that 
is, of gas flows in which an appropriate Knudsen number 
K (ratio of the mean free path / to significant dimension 
L of the flow field) is not negligibly small. For small 
Reynolds number R, this means that M/R is not negligibly 
small, and, for large R, that M/+/R is not negligibly 
small. Slight effects, calculable by using a “slip’’ boundary 
condition of Maxwell type, without changes in the equa- 
tions of motion, are found when M/R or M/,/R (according 
as R<1 or R>1) lies between 0.01 and 0.1. At the other 
extreme, when M/R exceeds 3, the mean free path is 
about 4.5 times the body size and the body is effectively 
in a stream of “free”’ (i.e. non-interacting) molecules with 
a certain velocity distribution. A more difficult, ‘“‘tran- 
sition”’ region lies in between. 

In “free molecule” flow, molecules re-emitted from the 
body surface do not affect those incident on it, so that 
there is no shock wave. The paper presents evidence that 
molecules leave the surface to the extent of about 90% 
with a velocity distribution typical of the surface temper- 
ature. Possibly the paper does not stress sufficiently the 
likelihood that such “‘accommodation coefficients’ may 
come down with increasing temperature. Next, a very full 
account of heat transfer to bodies and aerodynamic forces 
on bodies in free-molecule flow is given. 

Under the heading “‘slip flow’’, the attempts at im- 
proving on the Navier-Stokes equations of motion by 
going to the next term of the expansion in powers of the 
Knudsen number, following cither Burnett or Grad, are 
described and rejected as impracticable. The “slip” 
boundary conditions, and various solutions of the Navier- 
Stokes equations using them, are stated, and compared 
with experimental data, mostly very satisfactorily. 
Finally, a few observational results are given on the 
transition from the free-molecule to the slip-flow regime. 

M. J. Lighthill (Manchester) 
369 1a: 
Drasky, Jifi. Ein Beitrag zur Theorie der Wirbelbildung 


in Fliissigkeiten. Apl. Mat. 1 (1956), 216-236. (Czech) 
369 1b: 

Drasky, Jifi. Ein Beitrag zur Theorie der Wirbelbildung 
in Flissigkeiten. Apl. Mat. 1 (1956), 276-295. (5 plates) 


Czech. Russian and German summaries) 

The papers refer to the two-dimensional problem of a 
nonstationary flow during the origin of the turbulent 
vortex zone behind a blunt body. The observations show 
that in this case there exists behind a body a thin dis- 
continuity layer of a rotational flow which for a vanishing 
viscosity reduces to a discontinuity line. In this ideal 
fluid the problem can be attacked by means of analytic 
functions. The nonstationary discontinuity line separates 
two regular flow domains; this is expressed mathematical- 
ly as a nonstationary boundary value problem with the 
boundary curve partly depending on time (discontinuity 
lines) and partly not (the body itself). At each moment 
the solution of the problem can be expressed by means of 
an integral of Cauchy type. The author constructs the 
nonstationary potential of the flow field, which contains 
terms with a logarithmic singularity; it satisfies all the 
necessary conditions. The discontinuity line obtained is a 
logarithmic spiral with slope angle equal to 60° (external 
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region) or 45° (internal one). The series of experimental 
tests confirms both results. 

M. Z. v. Krzywoblocks (Urbana, IIL.) 
3692: 


Krasnosel’skii, M. A. On Nekrasov’s equation in the 
theory of waves on the surface of a heavy fluid. Dokl. 
Akad. Nauk SSSR (N.S.) 109 (1956), 456-459. (Russian) 

The problem of the existence of waves on the surface of 
a heavy fluid was reduced by A. I. Nekrasov [The exact 
theory of steady waves on the surface of a heavy fluid, 
Izdat. Akad. Nauk SSSR, Moscow, 1951; MR 15, 659] to 
the study of the existence of solutions of the nonlinear 
integral equation 


o(e)=af” K(x, ») sin g(y)(1-+m[® sin g(thde)-Ady, 


with K(x, y)=Dx-, (sin "x sin ny)/n. Nekrasov actually 
constructed solutions in the form (~—j,). In this paper 
theorems on operators in Banach space developed by 
the author [Topologiteskie metody v teorii nelineinyh 
integral’nyh uravnenii, Gosudarstv. Izdat. Tehn.-Teor. 
Lit., Moscow, 1956; MR 20 #3464; cf. Uspehi Mat. Nauk 
(N.S.) 9 (1954), no. 3(61), 57-114; MR 17, 769] are invoked 
to show that the existence of non-vanishing solutions in the 
neighborhood of each eigenvalue ju» follows directly from 
topological considerations. R. N. Goss (San Diego, Calif.) 


3693: 

Lavrent’ev,M. A. Cumulative charge and the principles 
of its operation. Uspehi Mat. Nauk (N.S.) 12 (1957), no. 
4(76), 41-56. (Russian) 

An elementary discussion of the jets formed by ex- 
plosion of shaped charges. M.G. Arsove (Seattle, Wash.) 


3694: 

Polubarinova-Kotina, P. Ya. On some non-statio 
motions of shallow water. Prikl. Mat. Meh. 21 (1957), 
783-794. (Russian) 

The author considers the problem of dissipation of a 
fluid column supported by a solid plane under the 
influence of gravity to be similar to an analogous problem 
in the flow of ground water. Thus, the problem is con- 
sidered in a ‘hydraulic’ formulation, by taking the average 
of the flow over the height. The equation obtained is 
similar to the Boussinesq equation in the theory of 
ground water motion. A self-similar solution of this 
equation is sought by using the method of L. I. Sedov 
[Similarity and dimensionality methods in mechanics, 
4th ed., Gosudarstv. Izdat. Tehn.-Teor. Lit., Moscow, 
1958; MR 19, 898] applied by G. I. Barenblatt to the 
investigation of self-similar solutions of the equations of 
motion of a fluid and gas in a porous medium. Basically, 
the results refer to the dispersion of a constant mass of 
fluid concentrated in an infinitesimal region at the initial 
instant. Certain results can be carried over to the case of 
adiabatic (isentropic) motion of a gas with the adiabatic 
index 2. (From the author’s summary). 

M. D. Friedman (Needham Heights, Mass.) 
3695: 

Regirer, S. A. Uniqueness of the solution of approxi- 
mate boundary problems in the d ics of an incom- 
pressible fluid of variable viscosity. Dokl. Akad. Nauk 
SSSR (N.S.) 117 (1957), 384-386. (Russian) 

The kinematic coefficient of viscosity »(x, y, z, é) and 
its first and second derivatives with respect to the 
coordinates are continuous and bounded in D+-B. When 
the initial condition Vo(x, y,z) in D and the boundary 
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condition for V on B (t>0) are given, the equations of 
motion for a liquid with the coefficient »(x, y, z, t) yield a 
unique solution V(x, y, z,¢) with continuous first deriva- 
tives. C. D. Calsoyas (Livermore, Calif.) 


3696: 

Tirskii, G. A. Unsteady flow with heat transfer in a 
viscous incompressible fluid between two rotating discs 
when there is injection of the fluid. Dokl. Akad. Nauk 
SSSR (N.S.) 119 (1958), 226-228. (Russian) 


3697 : 

Saffman, P. G.; and Taylor, Geoffrey. The penetration 
of a fluid into a porous medium or Hele-Shaw cell contain- 
ing a more viscous liquid. Proc. Roy. Soc. London. 
Ser. A. 245 (1958), 312-329. (2 plates) 

The present paper seems to be related to a previous 
investigation by one of the authors [Taylor, same Proc. 
201 (1950), 192-196; MR 12, 58). In that investigation, 
Taylor showed that “when two superposed fluids of 
different densities and negligible viscosities are accelerated 
in a direction perpendicular to their interface, this surface 
is stable or unstable for small deviations according as the 
acceleration is directed from the more dense to the less 
dense fluid or vice versa.” 

In the present paper the authors study stability 
problems related to the interface of two superposed vis- 
cous fluids forced by gravity and an imposed pressure 
gradient through a porous medium. Standard small 
perturbation theory is employed to solve the hydro- 
dynamical equations. Exceptionally simple expressions 
are derived for the instability criteria. These criteria 
seem to be in good agreement with experimental data ob- 
tained by other authors. 

{However, the authors’ analysis does not seem to be 
completely rigorous, mathematically. Many details are 
lacking. Besides, the authors do not seem to be aware of 
the fact that there exists a vast amount of literature 
concerning viscous fluid flow into porous (homogeneous 
and non-homogeneous) media in Russian and Romanian. 
A number of these contributions are reviewed in Mathe- 
matical Reviews.} K. Bhagwandin (Oslo) 


3698 : 

Bjergum, Oddvar. On the passage from laminar to 
turbulent flow. Univ. Bergen Arbok. Naturvit. Rekke 
1956, no. 7, 10 pp. 

The interaction between a mean flow and super- 
imposed two-dimensional disturbances is investigated by 
expanding the mean flow and the stream function of the 
disturbances in powers of the disturbance amplitude, 


U=Uo+U2+Us+::-, 
y=yitypetyst °°. 


Here y2, Uz are quadratic in the disturbance amplitude 
and so on. Substitution in the vorticity equation leads to 
recurrence equations and solutions of the equation 
relating Ug and y; are described. It is pointed out that 
stable (decreasing) disturbances may lead to a temporarily 
creasing change in mean velocity. Applied to describe 
Stationary turbulent flow between parallel planes, all 
disturbances must be neutrally stable, and it is suggested 
that this may be true in general. Some comments are made 
about the relevance of these results to the phenomena of 
transition and intermittently turbulent flow. 


A. A. Townsend (Cambridge, England) 
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3696-3702 





3699: 

%Munk, Max M. Elemen theory of turbulent fluid 
motion. The Catholic University of America Press, 
Washington 17, D. C., 1958. iii+-20 pp. 

The mathematical content of this paper is small. It 
presents an idiosyncratic view of turbulent motion as the 
movement of “lumps” which are produced by the mean 
flow and diffuse as far as they can by molecular diffusion. 
Extensive use is made of dimensional reasoning to derive 
an equation for the form of the mean velocity distribution, 
but the physical basis for the underlying assumptions is 
difficult to understand. The author derives the logarith- 
mic distribution of velocity for pipe flow and suggests that 
the accepted value of the critical Reynolds number is too 
high by a factor of two. 


A. A. Townsend (Cambridge, England) 


3700: 

Mackie, A. G. The solution of boundary value prob- 
lems for a general hodograph equation. Proc. Cambridge 
Philos. Soc. 54 (1958), 538-553. 

In this paper boundary value problems for a semi- 
infinite strip are solved for the equation 


ae ey 
oar +) pa =0: 


it is remarkable that general and explicit formulae are 
given for the solution, in which A(o) and the boundary 
function remain largely arbitrary. In the physical context 
we have the hodograph equation for the flow of an in- 
viscid compressible fluid, whose equation of state is 
arbitrary, and the chief problem treated is the flow of a 
subsonic stream past a finite wedge whose angle is 
arbitrary; the downstream flow leaves the shoulders of 
the wedge at sonic speed, and is bounded by free stream- 
lines which merge into straight rigid boundaries. Ex- 
pressions are found for the position coordinates and the 
drag. 

This is a definitive paper on the subsonic or sonic flow 
past wedges. It subsumes the approximate solutions 
found by previous authors, and allows their errors to be 
determined. T. M. Cherry (Melbourne) 


3701: 

Kanwal, R. P. Determination of the vorticity and the 
gradients of flow parameters behind a three-dimensional 
unsteady curved shock wave. Arch. Rational Mech. Anal. 
1 (1958), 225-232. 

Formulae are derived for the calculation of the local 
gradients of velocity components, pressure and density 
just downstream of a shock, in terms of the local values 
of these variables and gradients just upstream and of the 
metric of the shock surface. The formulae are made more 
explicit for shocks propagating into fluid of uniform state 
and motion. A simple, brief derivation of some generalised 
compatibility relations of Thomas for surfaces of kin- 
ematical discontinuity is also presented. 

R. E. Meyer (Providence, R.I.) 


3702: 

Gundersen, Roy. A note on shock flow in a channel. 
J. Fluid Mech. 4 (1958), 501-504. 

Dans un tube de section lentement variable, se propage 
une onde choc engendrée par un piston animé d’une vitesse 
constante; l’auteur calcule l’intensité du choc en fonction 
de la section du tube. H. Cabannes (Marseille) 





3703-3709 


3703: 

¥Friedlander, F. G. Sound pulses. Cambridge Uni- 
versity Press, New York, 1958. xi+202 pp. $7.50. 

Most textbooks on te theory of sound discuss princi- 
paily the periodic disturbance and say very little about 
aperiodic disturbances with clearly defined fronts (which 
the author chooses to call sound pulses). The present 
monograph attempts to fill this gap by providing a 
modern description of the theory of sound pulses and its 
recent develapments. Aside from the mathematical 
interest of the methods employed, there are many 
practical applications of the theory to echo depth finding 
equipment, seismic methods of prospecting, acoustic 
properties of halls, etc. 

The treatment is based on the theory of the linear 
hyperbolic partial differential equation — a method 
which the author feels is frequently simpler and more 
effective than the method of Fourier resolution. In 
addition to deriving the basic partial differential equa- 
tions, there is a careful discussion of wave fronts and 
characteristics, geometrical acoustics and their appli- 
cation to a number of reflection and diffraction problems. 
The monograph provides an interesting account of an 
aspect of wave motion. It will be of interest to those who 
are engaged in the broad study of wave motion, as well as 
in the narrow study indicated here. 

A. E. Heins (Pittsburgh, Pa.) 
3704: 

Totaro, Carmelo. Sulla riflessione e rifrazione in 
magneto-idrodinamica. Atti Accad. Naz. Lincei. Rend. 
Cl. Sci. Fis. Mat. Nat. (8) 24 (1958), 310-316. 


3705: 

Zel'dovié, Ya. B.; and Barenblatt, G. I. Asymptotic 
properties of self-preserving solutions of equations of 
unsteady motion of gas through porous media. Dokl. 
Akad. Nauk SSSR (N.S.) 118 (1958), 671-674. (Russian) 


OPTICS, ELECTROMAGNETIC THEORY, CIRCUITS 


3706: 

Pancharatnam, S. Generalized theory of interference 
and its applications. II. Partially coherent pencils. 
Proc. Indian Acad. Sci. Sect. A. 44 (1956), 398-417. 

L’auteur étend la représentation de la lumiére polarisée 
selon la méthode de H. Poincaré [Théorie mathématique 
de la lumiére, tome II, Gauthier-Villars, Paris, 1892; pp. 
275-285] a des faisceaux incomplétement polarisés ou in- 
complétement cohérents. Au lieu de faire état des vec- 
teurs unitaires qui ne représentent que la polarisation 
d'une vibration, il prend en compte des vecteurs dont les 
modules sont proportionnels aux intensités lumineuses et 
qu'il appelle vecteurs de Stokes. Au moyen de ces vec- 
teurs il représente complétement un faisceau idéal, et il 
démontre que cette nouvelle représentation est équiva- 
lente a celle de Stokes [Mathematical and physical papers, 
tome III, University Press, Cambridge, 1901; pp. 233- 
258]. Puis il définit les propriétés statistiques d’un fais- 
ceau et donne une méthode simple pour trouver le vecteur 
de Stokes qui représente le rayonnement produit par les 
interférences de » radiations partiellement cohérentes et 
dans n’importe quel état de polarisation. Enfin, il cal- 
cule l’intensité qui émerge d’un analyseur elliptique 
éclairé dans ces conditions. Un des problémes inverses est 
aussi traité: celui qui consiste 4 décomposer n’importe 
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quel faisceau en deux faisceaux de polarisations données, 
J. Laval (Paris) 
3707: 


Pancharatnam, S. Generalised theory of interference 
and its applications. III. Interference figures in trans- 
parent crystals. Proc. Indian Acad. Sci. Sect. A. 4§ 
(1957), 402-411. 

L’auteur analyse les diverses figures d’interférence, 
produites par n’importe quelle lame transparente placée 
entre un polariseur et un analyseur (rectiligne, circulaire 
ou elliptique), en s’appuyant sur la représentation géo- 
métrique de H. Poincaré [Théorie mathématique de la 
lumiére, tome II, Gauthier-Villars, Paris, 1892; pp. 275- 
285] étudiée dans la premiére partie de cette série de mé- 
moires [Proc. Indian Acad. Sci.; Sect. A44 (1956), 247- 
262; MR 19, 211}. Par cette méthode, il rend compte des 
singularités observées sur les spirales d’Airy beaucoup 
plus simplement que par les procédés classiques. Deux 
lames de quartz de méme coupe, d’égales épaisseurs mais 
de signes optiques opposés, superposées de telle sorte que 
leurs plans principaux se confondent, placées entre 
nicols croisés et éclairées en lumiére convergente, don- 
nent des figures d’interférence en forme de spirales. 
Cependant les deux lames superposées constituent une 
lame unique qui est optiquement inactive. Ces spirales 
sont les lignes isogyres de la lame équivalente. 

J. Laval (Paris) 
3708: 

Pancharatnam, S. Generalised theory of interference 
and its applications. IV. Interference figures in absorb- 
ing biaxial Proc. Indian Acad. Sci. Sect. A. 
46 (1957), 1-18. (2 plates) 

Dans deux mémoires précédents [same Proc. 44 (1956), 
247-262; MR 19, 211; et #3706 ci-dessus] l’auteur a gé- 
néralisé la méthode géométrique inventée par H. Poin- 
caré pour représenter la lumiére polarisée [Théorie ma- 
thématique de la lumiére, tome II, Gauthier-Villars, 
Paris, 1892; pp. 275-285). Par ce nouveau procédé, il rend 
compte d’une maniére générale et précise, des figures d’in- 
terférence obtenues avec des lames cristallines éclairées 
en lumiére convergente. Divers cas sont traités en dé 
tail: lame d’un biaxe dichroique optiquement inactif, 
éclairée en lumiére naturelle, en lumiére complétement ou 
partiellement polarisée, suivie ou non d’un analyseur 
elliptique. L’auteur présente en outre deux études nou- 
velles sur la disparition des anneaux dans certaines zones 
quand la lumiére incidente est partiellement polarisées, et 
sur la production de spirales par une lame optiquement 
inactive qui est éclairée en lumiére partiellement ou tota- 
lement polarisée rectilignement, et qui est suivie d’un 
analyseur circulaire. Les phénoménes prévus ont été 
observés et les photographies en sont données. 

J. Laval (Paris) 
3709: 

Fedorov, F.I. The optics of isotropic conducting media. 
Akad. Nauk BSSR Trudy Inst. Fiz. Mat. 1956, no. |, 
32-45. (Russian) 

The paper presents the optics of isotropic conducting 
media from a general point of view, i.e., it is not restricted 
to homogeneous waves. The treatment is vectorial and 
makes use of the complex vector of refraction. The 
properties of inhomogeneous waves in absorbing media 
are discussed in some detail. A method is indicated for 
determining the inductive capacitance and the conductiv- 
ity from measured values of the parameters of elliptical 
polarization of light reflected from any isotropic con- 
ducting medium. J. E. Rosenthal (Passaic, N.J.) 
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3710: 
Kuper, C.G. On the Bohm-Pines theory of a quantum- 
mechanical electron plasma. Proc. Phys. Soc. Sect. A. 


69 (1956), 492-495. 

In der Elektronentheorie der Metalle, (jedoch nicht in 
der Dynamik der Metallgitter), wird die Coulombsche 
Wechselwirkung der Elektronen vernachlassigt. Diese 
Wechselwirkung beriicksichtigen D. Bohm und D. Pines 
[Phys. Rev. (2) 85 (1952), 338-353; 92 (1953), 609- 
625] durch Einfithrung des Begriffes der Plasmaschwin- 
gungen in einem Elektronengas. Die genannten Verfasser 
fihren bei der Beschreibung des Elektronengases zu die- 
sem Zwecke tiberzahlige Veranderliche und eine zusiatz- 
liche Bedingung fiir jedes kanonisch konjugierte Paar 
dieser Veranderlichen ein, welche nach einer kanonischen 
Transformation als Koordinaten und Momente der Plas- 
maschwingungen erscheinen. 

Die Hamiltonsche Funktion des Elektronengases ist 
(l) H=z tpe/m+ 

2 -2 ‘_»/)— 25 f-2 

2ne egeeo k-2 exp th(x;' —x;') — 2nne he ‘ 

wo » die Zahl der Elektronen in der Volumeneinheit ist 

und die zwei letzten Glieder die von den Dichtesschwan- 

kungen der Elektronen herriihrende Energie bedeuten. 

Die iibrigen Symbole haben die gewohnte Bedeutung. 

Wenn gq,’ und 2,’ die tiberzahligen Veranderlichen sind, 
so wird nach Bohm und Pines 


(2) Hi=— be mem —t w (47xe?/k?)typm,’ exp(—ik-x;’) 


als zusatzliche Bedingung angenommen. Tatsichlich ist, 
wenn die Bedingung 2,"=0 erfiillt ist, H+H, mit (1) 
aquivalent. Der numerische Wert von y, ist in (2) noch 
nicht festgelegt. Bohm und Pines nehmen an, dass yy=0 
bzw. | ist. Tatsachlich findet man, wenn OSyzS1 ist, 
dass H+-H; positiv definit ist. Kuper zeigt jedoch, dass 
wenn yz>1 ist (die Coulombschen Krafte kurzer Reich- 
weite bedeuten dann eine Anzierung, was jedoch physika- 
lisch unplausibel ist), H+H, negativ unendlich werden 
kann; aus der Anschauung wiirde dagegen in diesem Falle 
eben eine Zunahme der Energie folgen. 

T. Neugebauer (Budapest) 


3711: 

Trubnikov, B. A. Radiation of plasma in magnetic 
field. Dokl. Akad. Nauk SSSR (N.S.) 118 (1958), 913- 
916. (Russian) 

3712: 


Crupi, Giovanni. Sui fronti d’onda nei corpi girevoli 
intorno ad un asse fisso. Boll. Un. Mat. Ital. (3) 13 (1958), 
100-104. 

The aim of this note is the calculation of the velocity of 
propagation of electromagnetic waves when the medium 
is a rotating dielectric. The classic expression of Fresnel- 
Fizeau is generalized. Author's summary 


3713: 

Maslennikov, M. V. Milne’s problem with an arbi 
indicatrix. Dokl. Akad. Nauk SSSR (N.S.) 118 (1958), 
895-898. (Russian) 


3714: 

Medina, Alejandro. On the generation of transfer 
functions by means of distributions. Rev. Mexicana Fis. 
7 (1958), 65-94. (Spanish. English summary) 

This paper deals with aspects of potential theory in two 

msions which are centered around the Dirichlet 
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3710-3718 


problem. The author has in view applications to network 
theory, such as those treated by Darlington [Bell System 
Tech. J. 30 (1951), 315-365; MR 13, 95]. However, he 
seems to overlook the fact that the double layers on 
which he bases his work are actually somewhat incon- 
venient for use in these applications. Much of the paper is 
devoted to an exposition of familiar parts of the theories 
of analytic and harmonic functions. The author’s own 
contributions consist of certain devices which are intended 
to facilitate the solution of the integral equation arising 
out of the Dirichlet problem. The reviewer has been 
unable to form any opinion as to the usefulness of these 
devices. L. A. MacColl (New York, N.Y.) 


3715: 

Vorel, Zdenék. On some applications of Liapounoff’s 
theory of stability in electrical machinery. Api. Mat. 1 
(1956),59-78. (Czech. Russian and English summaries) 

The paper gives a short review of Liapunov’s criteria 
for stability of a solution of a system of differential 
equations of first order and applies them to several 
examples taken from electrical engineering. 

C. Loewner (Stanford, Calif.) 


CLASSICAL THERMODYNAMICS, HEAT TRANSFER 
See also 3689, 3696. 


3716: 

Fényes, I. Uber das Prinzip von Le Chatelier und 
Braun. Acta Phys. Acad. Sci. Hungar. 8 (1958), 419- 
423. (Russian summary) 

The paper gives an exact derivation of the principle and 
a brief discussion of its range of applicability. 

J. Kestin (London) 
3717: 

Fréssling, Nils. Calculation by series expansion of the 
heat transfer in laminar, constant-pro boundary 
layers at nonisothermal surfaces. Ark. Fys. 14 (1958), 
143-151. 

The paper is a logical extension of the author’s well- 
known study of the transfer of heat from an isothermal 
surface [Lunds Univ. Arsskrift (N.F.) 36 (1940), no. 4; 
MR 2, 331; English Transl. NACA Tech. Memo. TM 1432 
(1958)]. The extension to non-isothermal surfaces is 
performed expertly, in that only universal functions are 
used. The derivation is restricted to temperature distri- 
butions which can be represented as power series in the 
length coordinate x and for free-stream velocity distri- 
butions which can, equally, be represented by similar 
power series. The method is an adaptation of that due 
to Blasius and extended by Howarth. 

As is usual in problems of this kind, the question of the 
convergence of the resulting power-series solution is not 
examined. The paper omits a very large amount of 
tedious, but otherwise straightforward, algebraic com- 
putation and contains tables of some of the universal 
functions required in applications. J. Kestin (London) 


3718: 

Tideman, Magnus. On the temperature distribution in 
thin flat plates with laminar su boundary layers. 
Svenska Aeroplan A.B. Tech. Notes no. 39 (1958), 10 pp. 

The differential equation for this problem (heating of a 
semi-infinite flat plate, originally at uniform temperature, 





3719-3724 


by a supersonic stream blowing over it in a direction 

rpendicular to its leading edge) is stated, with reference 
to H. Schuh [Svenska Aeroplan A.B. Rep. LAT-O-R 4 
(1957)] and H. M. Parker [NACA Tech. Note TN 3058 
(1953)]. Approximate solutions are then constructed, 
some properties are deduced, and comparisons are made 
with earlier results. W. R. Sears (Ithaca, N.Y.) 


QUANTUM MECHANICS 
See also 3301, 3732. 


3719: 

Klein, Abraham. On the concept of potential in 
quantum field theory. Progr. Theoret. Phys. 20 (1958), 
257-266. 

The attempt to reduce the Bethe-Salpeter equation, 
describing the interaction of a pair of nucleons via the 
meson field, to a Schrédinger-type equation, has led to 
different results according to the method of approximation 
adopted. This paper reexamines the relative merits of two 
forms of the inter-nucleon potential, derived by Taketani, 
Machida and Onuma (T.M.O.), and by Brueckner and Wat- 
son (B.W.). It is shown that the T.M.O. potential involves 
one approximation more than the B.W. potential, and is 
therefore presumably less accurate. The discrepancy is 
important at energies of the order of 100 Mev. 


H. S. Green (Adelaide) 


3720: 

Schwinger, Julian. On the Euclidean structure of 
relativistic field theory. Proc. Nat. Acad. Sci. U.S.A. 
44 (1958), 956-965. 

This paper establishes a correspondence between the 
usual quantum field theory with its Lorentz group and a 
theory based on a four-dimensional Euclidean group in 
terms of the Green’s functions G, and G- (vacuum ex- 
pectation values of the time ordered products of field 
operators). For this purpose, Gs, G— are continued 
analytically in ¢ to give Gi(t->—1ix4), G_(t->+-1x4). Since 
the representations of the Lorentz group form a larger 
system than that of the Euclidian group, the requirement 
that such a correspondence should exist leads to two 
important physical results. 

(1) One can also obtain the Euclidean form independent- 
ly by constructing the six antisymmetric and imaginary 
infinitesimal operators S,, and the four reflection 
operators R, of the Euclidean group from those of the 
Lorentz group. This necessitates the introduction of an 
imaginary, anti-symmetrical matrix for Fermi-Dirac 
fields showing that every half-integer spin field must 
carry a fermionic charge (nucleonic or leptonic charge), 
i.e., there are no Majorana particles. 

(2) Completely real Euclidean Green’s functions G, ®) 
can be defined only if a charge reflection symmetry is 
introduced between them. Translated back, this means 
that the Lorentz Green’s functions are invariant under 
charge and time reflection (or charge and space-re- 
flection), which provides a new basis for the parity non- 
conserving interactions. 

The correspondence between Lorentz and Euclidean 
Green’s functions, their differential equations and explicit 
constructions are discussed. A. O. Barut (Syracuse, N.Y.) 
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3721: 

Goldberger, M. L.; Nambu, Y.; and Oehme, R. Dis- 
persion relations for nucleon-nucleon scattering. Ann. 
Physics 2 (1957), 226-282. 

Dispersion relations for nucleon-nucleon scattering are 
presented. No proofs are given. (In fact Bremermann, 
Oehme and Taylor [#3722 below] have shown that, even 
for forward scattering, the relations can not be proved by 
present methods if m,<(4/2—1)my, where m, and my 
are pion and nucleon masses.) The important result of 
this paper is the demonstration that the dispersion re- 
lations for nucleon-nucleon scattering necessarily involve 
the nucleon-antinucleon amplitude. 

A. Salam (London) 


3722: 

Bremermann, H. J.; Oehme, R.; and Taylor, J. G, 
Proof of dispersion relations in quantized field theories, 
Phys. Rev. (2) 109 (1958), 2178-2190. 

All functions of two or more complex variables which are 
analytic in a certain domain D are analytic in a domain 
E(D) 2D called the envelope of holomorphy of the domain 
D. This result is used in an investigation of the analytic 
properties of two-particle scattering amplitudes in 
quantized field theories. The axioms of field theory 
furnish us with a domain of analyticity of the retarded 
and advanced amplitudes, a suitable subdomain of which 
is a generalized semitube Dg. For restricted values of the 
momentum transfer, the construction of the envelope 
E(Dg) enables the authors to prove certain dispersion 
relations. The dispersion relations for pion-nucleon 
scattering are proved for momentum transfer less than 
2\/2M-_, where M, is the mass of the pion. With the 
semitube method physical nucleon-nucleon dispersion 
relations cannot be proved. The possibility of further 
analytic properties consequent on the relation of the two- 
particle amplitudes to the four-body Green’s function 
is acknowledged. The ‘‘edge of the wedge’’ theorem used 
in the construction of the envelope is stated and proved in 
the appendix. E. C. G. Sudarshan (Cambridge, Mass.) 


3723: 

Oehme, Reinhard. Vertex function in quantized field 
theories. Phys. Rev. (2) 111 (1958), 1430-1432. 

The analytic properties of the vertex function in 
quantized field theories following from the general 
axioms of field theory are partially incorporated in an 
integral representation studied in this paper. The limi- 
tations on the domains of analyticity found in the repre- 
sentation are, in part, reproduced in perturbation theory, 
thus providing “some insight into the question of further 
analytic continuation”. The author concludes that “more 
information about the properties of certain intermediate 
states should be used... in order to guarantee the 
validity of dispersion relations in some physically inter- 
esting cases” (nucleon-nucleon scattering, for example), 
but this conclusion does not necessarily follow. 

E. C. G. Sudarshan (Cambridge, Mass.) 


3724: 

Ruelle, D. Représentation des formes en y et y. 
Acad. Roy. Belg. Bull. Cl. Sci. (5) 44 (1958), 466-471. 

The well-known bilinear forms @Oy, generalized to 
include also y* as a factor, are written with the help of 
Giirsey’s wave matrices. The assumption is made that 
anticommutes with @ as well as with itself. Some identities 
are also derived. Author's summary 
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3725: 

Lane, A. M.; and Thomas, R. G. R-matrix theory of 
nuclear reactions. Rev. Mod. Phys. 30 (1958), 257-353. 

Many features of nuclear reactions are independent of 
the special structure of the nucleus, but are solely due to 
such general properties as finite size and spherical 
symmetry. A formal theory of these structure-independent 
features has been developed by Wigner and co-workers, 
who introduced the R-matrix as a suitable means to 
describe nuclear reactions. The present article gives a 
very complete and carefully written account of this 
theory. Before the rather involved general case is treated, 
the simple case of a spinless particle scattered by a fixed 
potential is used to develop the basic ideas. The following 
list of subjects is meant only as a rough indication of the 
contents: Introduction; definition of reaction channels; 
the eigenvalue problem for the internal region; example: 
spinless particles in potential field; mathematical proper- 
ties of R; the R-matrix and the collision matrix in the 
general case of reactions; resonance levels and comparison 
with earlier theories; elimination of channels; the case of 
densely distributed resonance levels; one level and two- 
level formulas; special topics. 

The main difficulty of the theory is that the definition 
of R is not uniquely determined by the physical processes 
that are to be described by it, but involves several 
arbitrary elements, viz., the surface S separating the 
internal and the external regions, and the boundary 
condition on ¥. This difficulty is clearly stated and the 
consequences are discussed throughout the paper. {In the 
reviewer's opinion it is a decisive reason for abandoning 
the R-matrix in favor of the collision matrix.} The follow- 
ing remarks are meant as only minor criticisms. The role 
of the eigenfunctions X)jyz on p. 270 is not made quite 
clear. In the last line of p. 276 the term ‘“‘non-uniform 
convergence’’ is used incorrectly. The proof that leads to 
equation (8.4) on p. 281 is wrong. The fundamental 
formulas connecting the cross-sections with the collision 
matrix are obtained on p. 293 in an unduly complicated way. 
, N. G. van Kampen (Utrecht) 

726: 


Sokolow, A.; und Kerimow, B. Zur Theorie der Dirac- 
Teilchen mit orientiertem Spin. Ann. Physik (7) 2 (1958), 
46-53. 

The wave functions which describe polarized Dirac 
particles are written down and are used to discuss polar- 
ization effects in B-decay and pion decay. 


P. W. Higgs (London) 
3727: 7 


Olbert, Stanislaw; and Stora, Raymond. Theory of 

high-energy N-component cascades. Ann. Physics 1 
(1957), 247-269. 
_ It is a fairly straightforward procedure to set up the 
integrodifferential diffusion equations describing the 
longitudinal one dimensional behaviour of nucleon 
cascades. Hitherto, except in the cases where the cross 
sections of the nucleon-nucleon, meson-nucleon and 
meson-meson collisions have a special form (homogeneous 
in regard to the primary and secondary energies), it has 
not been possible to obtain solutions of the diffusion 
equations which are readily tractable numerically. 

The authors are able to find analytic solutions of the 
diffusion equations, using Laplace-Mellin transforms, in 

case where the collision cross sections are of a more 
general form than those expressed by homogeneous 
functions. Defining the cross section as Ky(E, E’)dEdx, 
which represents the average number of particles of the 
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3725-3730 


ith type with energies between E and E+-dE produced in 
a thickness dx by a particle of the jth type of energy E’, 
then it is shown that analytic solutions to the equations 
may be found when Ky(E, E’) has a form such that 


i) E*Ky(E, E’\dE=Gy(s)Eo, 


where G(s) and o(s) are some suitable functions of the 
complex parameter s, independent of the energy of the 
producing particle, E’. 

Numerical results are given for the average number of 
particles at various depths and for various primary and 
secondary energies when Fermi’s or Landau’s modes of 
meson production are used. H. Messel (Sydney) 


3728: 

Feld, Bernard T. Mesons and the structure of nucleons. 
Ann. Physics 1 (1957), 58-76. 

The static properties of physical nucleons, like magnetic 
moments, charge distributions, and the neutron-proton 
mass difference, are studied in terms of an atomic model 
of the nucleon. The model consists of a nucleon core 
surrounded by a pion cloud in a #, state. To obtain 
agreement with experimental results, “the core must be 
given properties both of size and of structure which 
deviate considerably from those of Dirac nucleons”, and 
this is taken as an indication of the relatively strong 
coupling which characterizes the Yukawa interactions. 
This simple model already illustrates the problems of 
nucleon structure encountered (but not solved!) in more 
sophisticated field-theoretic investigations. 

E. C. G. Sudarshan (Cambridge, Mass.) 


RELATIVITY 
See also 3573. 


3729: 

Blancheton, Eliane. 
relativité générale. 
420-422. 

[Suite dela Note, mémes C. R. 245 (1957), 284-286; MR 
19, 815]. L’auteur écrit la composante Zp° de la variation 
du tenseur d’Einstein au voisinage d’une solution sta- 
tionnaire et montre par une formule de divergence I’exis- 
tence de singularités du champ extérieur dans un domaine 
meublable par un champ intérieur voisin d’un champ 
stationnaire, et étend ce résultat au cas de la théorie de 
Jordan-Thiry. Y. Fourés-Bruhat (Marseille) 


Equations aux variations de la 
C. R. Acad. Sci. Paris 247 (1958), 


3730: 

Souriau, Jean-Marie. La seconde invariance en rela- 
tivité variationnelle. C. R. Acad. Sci. Paris 246 (1958), 
3588-3590. 

L’auteur considére l’espace fibré principal dont les 
éléments sont les repéres et I” la fibre type [cf. J. M. 
Sourian, La relativité variationnale, Publ. Inst. Tunis 
(1958)]. La présence d’un phénoméne physique défini par 
un champ de repéres est de la forme: 


p=(A, %A, Bre), 


ot A est un élément de I. 

Le phénoméne posséde la seconde invariance si sa 
présence est invariante par la substitution A—AApo, ot 
Apo est un élément fixe arbitraire de I. 









3731-3736 


L’auteur en déduit, dans le cas ot! A est une matrice 
carrée réguliére d’ordre 4, des équations de champ 4 of 
constantes universelles (3 si l’univers n’est pas orienté.) 

Y. Fourés-Bruhat (Marseille) 


3731: 

Synge, J. L. Whittaker’s contributions to the theory of 
relativity. Proc. Edinburgh Math. Soc. 11 (1958), 39-55. 

In this article the author critically reviews the late Sir 
Edmund Whittaker’s ten papers on relativity, written 
during the years 1921-1937. 

If the text-books are anything to go by, these papers 
have not had much impact on the development of rela- 
tivity, but some of them are well-known to technicians, 
especially those on light-propagation, the definition of 
distance, and Gauss’ theorem. 

The author has succeeded in conveying with charm and 
penetration both the essentials of the papers and also 
Whittaker’s general attitude towards mathematical 
physics. “He had, it seems, no consuming passion for 
physical reality, no more than Lagrange or Hamilton had; 
he was more akin to them intellectually, than to Newton 
or Maxwell or Kelvin or Rayleigh.” 

D. W. Sciama (London) 
3732: 

Duan’, I-Shi. General covariant equations for fields 
of arbitrary spin. Soviet Physics. JETP 34(7) (1958), 
437-440 (632-636 of Russian original). 

This paper represents a straight-forward generalization 
of wave equations for particles of arbitrary spin from 
Minkowski to Riemann spaces. The author appears to be 
specially interested in one term which contains the (spin-) 
affine connection as a factor. He interprets this term as 
an extra mass operator, which is at variance with the 
usual interpretation, according to which part of this term 
may be interpreted as electromagnetic interaction. 

P. G. Bergmann (New York, N.Y.) 
3733: 

Kalitzin, Nikola St.; und Todorov, Iwan. Uber einige 
singulare Lésungen der Maxwell-Einsteinschen Gleichun- 
gen, welche die Lichtquanten darstellen kénnen. Wiss. 
Z. Humboldt-Univ. Berlin. Math.-Nat. Reihe 7 (1957/58), 
199-206. (Russian, English and French summaries) 

The authors examine some singular solutions of the 
combined Maxwell-Einstein field equations which propa- 
gate with the speed of light, and without change of profile, 
along the z-axis. They suggest that these solutions be 
considered as (classical) models of light quanta. Actually, 
these solutions are obtained in the weak-field approxi- 
mation, which obviously breaks down at a singularity 
such as the one assumed by the authors, which at any 
given instant has the shape of a line. The authors claim 
to obtain ‘photons’ of spins 0 and 1. In a prefatory 
statement the editors of the journal characterize this 
paper as an interesting attempt which is offered for 
discussion. P. G. Bergmann (New York, N.Y.) 


3734: 

Kalitzin, Nikola St. Uber eine einheitliche Feldtheorie. 
Wiss. Z. Humboldt-Univ. Berlin. Math.-Nat. Reihe 7 
(1957/58), 207-213. (Russian, English and French sum- 
maries) 

In this paper the author constructs a new unified field 
theory by extending the five-dimensional formalism of 
Keluza to a Riemannian space of infinitely many di- 
mensions, which is to be cylindrical in all but four di- 
mensions. As a result, he obtains a multiplicity of (formal- 
ly identical) Maxwell-type fields, all of which he interprets 
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as electromagnetic. He then conjectures that the simul- 
taneous presence of » non-vanishing singular solutions of 
the type suggested in the paper reviewed above is to be 
interpreted as the presence of » photons. Their field 
strengths do not add, but energy-momenta are subject 
to linear superposition. He finally refers to the obser- 
vations of Schein, Kaplon, Ritson, and the Torino group, 
who have reported the production of up to 20 high- 
energy photons in a single nuclear collision, as an ex- 
perimental confirmation of his theory. 

P. G. Bergmann (New York, N.Y.) 
3735: 

Trautman, A. Boundary conditions at infinity for 
physical theories. Bull. Acad. Polon. Sci. Sér. Sci. Math. 
Astr. Phys. 6 (1958), 403-406. 

L’auteur remarque que la solution de |l’équation des 
ondes: 


Ag—@q/ dt? = —4ap 


(p nul en dehors d’une région spatialement bornée) donnée 
par les potentiels retardés satisfait a des conditions a 
l’infini dans l’espace de la forme: 


g=O(r), 9,=vhk,+O(r-*), 
ou 
y=O(r-), kr=(1, n*), 
y satisfait alors 4 la condition de radiation de Sommerfeld 
limy_.co TR*P,,=limMy.co (7(Ap/dt)+-7(8p/dr)) =o, le tenseur 
d’impulsion-énergie correspondant a alors la forme asymp- 
totique 


n= 28/7. 


4nT ,,=y*kh,k, +0(r-9) 
et la radiation d’énergie est 


4nW, =f ,T,tmedS= | yh,as 


ou S est la surface “a l’infini’” d’une sphére spatiale. 
L’A. adapte ensuite les conditions précédentes aux 

équations de Maxwell, compte tenu de Il’invariance de 

gauge et formule pour le potentiel électromagnétique AF: 


Art=O(r-}), Ay o=Byket+O(r-*) 
ou 
B,=O(r-1) et B,ke=O(r-%). 


Asymptotiquement le champ est alors une onde plane 
et le tenseur T,,, a la forme: 


4nT = —B,Bek,k,+-O(r-8) 


(fluide de masse au regres nulle, champ électromagné- 
tique singulier de Lichnerowicz et Mariot). 

Y. Fourés-Bruhat (Marseille) 
3736: 

Trautman, A. Radiation and boundary conditions in 
the theory of gravitation. Bull. Acad. Polon. Sci. Sér. 
Sci. Math. Astr. Phys. 6 (1958), 407-412. 

L’A. propose d’imposer aux champs de gravitation dus& 
des sources isolées les conditions 4 |’infini suivantes: 

Suv=Vu»t O(r-), Suv.p— uv p t+O(r-*) 
ou 
hyy= O(r-) , i 4Y py? pg=O(r-*) 
(la derniére condition exprime que les coordonnées sont 
asymptotiquement harmoniques). 


L’impulsion énergie totale, P,, du champ est alors 
définie, invariante par des changements de coordonnées 
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conservant la forme des conditions asymptotiques. 
La radiation entre deux hypersurfaces o et o’ est: 


Pyu=P,(o)—P,(0’). 


L’A. compare ses résultats avec ceux de Pirani et Lich- 
nerowicz: il montre que ses conditions asymptotiques et 
la condition additionnelle g,,,,p=h,,,pto+O(r-*) impli- 
quent 


ky, Rypjor0, R#R,,ypo~0, 


les égalités strictes correspondantes sont les conditions de 
radiation pure de Lichnerowicz [C. R. Acad. Sci. Paris 
246 (1958), 893-896; MR 19, 1237}. 

Y. Fourés-Bruhat (Marseille) 


ASTRONOMY 
See also 3658a-b. 


3737: 

Wilkens, Alexander. Eine himmelsmechanische Cha- 
rakteristik des Systems der periodischen Kometen des 
Sonnensystems. Bayer. Akad. Wiss. Math.-Nat. KI. 
S.-B. 1957, 105-121 (1958). 


3738 : 

Lawden, D. F. Mathematical problems of astronautics. 
Math. Gaz. 41 (1957), 168-179. 

An expository article based on a talk given to the 
Sheffield and Midland Branches of the Mathematical 
Association. 


3739: 

Schoenberg, Erich. Eine hydrodynamische Theorie der 
aquatorialen Beschleunigung der Sonne und der Bildung 
von Sonnenflecken. Bayer. Akad. Wiss. Math.-Nat. KI. 
Abh. (N.F.) no. 85 (1958), 22 pp. 

The new results from statistical investigations con- 

cerning the movements of the sun-spots as given by 
Richardson and M. Schwarzschild, Becker, and Tuominen 
are given a pure hydrodynamical explanation. Such an 
approach has already been tried by Emden [S.-B. Bayer. 
Akad. Wiss. Math.-Phys. Kl. 31 (1902), 339-362], who 
stated that the sun-spots are developed as whirls on the 
border-line between two zones with different speeds of 
rotation. 
_ With the aid of the Navier-Stokes differential equations 
in a coordinate system, following the rotation of the zones 
north and south of a zone between +20° and —20° 
solar latitude, the drift of the spots towards the solar 
equator and the drift in longitude of the spots are de- 
scribed, the time for the drift from 20° solar latitude to 
the equator being put equal to one sun-spot period, i.e., 
11.2 years and the drift in longitude is taken to be 720° 
in one sun-spot period. A minimum value of the viscosity 
is derived and it is found that, for a turbulence element of 
the dimensions of a granula, the Reynolds number is so 
large, that the motion certainly is turbulent. 

A simple sine wave is used for describing the periodicity 
of the sun-spots. The opposite directions of the rotational 
motion of the two members of a sun-spot pair are ex- 
plained analogously to the water whirls which arise by 
rowing. The reversing of the direction of the rotational 
motion between even and odd sun-spot periods is not 
explained by the simple model. The author, however, 
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3737-3743 


states qualitatively that an overhanging wave should 
give a possible explanation to this phenomenon. 

E. Lyttkens (Uppsala) 
3740: 

Neugebauer, Th. Zu dem Problem des Hubbleeffektes. 
Acta Phys. Acad. Sci. Hungar. 8 (1958), 365-385. (Rus- 
sian summary) 

Following the ideas of one of his previous papers [Acta 
Phys. Acad. Sci. Hungar. 4 (1954), 31-48], the writer 
considers the possibility of explaining the fading out of 
the pictures of distant spiral clouds by assuming that the 
Hubble effect (shifting of spectral lines) can be inter- 
preted as some sort of dispersion of light caused by 
certain species in space. In the first part he assumes the 
validity of the classical Newtonian mechanics and con- 
siders the process of collisions of photons with small 
particles with the result that the possible fading out of the 
pictures goes to zero. In the second part he considers the 
collisions with the particles subject to the relativistic 
phemonena (neutrinos) with the result that there again 
does not appear any change in the direction of light. 

M. Z. v. Krzywoblocki (Urbana, IIL.) 


GEOPHYSICS 


3741: 

Monin, A. S. Variations of in a baroclinic 
atmosphere. Izv. Akad. Nauk SSSR. Ser. Geofiz. 1958, 
497-514. (Russian) 

En vue d’utiliser des machines électroniques pour la 
prévision du temps il s’agit de considérer des équations 
simplifiées qui s’approchent le plus des observations. A 
cet effet l’auteur utilise le fait qu’a l’échelle synoptique le 
gradient de pression et la force de Coriolis s'équilibrent ; 
de cette fagon les accélérations des particules d’air sont 
trés petites (par rapport a l’accélération de Coriolis) et le 
vent est quasi géostrophique. M. Obuhov a étudié le cas 
d’une atmosphére barotrope, l’auteur étudie les résultats 
obtenus par différents auteurs dans une approximation 
quasi-géostrophique pour une atmosphére barocline. 

M. Kiveliovitch (Paris) 
3742: 

Obuhov, A. M. On the accuracy of pre-computation of 
advective changes of fields in numerical weather predic- 
tion. Izv. Akad. Nauk SSSR. Ser. Geofiz. 1957, 1133- 
1141. (Russian) 

L’auteur se propose d’étudier la nature des erreurs 
commises en remplacgant les équations aux dérivées par- 
tielles par des équations aux différences finies. A cet 
effet il choisit un cas assez simple dans lequel les varia- 
tions du champ ont un charactére advectif. On trouve, en 
comparant les résultats avec les cas réels, des differences 
assez sensibles. L’auteur étudie aussi l’effet d’adoucisse- 
ment. M. Kiveliovitch (Paris) 


OPERATIONS RESEARCH AND ECONOMETRICS 


3743: 

Carter, H. 0.; and Hartley, H. 0. A variance formula 
for i productivity estimates using the Cobb- 
Douglas Econometrica 26 (1958), 306-313. 


3744-3750 


3744: 

Cherubino, Salvatore. Sulladinamicaeconomica. Atti 
Accad. Naz. Lincei. Rend. Cl. Sci. Fis. Mat. Nat. (8) 
22 (1957), 281-285. 

A problem and some references to other works of the 
author, notably: L’Industria, 1956, no. 3, 302-336. 

K. J. Arrow (Stanford, Calif.) 
3745: 

Luhn, H. P. A business intelligence system. 

J. Res. Develop. 2 (1958), 314-319. 


IBM 


3746: 

Lange, Oskar. Some observations on input-output 
analysis. Sankhya 17 (1957), 305-336. 

This article surveys the basic principles of economic 
input-output analysis. The analogy between the “‘schemes 
of reproduction’”’ developed by Karl Marx and the input- 
output tables in current literature is demonstrated. The 
article also gives a dynamized version of the usual input- 
output model, applicable to the study of investment and 
economic growth. T. Haavelmo (Oslo) 


3747: 

Bellman, Richard. Dynamic p: and sto- 
chastic control processes. Information and Control 1 
(1958), 228-239. 

Let x(t) be a finite dimensional vector, r(¢) a random 
function of time with known properties. Feedback control 
is a vector function v(¢). The continuous form of the prob- 
lem is: dx/dt=g{x, r(t), v(t)], x(0)—c. The functional 
J (v) =F h(x—y)dG(t) is to be minimized, where y is the 
undisturbed solution of the differential equations and 
h(z) is a scalar function of the vector z. This problem is 
replaced by the discrete problem: Divide the interval 
(0, 7) into N parts of length A and write: x(kA)=<,, 
r(kA)=rp, v(kA)=v,z. The differential equations are 
replaced by difference equations: *_41—*x,p—=g(*x, 7x, UE) A, 
xo=c. Now we minimize the expected value (EZ) of J: 
E] ({vx}; a) =SPaS h(xx, re, ve)-+-m(xn) with respect to vz 
for k=a, a+1, ---, N—1, where a is an integer from 
(0, N—1). Here xp41—%p=@(%e, re, Ve), REa, xg=c. If 
fa(c)=min EJ ({vg}; a) over all policies, i.e., choices 
of vg, fy—i(c)=min E[h(xy-1, rw-1, Uw-1)-+m(xy); xw=c 
+g(c, rw-1, Uw-1). The recurrence relation is: fgq= 
min Efh(c, ra, Vva)+fa+il¢+g(c, ra, Va)}} for vq and rq. 
The values /, can be computed recursively. 

This method is applied to a discrete version of the Van 
der Pol equation with a forcing term, which also includes 
an additive random term. A sequence of independent 
random variables is analyzed, and also correlated random 
variables are represented by a simple Markoff process. 

G. Tintner (Ames, Iowa) 
3748: 

Blackett, D. W. Pure strategy solutions of Blotto 

games. Naval Res. Logist. Quart. 5 (1958), 107-109. 


INFORMATION AND COMMUNICATION THEORY 


3749: 

Tihomirov, V. M. On the e-entropy of some classes of 
analytic functions. Dokl. Akad. Nauk SSSR (N.S.) 117 
(1957), 191-194. (Russian) 


Kolmogorov [same Dokl. 108 (1956), 385-388; MR 18, 
324; considered the amount of information which can be 
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said to be contained in the approximate specification of 
an element of a set. The author considers questions of this 
kind for some spaces of analytic functions. Let F be a 
space of analytic functions defined on a segment |—T, T] 
of the rea] axis, with the maximum difference as distance, 
Denote by N,7(F) the minimal number of elements of an 
e-covering of F; then H,7(F)=loge N,7(F) is the e- 
entropy of F on [—T, T]. The following spaces are con- 
sidered: A,7(M), functions bounded by M in the set of 
points of the form z=t+-4, |u/Sh, —TStsT; Fy,,.7(M), 
entire functions such that |f(t+«)|SM exp(—olu/*), 
—TstsT, s21; B,(M), entire functions / such that 
\/(z)|SMe'w',. The author shows that, as e—0, 


(2o/z)log (1/e)~ lim inf (27)-1H-"(B,(M)) 


~lim sup(27)-1H.7(B,(M)) ; 








HP (Aa (M)) = (re ey +1} log( 1/4) 
HP (Fee?(M))= {a le) +1} tog (1/e), 


log(7-* log(1/e)4/*+-1 


the latter two uniformly in T. [The ~, = notation is 
attributed to Bourbaki!] Some simpler consequences are 
noted. The author restates the first result in the form 
that the amount of information involved in giving an 
element of B,(M) on a segment of length 7 is, for large r, 
equivalent to the amount of information in giving 2o7/z 
real numbers. He states that the same theorems hold for 
the e-capacity, which is the logarithm to the base 2 of the 
maximal number of elements of a subset of F such that 
any pair of elements of the subset are more than e apart. 


R. P. Boas, Jr. (Evanston, IIL) 


3750: 
VituSkin, A. G. The absolute e-entropy of metric 
Dokl. Akad. Nauk SSSR (N.S.) 117 (1957), 745- 
747. (Russian) 

Verf. befaBt sich mit e-Netzen in metrischen Raumen 
und damit zusammenhangenden Entropie-Definitionen 
[vgl. Kolmogorov, dieselben Dokl. (N.S.) 108 (1956), 
385-388 ; MR 18, 324]. Es sei F ein kompakter metrischer 
Raum und ¢ eine Erweiterung von F (mit vertraglicher 
Metrik). N.¢(F) bedeutet die Minimalzahl von Elementen, 
die eine Teilmenge von ¢ haben muB, wenn sie F mit 
Genauigkeit e approximiert (Abstand (/, p)Se fiir p=p/(f)). 
Unter der relativen e-Entropie von F (beziiglich ¢) ver- 
steht Verf. nun die Zahl H,¢#(F)=log N,%(F) (wo log= 
loge). Weiter definiert er H,(F)=log N,(F) als die abso- 
lute Entropie von F, wobei N,(F) die kleinste Anzahl 
von Mengen mit Durchmesser <2e bedeutet, die F iiber- 
decken. Laut Satz | ist H,(F)=inf H,%(F) (iiber alle Er 
weiterungen genommen). Die untere Grenze wird erreicht 
fiir ¢=C(0, 1). (Man beachte: F 14Bt sich in C(O, 1) eim- 
betten; in C(0, 1) ist jede Menge mit Durchmesser 2r in 
einer Kugel vom Radius 7 enthalten.) Die GréBen H be- 
stimmen auch den Umfang von “Tafeln” im Raum F. 
SchlieBlich errechnet Verfasser H, bis auf ein Restglied 
fiir verschiedene Funktionenréume und verscharft damit 
Ergebnisse von Kolmogorov [siehe oben] und Tihomirov 


[ #3749 oben stehend]. 
K. Zeller (Tibingen) 
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CONTROL SYSTEMS 
See also 3747. 


3751: 

Pugatev, V. S. Determination of optimal system in 
terms of a general criterion. Avtomat. i Telemeh. 19 
(1958), 519-539. (Russian. English summary) 

This is one of a series of papers by the author dealing 
with various applications of his method of canonical 
resolutions to the design of linear and nonlinear systems 
[Theory of random functions and its application to 
problems of automatic control, Gosudarstv. Izdat. Tehn.- 
Teor. Lit., Moscow, 1957; MR 20359]. Let Z(t), 
te T=set of points on the real line, be a random input to 
a system characterized by an operator A. Let W(s) and 
W*(s), se S, denote, respectively, the desired and actual 
outputs of the system (W*=AZ). The criterion function 
is taken to be of the form p=E{r(W(s), W*(s))}, where 
r(-, *) isa loss function having as arguments the functions 
W\s) and W*(s). The problem is to find an operator A 
which minimizes p. The functions Z(f) and W(s) are 
assumed to admit the representations Z(#)= S¥_, Unga(t) 
+X(t), W(s)=Xn-1 “npn(s)+Y(s), where the pp(é) are 
given functions, the p,(s) are linearly related to the ga(é), 
the U, are random variables, and the process 
[{X ()}, {Y (s)}] is Gaussian and independent of the random 
vector (U;, Us, -- -, Uw). By using canonical resolutions for 
X(t) and Y(s), the author obtains implicit expressions, 
too involved to relate here, for the optimal operator A. 
In a special case, A assumes the form 


AZ=}(s, AMZ, AZ, ---, AMZ), 


where the A are linear operators and f is an ordinary 
function of N+-2 variables. The method is illustrated by 
three examples in one of which 7(W, W*)=1 for |W—W*| 
>a and is zeroelsewhere. L.A. Zadeh (New York,N.Y.) 


3752: 

Kurakin, K. I. An analytical method for the design of 
linear automatic control systems with prescribed dynamic 
accuracy in the of noise. Avtomat. i Telemeh. 
19 (1958), 408-417. (Russian. English summary) 

This paper is a continuation of earlier work by the 
author on the theory of filtering and prediction. Here the 
input process is assumed to be of the form ;(t)=s(t)+ 
Balt) + Sh-1 Gefx(é), where {s(¢)} and {6,(¢)} are stationary 
processes, the /,(¢) are given functions of time and the a, 
are unknown coefficients. The predictor is assumed to 
have finite memory, but is not necessarily unbiased. The 
author outlines a procedure for determining a predictor 
which minimizes the variance of the error, subject to 
certain constraints on the non-random component of the 
error. Rational function approximations to optimal 
predictor functions are obtained by replacing e?7 with a 
suitably chosen Padé approximant. {The question of 
physical realizability (in the sense of non-anticipatory 
behavior) of the resulting approximations to predictor 
functions is not treated adequately.} 

L. A. Zadeh (New York, N.Y.) 
3753: 

Fan’, Cun-vui. On follower systems containing two 
Sampling elements with unequal repetition rates. Avto- 
matika i Telemehanika 19 (1958), 917-930. (Russian. 
English summary) 

Generalizing the method developed by G. Kranc for the 
case where the repetition rates are commensurable 
(Trans. I.R.E. PGAC-3 (1957), 21-28], the author ob- 
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tains various properties of open-loop and closed-loop 
control systems containing two samplers with arbitrary 
sampling intervals JT; and T3. The basic tool used is the 
delayed or modified z-transform of Cypkin [Theory of 
relay servomechanisms, Gosudarstv. Izdat. Tehn.-Teor. 
Lit., Moscow, 1955; MR 18, 709], Barker [Proc. Inst. 
Elec. Engrs. C 99 (1952), 302-317] and Jury [Trans. 
Amer. Inst. Elec. Engrs. 75 (1956), 141-151). 
L. A. Zadeh (New York, N.Y.) 
3754: 
Gusev, L. A. Determination of periodic behaviour of 
automatic control systems containing a non-linear 


element with piece-wise linear characteristic. Avtoma- 
tika i Telemehanika 19 (1958), 931-944. (Russian. 


English summary) 
This is basically a detailed study of the periodic so- 
lutions of the system 


(1) = Zayert Bo, y=Her) =I, 2, =>), 


where the ag and f; are real constants, and / is a piece- 
wise linear, not necessarily continuous, function. The 
sequence in which the linear segments of the characteristic 
are traversed is assumed to be specified. The difficult 
problem is that of determining the instants at which 
transitions from one segment to another take place. The 
author reduces this problem to the solution of a set of 
simultaneous transcendental equations. Once these in- 
stants have been determined, the periodic solutions can be 
expressed in Fourier series form without obtaining so- 
lutions of the linear differential equations into which (1 

may be decomposed. L. A. Zadeh (New York, NY) 


3755: 

Roth, J. Paul. Algebraic topological methods for the 
synthesis of switching systems. I. Trans. Amer. Math. 
Soc. 88 (1958), 301-326. 

The problem of designing a switching circuit (using 
“on-off’’ switches) to produce a given Boolean function of 
n binary variables, using as few switches as possible, is 
here reformulated as follows. The 2* possible combina- 
tions of the variables are represented by the vertices of 
an m-cube Q, and two subsets L°, K®, of these vertices are 
prescribed (L°CK®). The “cubical complex’’ K consists of 
all cubical faces of Q all of whose vertices are in K®. A 
“cover” C is a subsystem of K which covers L®. The 
problem is to find a “minimum”’ C for which > gz("—A) 
is a minimum, where gg=number of k-cubes in C. The 
author calls a cube c € K a “‘cocycle”’ if it is not a proper 
face of any cube of K, and an “extremal”’ if c has a vertex 
d € L® such that every 1l-cube in K with d as a vertex is 
an edge of c. He shows that a minimum C must include 
all extremals and consist only of cocycles. Practicable 
algorithms, suitable for hand or electronic computation, 
are then developed for listing K and the extremals and 
cocycles; and for deriving “near-minimum”’ covers. (An 
algorithm giving minimum coverings is promised for a 
second paper.) The algorithms are illustrated by ex- 
amples, and an extension to multivalued switches is 
indicated. {There are many misprints and several in- 
accuracies, one of which is seriously misleading: at the 
end of Theorem 7.3, “coincides with” should apparently 
be “does not include’. Lemma 5.9, though easily 
amended, appears to be stated inexactly, at least with the 
simplest guesses for the undefined expression c*Co. 
Lemma 6.4 seems to be a definition rather than a lemma. 
In sections 6 and 7 it is apparently intended that L°=K®. 


3756-3769 


In the proof of Lemma 2.4, 1/(1—x)? looks like a slip for 
1/2(1-—x)3.} A. H. Stone (Manchester) 


HISTORY AND BIOGRAPHY 
See also 3388. 


3756: 

Stamatis, Evangelos. Uber das X. Buch der Elemente 
Euklids. Prakt. Akad. Athéndn 32 (1957), 251-266. 
(Greek. German summary) 


3757: 


Frajese, Attilio. L’opera didattica di Euclide dai suoi 


tempi ai nostri giorni. Archimede 10 (1958), 130-135. 


3758: 

Tsien, Pao-Tsung. On the Shou-Shih calendar system 
of Kuo Shou-Ching. Acta Astr. Sinica 4 (1956), 193-211. 
(Chinese. English summary) 

The author describes the computations of Kuo leading 
to the adoption of his calendar toward the end of the 
thirteenth century. The chief purpose of his article is to 
demonstrate that, although Kuo was undoubtedly 
influenced in certain respects by Arabic astronomers, the 
computations for his calendar system were purely a 
development of Chinese traditional methods. 

S. H. Gould (Providence, R.1.) 
3759: 

Segre, Beniamino. Sulla geometria sopra un campo a 
caratteristica. Archimede 10 (1958), 53-60. 

Expository and historical. 


3760: 

Sierpifski, Waclaw. Les mathématiques en Pologne. 
Glasnik Mat.-Fiz. Astr. DruStvo Mat. Fiz. Hrvatske Ser. 
II. 12 (1957), 125-132. 

An historical sketch covering the period from just betore 
the first World War up to the present. 


3761: 

Langer, Rudolph E. An excerpt from the works of 
Euler. Amer. Math. Monthly 64 (1957), no. 8, part II, 
37-44. 


3762: 

Harkin, Duncan. On the mathematical work of 
Francois-Edouard-Anatole Lucas. Enseignement Math. 
(2) 3 (1957), 276-288. 

This paper contains a list of all publications of Lucas, 
who was known for his work on recurrent series and 
prime numbers. In the introductory part all available 
information is assembled concerning Lucas’ unpublished 
investigations on symmetric functions of the roots of 
algebraic equations and their relation to elliptic and 
Abelian functions. B. L. van der Waerden (Zirich) 


3763: 

Montagnana, Massimo. Nicolé Tartaglia quattro secoli 
dopo la sua morte. Archimede 10 (1958), 135-139. 

Emphasis is laid on the intermediate position of Tarta- 
glia in the development of science, between da Vinci and 
Galileo. An attempt is made to explain, in the light of the 
general scientific spirit of the age, the mathematical 
achievements of a man who suffered so severely from 





poverty and lack of formal training. Tartaglia’s historical 
importance is seen to lie in his contribution towards 
freeing mathematics from scholasticism, in preparation 
for the experimental attitude of Galileo. 
S. H. Gould (Providence, R.1) 
3764: 
Halmos, Paul R. Von Neumann on measure and 
ergodic theory. Bull. Amer. Math. Soc. 64 (1958), 86-94. 
This note is an expository summary of von Neumann’s 
contributions to measure theory and ergodic theory. The 
profound contribution of von Neumann to the problem 
of existence of finitely additive invariant measures is 
excellently described. N. Dunford (New Haven, Conn.) 


3765: 

Chevalley, C.; et Weil, A. Hermann Weyl (1885-1955), 
Enseignement Math. (2) 3 (1957), 157-187. 

A biography, followed by an extensive discussion of 
Weyl’s mathematical work, giving the greatest emphasis 
to group representations and related topics. Instead of a 
bibliography there is a classification by subject of the 
bibliography already published in “Selecta Hermann 
Weyl” (Birkhauser, Basel, 1956]. 


3766: 

Karteszi, Ferenc. Nyikolaj Ivanovics Lobacsevszkij 
(1792-1856). Magyar Tud. Akad. Mat. Fiz. Oszt. Kézl. 
6 (1956), 157-161. (Hungarian) 

A brief discussion of the scientific relation of Lobaéev- 
skii to his predecessors and contemporaries. 


3767: 

Murray, F. J. Theory of operators. I. Single opera- 
tors. Bull. Amer. Math. Soc. 64 (1958), 57-60. 

This is a summary of J. von Neumann’s work on the 
spectral theory of a single operator; in particular, the 
theory of extension of symmetric operators and the theory 
of the graph. E. L. Griffin, Jr. (Ann Arbor, Mich.) 


3768: 

Kadison, Richard V. Theory ofoperators. II. Opera- 
tor algebras. Bull. Amer. Math. Soc. 64 (1958), 61-85. 

This is a summary of J. von Neumann’s work on those 
operator algebras now termed “von Neumann algebras”, 
but originally called ‘Rings of operators.” 

E. L. Griffin, Jr. (Ann Arbor, Mich.) 
3769: 

*¥Eulerus, Leonhardus. Opera omnia. Series secunda. 
Opera mechanica et astronomica. Vol. V. Commen- 
tationes mechanicae. Principia mechanica. Edidit 
Joachim Otto Fleckenstein. Societas Scientiarum Natu- 
ralium Helveticae, Lausanne, 1957. liv-+326 pp. 

[For reviews of other volumes in this collection see MR 15, 
89, 770; 16,1; 17, 2; 18, 709; 19, 826; also #3770 below.] 

This volume, despite its title, does not contain all or 
even the major part of Euler’s work on the principles of 
mechanics; rather, most ot its contents are related to the 
unfortunate quarrel between Maupertuis and Koenig in 
1751-1752 over the principle of least action, memorable in 
mechanics for the researches of Euler to which it gave rise, 
and in literature for the satires of Voltaire which it 
provoked. In addition to twelve papers by Euler, this 
volume presents the famous contested letter of Leibniz, 
the three works of Maupertuis on least action (1740-1746), 
and the great paper of Koenig (1751). The brief and ex- 
cellent preface of Fleckenstein does not add any new 
sources but, on the basis of a clear mastery of the vo 
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luminous published and unpublished documents, presents 
a balanced interpretation more likely to be acceptable to 
a critical reader than are the hasty generalizations en- 
graved in the ever-repeated conventional accounts of the 
historians. Since most of this material concerns non- 
mathematical issues, it will not be reviewed here. In 
any case Fleckenstein’s conviction, which will be shared 
by any reader of the unpublished correspondence between 
Maupertuis and Euler, of the scientific sincerity of 
Euler’s enthusiasm for the principle of least action, 
unlikely as it is to enlist the modern student in the cause, 
will send him to a more attentive analysis of Euler's 
papers on a subject that might otherwise be dismissed 
as merely polemical. Euler distinguishes carefully be- 
tween the static and dynamic cases. For the former, in 
E145 (1748) he shows that an arbitrary discrete system 
subject to arbitrary constraints obeys the Maupertuis 
principle. In addition, he derives from it the general 
equation for balance of moments in a plane elastica, 
including as a special case the general catenary, and shows 
that Daniel Bernoulli’s principle (1742) for the elastica 
free of distributed loads is a special case. As Fleckenstein 
remarks, the static principle of Maupertuis is identical 
with the so-called Dirichlet principle, which had heen 
formulated and used by the elder Bernoullis. E146 (1749), 
which has escaped the notice of historians of fluid me- 
chanics, shows that the static principle suffices to derive 
the conditions of equilibrium for a fluid and obtains the 
conditions of integrability for a ““Pfaffian’”’ form in three 
variables. Also, the equilibrium of a weight hung from 
three elastic cords is treated by a brilliant analogy to a 
special case of the fluid problem. Coming to the dynamic 
principle (§ 30 and E197 (1752)) Euler explicitly uses, 
though does not explain, the fact that the varied paths 
obey the same integral of energy, a contribution tra- 
ditionally regarded as a capital discovery of Lagrange 
(1788). 

The one really important paper on the principles of 
mechanics, the great masterpiece E177, represents a 
fundamentally different approach that Euler developed 
in 1750 as a result of his hydraulic researches of the 
preceding decade; it has dominated the mechanics of 
extended bodies ever since. This paper contains the first 
proposal of the so-called Newton’s equations, f=ma in 
rectangular Cartesian coordinates, as “‘a new principle 
of mechanics’’, the common origin of all the several other 
principles then in use. While it is well known that these 
equations are not to be found in Newton’s Principia, it is 
hard today to believe that they were not obvious from 
Newton’s work and from other mechanical researches of 
the period, but it is an indisputable fact, borne out by 
many, many details, that they were not. Prior to this 
paper, there are few examples in which these equations or 
any fully equivalent principle are made the basis of the 
work. Rather, as may be seen from many entries in his 
unpublished notebooks, Euler gradually distilled the idea 
from earlier researches on special problems: A note- 
worthy but not quite successful attempt to treat the 
general compound pendulum by John Bernoulli in 1742; 
John Bernoulli's hydraulics (1742); Euler’s own general 
equations for linked mass-points moving in a plane (1744) ; 
and D’Alembert’s partial differential equation for the 
vibrating string (1746). These treatments were the first 
to reveal the preeminence and sufficiency of the principle 
of linear momentum, resolved into perpendicular com- 
ponents along fixed directions, as applicable to every part 
of every system. Only thus (for his explanation is equi- 
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valent to a formulation in terms of Stieltjes integrals) 
could Euler finally approach a general mechanics for 
continuous bodies. That the importance of this new view 
was seen in his own day is shown by the non-mathe- 
matical summary published in 1754 in the Gentleman’s 
Magazine, free from the sarcasms often directed by the 
English of that period against Continental researches on 
mechanics. 


A different contemporary trend, that leading to the 
apparently invariant formalism of Lagrange (1788), which 
is more appreciated by historians and physicists, almost 
but not quite succeeds in burying the necessarily Euclid- 
nean character of the space of classical mechanics. It has 
never led to anything useful in the mechanics of space- 
filling bodies; rather, by obscuring the roles of finite 
transport and rigidity in classical mechanics, it has led to 
a confusion between co-ordinate invariance and dynami- 
cal invariance that is only being resolved, at last, by the 
most recent attempts toward an axiomatic foundation of 
mechanics. These attempts start from the viewpoint of 
Euler and Cauchy. 


Euler’s reformulation of the foundations of mechanics 
bore immediate fruit — indeed, it was designed specifical- 
ly so as to yield general equations for fluids and rigid 
solids. The same paper contains both the axiom and its 
application, combined with skillful use of the constraint 
of rigidity, to calculate the elementary forces needed to 
maintain a specified motion of a rigid body. The total 
torque follows by integration. What result, of course, are 
the Euler equations of rigid dynamics (§ 49), with the 
angular velocity vector (§ 40) and the tensor of inertia 
(§ 48) appearing as necessary incidentals. 


This paper, obscured by partially unsymmetric no- 
tations and exploration of special preliminary cases, is 
the beginning, not the end, of Euler’s work on the general 
rigid body. Here (§ 15) he finds necessary and sufficient 
conditions for permanent rotation but does not investigate 
their solution; on the basis of this paper, Segner (1755) 
and Euler in E292 (the correct date of which is 9 Novem- 
ber 1758, not the Enestrém-Jacobi date of 7 October 
1751), were soon to show that every body has at least one 
set of three orthogonal principal axes, and from this work 
a whole branch of algebra begins. 


In respect to the principles of mechanics, this paper is as 
important a turning point as Newton’s Principia. Nearly 
every prior treatment of a mechanical problem is rendered 
obsolete. What before seemed really intricate cases be- 
come at once easy to formulate in general equations of 
motion. In his remaining 33 years of life, Euler found time 
to do over again on the basis of his ‘““New Principle”’, or, 
as he later called the linear and angular momentum 
equations together, ‘‘the first principles of mechanics,” 
nearly every one of his earlier mechanical researches, each 
time plucking new fruit from a seemingly endless supply. 
From this cornucopia poured the wave equation, the 
equations of hydrodynamics, the hydraulic theory of 
motions of finite amplitude, the partial differential equa- 
tions for vibrating rods and membranes. Few indeed are 
the other works contributing so much to mechanics 
as this one paper. 


C. Truesdell (Bloomington, Ind.) 
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3770: 

*¥Eulerus, Leonhardus. Opera omnia. Series secunda. 
Opera mechanica et astronomica. Vol. XI. Sectio prima. 
Commentationes mechanicae ad theoriam corporum flexi- 
bilium et elasticorum pertinentes. Vol. posterius. Sectio 
prima. Ediderunt Fritz Stiissi et Ernst Trost. Societas 
Scientiarum Naturalium Helveticae, Lausanne, 1957. 
x+383 pp. 

|For reviews of other volumes in this collection see MR 
15, 89,770; 16, 1; 17, 2; 18, 709; 19, 826; also #3769 above. | 
The universal ignorance of the history of mechanics in the 
eighteenth century isreflected in thecontentsofthis volume, 
which is substantially that planned for it when the Euler 
edition was initiated in 1910. It seems unlikely that G. H. 
Enestrim, from whose catalogue [Jber. Deutsch Math. 
Verein. Erganzungsband 4, 1910] Stackel adopted almost 
unchanged the classification used in distributing the 
material on mechanics and physics, can have penetrated 
much further than the titles of the works he regarded as 
“applied” .Volumes 10 and 11 in Series II, “Mechanics 
and Astronomy’’, contain 41 papers “pertaining to the 
theory of flexible and elastic bodies’’. In Vol. 10 appears 
E268, which is an abstract of E 306, published as “phys- 
ics’’ in Vol. 1 of Series III. In fact, both papers are pure 
hydrodynamics, being the sources of the so-called La- 
grangian equations of motion and of the wave equation in 
two and three dimensions. Every paper whose title 
contains the word “‘oscillation’”” seems to have been put 
into the volumes on elasticity. E.g., E455 concerns the 
compound pendulum, and the remarkable paper E126, 
which seems to have escaped the notice of all historians, 
contains the first analysis of a single harmonically driven 
oscillator. This latter paper, written in 1739, proceeds by 
painfully slow trials and transformations of cases to 
discover mathematically the phenomenon of resonance. 
Euler does not recognize the result as being a precise 
mathematical counterpart to the qualitative explanation 
published by Fracastor in 1546 and, in brilliant style, 
by Galilei in 1638, besides having been found independent- 
ly by Beeckman (1616-1618) and published by Mersenne 
in 1635. Rather, Euler wrote on 5 May 1739 to John 
Bernoulli that he had found “‘such various and wonderful 
motions as would surely fail to be suspected until the 
calculation was completed.’’ He recognized the case where 
the driving frequency equals the natural frequency as 
“the one ... which deserves the greatest notice’, since 
the amplitude “increases continually and finally grows out 
to infinity’, even though the effect “arises from finite 
forces”. Thus, to produce a perpetual motion, one has 
only to drive a cycloidal pendulum by an ‘“‘automaton” 
having the same period and to overcome resistance and 
friction sufficiently that the oscillations, though not 
increasing, perpetually conserve the same amplitude. 
This paper furnishes a brilliant example of purely mathe- 
matical discovery (in this case, rediscovery) of a major 
physical phenomenon. Also, it reminds us that the same 
Euler who could effect dazzling calculations was also, in 
his early years, the discoverer of some of the simplest and 
most useful elementary analysis, for it was only four months 
later that he obtained the general solution for linear 
differential equations with constant coefficients, to which 
he was led by this vibration problem and by the problem 
of finding the simple modes of transverse vibration of a 
bar, formulated independently by Daniel Bernoulli and 
Euler in 1734-1735 as a problem of proper functions for 
the equation k*y()=y. In Euler’s first paper on vibrating 
bars (E40, written in 1735), he can integrate this special 
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equation only in power series. It is a thoughtworthy 
example that the greatest of all manipulators pondered 
over these series for four years before recognizing their 
finite expression in circular and exponential functions. 
The papers E443 and E526, of 1772 and 1774, present 
the fully explicit theory, including accurate calculations 
of frequencies and nodal ratios. Neither here nor in any 
other paper of the eighteenth century is there any hint 
of the orthogonality of proper functions. 

The modern concept of function as a single-valued 
correspondence arose in connection with Euler’s researches 
on the vibrating string, reported in E213, E317, E318, 
and many other memoirs, which make for confusing 
reading because of polemics over trigonometric series and 
personalities. While the popular histories of mathematics 
still parrot the easy generalizations of Victorian dilet- 
tantes who singled out Euler as the scapegoat for all the 
sins of formalism in his century, in fact he was not only 
the first but also the only mathematician of that time to 
see the inadequacy, though apparently not the vagueness, 
of the definition of function as an analytic expression, a 
definition he had transcribed from common practice in 
1745 and to which the formalists D’Alembert and La- 
grange adhered, with their respective pugnacity and 
dryness, to the ends of their lives. These same works of 
Euler contain the discovery of wave propagation and wave 
reflection as consequences of the partial differential 
equation. Euler, having taken a dislike to trigonometric 
series, developed by use of the functional equation alone 
all of the properties of the uniform string that are now 
usually demonstrated by use of trigonometric solutions 
obtained a half century later by the French school. 
Euler was alone in his century in seeing that physical 
problems, especially those governed by what we now call 
hyperbolic equations, require a concept of “solution” 
general enough to include certain kinds of propagating 
discontinuities. The remarkable paper E287 gives Euler's 
explicit solution of the initial value problem for a string 
composed of two uniform parts of different densities. 
Here, the differential condition of continuous slope at the 
junction cannot always be satisfied; in replacing it by an 
integral condition that reduces to it in the differentiable 
case, Euler shows himself to be the father of “‘gener- 
alized” solutions. 

E410, written in 1770, introduces the concept of re- 
sultant shear and obtains the general differential equations 
for a deformable line bent in its own plane, no constitutive 
equation being assumed. This paper and its sequel E48! 
are the culmination of Euler’s struggle for fifty years 
to embrace the elastica and the catenary within a single 
conceptual framework. Apart from mathematically rudi- 
mentary work by Parent (1713) and Coulomb (1773), 
shear stress is not to appear elsewhere until the great 
researches of Cauchy in 1821-1823. 

The last paper printed, E831, was the first to be 
written. Dating from 1720, Euler’s time as a student of 
John Bernoulli in Basel, it contains the faulty theory of 
elastic rings that Euler published in developed form in 
E303 (1760). The flaw in this theory and in later attempts 
by Euler and other writers of the eighteenth century lies, 
not in incorrect or inadequate physical hypotheses or 
information, but in the lack of sufficient differential 
geometry to describe the deformation of a curved line 
or surface. While Euler’s theory of bending of the skew 
elastica, obtained in 1774-1775 and published in E471 
and E608, led him to much of the vectorial theory of a 
single curve, including the concept of the second order 
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magnitudes, the binomial and one of the ‘‘Serret-Frenet”’ 
formulae, the reader is struck by the generally primitive 
state of geometry reflected. 

But a more important contribution lies in E831: the 
so-called Young’s modulus of linear elasticity. While the 
use of such a modulus to characterize a material rather 
than a mere specimen of material was foreshadowed in a 
more general investigation of James Bernoulli (1704), 
Euler was the first theorist to put enough faith in Hooke’s 
law to develop its consequences with any attention. His 
first achievement was to derive by its aid the celebrated 
formula M=EI/r for the bending moment acting upon a 
beam, his method being that now found in any engineering 
text. Euler’s definitive treatment of this idea and of 
“Young’s modulus”’ is given in E508, but for this paper 
we have to wait for the projected volume 17 (‘‘Theory of 
machines’) of Series II, and to understand that paper 
we must turn back to Volume 24 (“Calculus of variations’”’) 
of Series I. 

The unfortunate classification should not be judged too 
harshly. While only 31 volumes of Euler’s works have 
been labeled as “‘mechanics’”, examination shows that 
mechanics was the dominating interest of his life and gave 
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rise to most of his researches on “pure’’ mathematics. His 
accidental discovery of a property of the rectangular 
elastica led him finally to the addition theorem for 
elliptic integrals. At least two of the 12 volumes classified 
as “‘physics’’ concern mechanics primarily, and of the 
researches in the 29 volumes on pure mathematics, now 
completely in print, at least one half concern problems 
growing from his researches on mechanics. The inter- 
connections of all these works are intricate and strong. 
This review has been able to mention only a few of the 
important results contained in the present volume. 
C. Truesdell (Bloomington, Ind.) 


GENERAL 


3771: : 
Temple, G. The growth of mathematics. Math. Gaz. 
41 (1957), 161-168. (1 plate) 


The presidential address to the Mathematical As- 
sociation in January, 1957. 
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